STABLE ORDERED-UNION VERSUS SELECTIVE
ULTRAFILTERS
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ABSTRACT. It will be shown to be consistent that there are at least two non-
isomorphic selective ultrafilters, but no stable ordered-union ultrafilters. This
answers a question of Blass from his 1987 paper [6].

1. INTRODUCTION

Ramsey’s theorem [2I] and Hindman’s theorem [I4], together with their common
generalization, the Milliken—Taylor theorem of [18] and [28], are among the most
widely used facts of infinite combinatorics. The results of this paper clarify an
important aspect of their relationship to one another. Before stating these results,
it may be worthwhile to set the stage by reviewing some aspects of the history
of this subject. The classical theorem of Ramsey is often referred to as a higher
dimensional pigeonhole principle and this might lead one to think that there is not
much of interest to say about the one dimensional case. But any consideration of
van der Waerden’s theorem, to say nothing of Szemerédi’s Theorem, would reveal
the error of this view point. The interest, as well as the complexity of both of these
pigeonhole type results stems from the fact that their conclusions yield sets that
are not necessarily large in terms of cardinality, but large in terms of their algebraic
structure. For example, a consequence of van der Waerden’s Theorem is that for
any partition of N into two pieces, one of the pieces will contain arbitrarily large
arithmetic progressions, or, in other words, arbitrarily large sets that are closed
under addition by a fixed integer. This provides the motivation for a conjecture of
Graham and Rothschild [I2] that for any partition of N into finitely many pieces,
one of the pieces contains a set that is closed under all sums of distinct members.
The truth of this conjecture was established by Hindman (Theorem 3.1 in [14]) and
is now known as Hindman’s Theorem.

The history leading to the proof is both interesting and relevant to the results
about to be presented. A natural approach to proving Hindman’s Theorem would
be to proceed inductively to construct kg, k1, ..., k, and A, such that all sums of
distinct integers from kg, k1, . .., k, belong to one piece of the given partition and,
crucially, A,, is an infinite set from which it is possible to select the next integer
knt1. And, indeed, this is how all proofs of Hindman’s Theorem proceed, but the
technical details in the original proof of [14] are daunting and a potential stumbling
block is correctly choosing the set A,. An early realization was that it would help
if the A,, could be selected from an ultrafilter; but that ultrafilter would need to
enjoy some very specific properties.
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In the earlier paper [13], Hindman had made the following observation: The
Graham and Rothschild Conjecture holds if and only if there is an ultrafilter on N
every member of which contains all non-repeating sums from some infinite subset.
In the same paper, he shows that if the Continuum Hypothesis holds, then the
Graham and Rothschild Conjecture is equivalent to the existence of an ultrafilter
U that is an idempotent (namely U + U = U) in the semigroup (BN, +) where
ultrafilters are thought of as finitely additive measures and the + operation is the
convolution of measures. This paper will focus on a strengthening of the property
of an ultrafilter that all of its members contain the non-repeating sums of an infi-
nite subset. But before explaining the strengthening we need to return to the story
and mention that Hindman was able to eliminate the use of ultrafilters by fash-
ioning an elaborately technical, albeit elementary, argument in [14] that seemingly
did away with the use of the idempotent. Somewhat later, though, Baumgartner
produced a much simpler version of Hindman’s technical argument in [3]. A key
idea used by Baumgartner was the notion of a large set, somewhat reminiscent of
the construction of Haar measure.

As explained by Bergelson in [4], the notion of largeness in this context can be
traced back to Poincaré’s work on celestial mechanics and, when combined with an
idempotent ultrafilter, very quickly yields Hindman’s Theorem. This realization of
Galvin and Glazer that a much older and more general theorem of Ellis [I1] about
idempotents in compact semigroups could vastly simplify the proof of Hindman’s
Theorem points to the important role of ultrafilters in this area of Ramsey Theory.
So even though Hindman’s construction using the Continuum Hypothesis was not,
ultimately, necessary, it played an important role in the development of the subject
and fostered future research.

For example, in [I4] van Douwen is credited with realizing that, assuming the
Continuum Hypothesis, it is possible to construct an ultrafilter that satisfies a
stronger version of the property Hindman established under the same assumptions.
As documented in [I5], it was noticed by van Douwen that, assuming the Contin-
uum Hypothesis, certain ultrafilters had a base consisting of all of the finite sums of
some infinite set of positive integers. The difference is worth highlighting: Hindman
had asked only that each member of his ultrafilter contain a set closed under finite
sums, but van Douwen is asking that this set actually belongs to the ultrafilter.
These ultrafilters identified by van Douwen are now known as strongly summable
ultrafilters and the question of whether the Continuum Hypothesis is needed to con-
struct them is also attributed to van Douwen. The strongly summable ultrafilters
play a significant role in the theory of the semigroup (SN, +) and the interested
reader can learn more about this, and much more, in [16].

Closely related to Hindman’s Theorem is Theorem 3.3 from [14], a result about
the union operation on the finite subsets of the positive integers. It will be worth-
while introducing some notation in order to state this result, since this notation
will be used in later sections as well.

Definition 1.1. As usual in set theory, w denotes N. For a set X and a cardinal
k, [X]" = {A C X :|A] = &} and [X]™" = {4 C X : |4] < k}. FIN denotes

[w] <%\ {0}

A C FIN is said to be closed under finite unions if sUt € A, for all s,t € A. Let

cly (A) = {UX L X e [A]N\ {@}}.

cly (A) C FIN and cly (A) is closed under finite unions. Indeed, cly (A) is the
closure of A under finite non-empty unions.
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In analogy with the strongly summable ultrafilters, it is possible to formulate
the following definition.

Definition 1.2. An ultrafilter on FIN will be called a union ultrafilter if it has
a base consisting of sets of the form cl, (A), where A C FIN consists of pairwise
disjoint sets and is infinite.

However, it turns out that the connection between strongly summable ultrafilters
and union ultrafilters goes beyond analogy. In §5 of [0] it is shown that the mapping
from FIN to N sending a to ) ., 2" sends union ultrafilters to strongly summable
ultrafilters and a converse is established in Theorem 1 of [§]. Indeed Baumgartner’s
simplified proof of Hindman’s Theorem actually states that if FIN is partitioned
into finitely many pieces then there is an infinite A C FIN consisting of pairwise
disjoint sets such that cl, (A) is contained in one of the pieces. It turns out that
many of the constructions of union ultrafilters actually produce a stronger property
than needed and this is the main property of ultrafilters to be examined in the
subsequent sections.

Definition 1.3. For s,t € FIN, write s <y ¢ to mean max(s) < min(t). Note that
<p is a transitive and irreflexive relation on FIN.

X C FIN is called a block sequence if X is non-empty and it is linearly ordered
by the relation <,. More formally, X C FIN is a block sequence if and only if
X #0Qand Vs,t € X [s=tVs<ptVt<yps]. Note that if X is a block sequence,
then (X, <y) is a well-order and the order type of (X, <y) is |X|. The notation
X (i) will be used to denote the ith member of (X, <y), for all i < | X|.

The following notation, which is based on Todorcevic [29], will be used. For
1<a<wand A CFIN,

Alel = {X C A: X is a block sequence and |X| = o} ;
Al<el = {X C A: X is a block sequence and 1 < |X| < a}.

Thus Al denotes the collection of all block sequences of length « from A and A<
is the collection of all block sequences of length < « from A (by definition block
sequences are non-empty). For A C FIN,

[A] = {UX X e A[<w1}

Thus [A] is the collection of all unions of finite length block sequences from A. Note
A C [A] C FIN.
Further, if X C FIN is a block sequence, then cly (X) = [X].

Definition 1.4. An ultrafilter H on FIN is called an ordered-union ultrafilter if H
has a base consisting of sets of the form [X], where X is an infinite block sequence.
In other words, an ultrafilter % on FIN is an ordered-union ultrafilter if and only
if VA € H3X € FIN® [[X] € H and [X] C A].

That union ultrafilters and ordered-union ultrafilters are consistently different
notions is proved in Theorem 4 of [8] assuming the Continuum Hypothesis. While
the ordered-union ultrafilters are defined to contain witnesses to Hindman’s the-
orem, it is not clear that they also contain witnesses to the higher dimensional
analogue of Hindman’s theorem, namely the Milliken-Taylor theorem of [I§] and
[28]. Obtaining such properties requires introducing a further strengthening.

Definition 1.5. Let X,Y € FIN“!. YV is said to refine X if Vi € w[Y (i) € [X]]. Y
is said to almost refine X if Vi € w[Y (i) € [X]].

Definition 1.6. An ordered-union ultrafilter H on FIN is said to be stable if for
every sequence (X, : n € w) with the property that X, € FIN® and [X,] € #,
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for all n € w, there exists Y € FIN®! such that Vn € w[Y almost refines X,,] and
Y]eH.

While stability is deceptively similar to the definition of a P-point, it is shown
n [6] to be a weaker notion. However, it was also shown in [6] to capture a number
of important combinatorial properties. Indeed, within the realm of ordered-union
ultrafilters on FIN, stability is the analogue of selectivity for ultrafilters on N.

Definition 1.7. An ordered-union ultrafilter  on FIN has the canonical partition
property if for every function f : FIN — w, there exists A € H such that one of the
following statements hold:

(1) Vs,t € A[f(s) =
()VsteA[()

7o)

f(t) > min(s) = min(¢
(3) Vs,t € A[f(s) = f(t) +> max(s) = max(
(4) Vs,t € A[f(s ) f(t) <> (min(s) = min(t)
(5) Vst € A[f(s) = 1) ¢ 5 = 1).

Blass [6] proved that ordered-union ultrafilters are stable if and only if they enjoy
strong Ramsey theoretic properties.

Theorem 1.8 (Theorem 4.2 of Blass [6]). For any ordered-union ultrafilter H on
FIN, the following are equivalent:
(1) H is stable;
(2) for each 1 < n < w and ¢ : FIN™ — 2 there is an A € H such that ¢ is
constant on AM;
(3) for each ¢ : FINB — 2 there is an A € H such that ¢ is constant on A2 ;
(4) H has the canonical partition property.

The theorem of [0] actually contains a number of other equivalences. One of
these will be touched upon below. It will be illuminating to note that Theorem [I-§]
is the analogue of a well-known characterization of selective ultrafilters on N due
to Kunen. Recall the following definition.

Definition 1.9. An ultrafilter & on w is called selective if for every f : w — w,
there is a set A € U such that f is either constant or 1-1 on A.

Observe that Definition [I.9]is saying that every function on w attains a canonical
form on some member of a selective ultrafilter. It is the analogue of Item of
Theorem for ultrafilters on N. An unpublished theorem of Kunen says that
selectivity is equivalent to the existence of witnesses for Ramsey’s theorem, which
provides the analogue of Theorem for ultrafilters on N.

Theorem 1.10 (Kunen; see [2]). The following are equivalent for an ultrafilter U
on w:
(1) U is selective;
(2) for each 1 < n < w and c : [w]" — 2, there is an A € U such that c is
constant on [A]";
(3) for each ¢ : [w]” — 2, there is an A € U such that ¢ is constant on [A]*;

The homogeneity properties given by Items and (3]) of Theorems and
can be improved to cover all analytic partitions of FIN “l and [w]® respectively. In
the presence of large cardinals, they be strengthened even further to obtain homo-
geneous sets for any partition in the inner model L(R). This further strengthening
leads to the notion of a generic ultrafilter over a Ramsey space. Forcing with [w]®
ordered by almost inclusion adds a selective ultrafilter and forcing with FINKI or-
dered by almost refinement adds a stable ordered-union ultrafilter. Furthermore, it
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is a theorem of Todorcevic, appearing in [I0], that in the presence of large cardinals,
the selective ultrafilters are precisely those ultrafilters on w that are generic over
L(R) for [w]” partially ordered by almost inclusion. Similarly, in the presence of
large cardinals, the stable ordered-union ultrafilters are precisely those ultrafilters
on FIN that are generated from a generic filter over L(R) for FIN! partially or-
dered by almost refinement. Blass [7] proved the same result in a version of the
Solovay model.

Todorcevic [29] has investigated the abstract concept of a topological Ramsey
space. In [29], the space corresponding to Ramsey’s theorem is called the Ellentuck
space and the one corresponding to Hindman’s theorem and the Milliken-Taylor
theorem is known as the Milliken-Taylor space. The results discussed above estab-
lish that, in the presence of large cardinals, the selective ultrafilters are the generic
ultrafilters corresponding to the Ellentuck space, while the stable ordered-union
ultrafilters are the generic ultrafilters corresponding to the Milliken-Taylor space.
An abstract notion of generic ultrafilter corresponding to an arbitrary topological
Ramsey space has been studied by Mijares [I7].

The existence of canonical forms for functions has striking implications for which
ultrafilters may appear below a selective or a stable ordered-union ultrafilter in the
Rudin-Keisler or Tukey orders. Recall the following definitions.

Definition 1.11. Let F be a filter on X and G a filter on Y. F is Rudin-Keisler
below or RK below G, written as F <pg G, if there is a function f : Y — X such
that F = {AC X : f~}(A) € G}.

F is RK-equivalent to G, written as F =gk G, if F <pg G and G <gg F.

A subset B C F is said to be cofinal in F if for each A € F, there exists B € B
with B C A. A map ¢ : G — F is a convergent map if the image under ¢ of
every cofinal subset of G is cofinal in F. F is said to be Tukey below G, written as
F <7 G, if there is a convergent map ¢ : G — F. If F <7 G and G < F, then F
and G are said to be Tukey equivalent and this is denoted F =1 G.

It is a well-known fact (see e.g. [24]) that when U and V are ultrafilters on w,
U =gk Vif and only if there is a permutation e : w — wso that U = {e [A] : A € V}.
In this case, the equivalence U =gy V is often expressed by saying U and V are
RK-isomorphic.

An easy consequence of Item of Theorem is that selective ultrafilters
are RK-minimal among all non-principal ultrafilters on w. Hence if ¢ and V are
selective ultrafilters on w, then either U and V are RK-incomparable or they are
RK-isomorphic. Using the existence of a more complicated canonical form for
convergent maps (see, for example, Lemma 28 of [19]), it is proved by Raghavan
and Todorcevic [20] that selective ultrafilters are also Tukey minimal among all
non-principal ultrafilters on w.

Analogously, Item of Theorem implies that there are precisely two RK-
equivalence classes of selective ultrafilters that are RK-below a stable ordered-union
ultrafilter.

Definition 1.12. The function fiax : FIN — w is defined by fiiax(s) = max(s)
and the function fui, : FIN = w is defined by fiin(s) = min(s), for all s € FIN.

Definition 1.13. Let H be an ultrafilter on FIN. Then H.;n, and Hpyax are the
RK-projections of H induced by fumin and fmax respectively. More formally,

Hmin = {M Cw: fglln(M) S H}
Humax = {M Cw: fra (M) e H}.
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Theorem 1.14 (Blass [6]). Let H be a stable ordered-union ultrafilter on FIN.
Then Hmin and Hmax are selective ultrafilters on w. Furthermore, Hmin Zrx Hmax,
and hence Hyin and Hmax are RK-incomparable.

It is also implicit in [6] that if H is a stable ordered-union ultrafilter and U is a
selective ultrafilter such that U <gpg H, then either Y =px Hmin Or U =rx Hmax-
A modification of the methods in [20] similarly shows that the only selective ultra-
filters that are Tukey below a stable ordered-union ultrafilter are the ones that are
RK-isomorphic to Hpin or to Hmax-

Thus the existence of a stable ordered-union ultrafilter guarantees the existence
of at least two distinct RK-classes of selective ultrafilters. Blass’ question, which will
be answered in this paper, asks if the converse is true. Blass had observed in [6] that
under the Continuum Hypothesis, any two RK-non-isomorphic selective ultrafilters
are realized at the Hpin and Humax of some stable ordered-union ultrafilter .

Theorem 1.15. (Theorem 2.4 of Blass [0]) Assume CH, and letU and V be selec-
tive ultrafilters such that U Zpy V. Then there is a stable ordered-union ultrafilter
H such that Hymax = U and Hpin = V.

In the final sentence of [0], Blass asked whether the existence of at least two RK-
non-isomorphic selective ultrafilters guarantees the existence of a stable ordered-
union ultrafilter. The main result of this paper gives a negative answer to this
long-standing problem. It will be shown that there is a model of ZFC with 2%°
distinct RK-classes of selective ultrafilters, but no stable ordered-union ultrafilters.
It will also be shown that for any k < No, it is possible to construct a model of ZFC
with precisely s distinct RK-classes of selective ultrafilters, but no stable ordered-
union ultrafilters. These appear to be the first known models of ZFC containing
continuum many distinct generic ultrafilters corresponding to some Ramsey space,
but no generic ultrafilters at all corresponding to another Ramsey space.

The approach taken will be to iteratively destroy all stable ordered-union ul-
trafilters while preserving all selective ultrafilters from a suitably chosen ground
model. Many of the ideas to be used have their roots in Shelah’s proof (Theo-
rem 4.1 of §4 of Chapter XVIII of [26]) of the consistency of a single P-point, up to
RK equivalence, where a similar strategy is employed. However, it has to be kept
in mind that stable ordered-union ultrafilters are not P-points, so the arguments
used by Shelah, which rely heavily on the combinatorics of P-points, cannot be ap-
plied directly. The major advance in this paper is the introduction of a new partial
order that allows different arguments to be employed to circumvent these difficul-
ties. In fact, it may be of interest to restate the main result of this paper in the
language of forcing theory. In this language, the main result says that for any sta-
ble ordered-union ultrafilter H, there is a proper w*-bounding forcing notion P(H)
which preserves all selective ultrafilters and strongly destroys H, which means that
‘H cannot be extended to a stable ordered-union ultrafilter in any forcing extension
by any w*-bounding forcing that contains P(H) as a complete suborder.

New techniques for proving the preservation of selective ultrafilters are intro-
duced in establishing the main result. All previously known methods for destroying
an ultrafilter V while preserving a selective ultrafilter require that ¥V be a P-point.
The new methods introduced in this paper allow the destruction of the non-P-point
‘H while Hynin and Hpax are both preserved. It is well known (see Corollary 3 of [5])
that a P-point cannot have two RK-non-isomorphic selective ultrafilters RK-below
it. Hence this paper is the first known instance where an ultrafilter V is destroyed
while two RK-non-isomorphic ultrafilters that are RK-below V are preserved.
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2. SOME PRELIMINARIES

This section will establish several combinatorial results about two player games
on selective and stable ordered-union ultrafilters that will be essential to virtually
all of the results in later sections. The most important of these will be Lemma [2.14]
It also provides a good opportunity to establish notation and to gather together
some well-known results as well as some simple observations involving the concepts
defined in Section [l

Definition 2.1. If F is a function and X C dom(F), then F' [X] denotes the image
of X under F. Formally, F [X] = {F(z) :z € X}.

With regard to the notations of Definition and Definition from Section
the reader should bear in mind that if F' is a function and X C FIN is such that
X C [X] C€ dom(F), then F[X] is the image of X under F while F[[X]] is the
image of [X] under F. This is unlikely to cause confusion.

Definition 2.2. Let X be any set. T C X <% is called a subtree if T is down-
wards closed. In other words, T C X <% is a subtree if and only if Vg € TVI' <
dom(g) [g[l' € T]. For a subtree T C X <% the nth level of T, denoted Lev,,(T), is
{f €T :dom(f) =n}, for all n € w. For a subtree T'C X<* and f € T, define

T({f)={geT:fCSgVg< [}
sucer(f)={o: (o) eT}.

For a subtree T C X <%, [T] denotes the collection of all infinite branches through
T. In other words,

[T={feX“: View[flleT]}.

Note that if H is an ordered-union ultrafilter on FIN, then for any A € ‘H and
k€ w, {s € A:min(s) > k} € H because {s € A : min(s) < k} does not contain
any set of the form [X] for X € FIN! Although the next two results do not
explicitly appear in Blass [6], their proofs are standard and will be omitted.

Lemma 2.3. Suppose H is a stable ordered-union ultrafilter on FIN. Then for any
AeH,1<nk<w, and ¢ : AM — k, there exists B € H such that B C A and ¢
is constant on B™.

Lemma 2.4. Suppose H is a stable ordered-union ultrafilter on FIN. Suppose
(A, :n € w) is a sequence with A,, € H, for alln € w. Then there exists X € FIN
such that [X] € H, [X] C Ao, and Vi € w [{X(j) : j > i}] € Amax(x())] -

Definition 2.5. Suppose s € FIN. Define I(s) = {k € w : min(s) < k

max(s)}. Note that min(s), max(s) € I(s). Suppose X € FIN“I. Define N(X)
Uien [(X(4)) € w.

The classes 6o(H) and &1 (H) to be defined below will play an important role in
Section [6] where it will be shown that the main forcing notion used in this paper
preserves all selective ultrafilters. To elaborate, Definition [2.6] introduces two new
classes of selective ultrafilters. These classes will be needed in Lemma [2.14] which
in turn will play a crucial role in the proof of Theorem [6.15}

A

Definition 2.6. For a stable ordered-union ultrafilter H on FIN, define %;(H) to
be the collection of all ¢/ such that:
(1) U is a selective ultrafilter on w;
(2) for every X € FIN if [X] € H, then there exists ¥ € FIN! such that
Y] eH, Y] C[X],and N(Y) ¢ U.
Define %1(H) to be the collection of all I/ such that:
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(3) U is a selective ultrafilter on w;
(4) YV [if V is a selective ultrafilter on w and V ¢ %5(H), then U #px V).

Observe that 61 (H) C Go(H).

Lemma 2.7. If H is a stable ordered-union ultrafilter on FIN, then Humin ¢ o(H)
and Hmax & Co(H).

Proof. Suppose Y € FIN®! and that [Y] € H. Then funl[Y]] € Hmin and
fmax [[Y]] € Hmax- I k € fimin [[Y]], then & = min(s), for some s € [Y], which
means k = min (Y (j)), for some j € w. Thus k € I(Y(j)) € N(Y), and so
fmin [[Y]] € N(Y) C w. Similarly, if & € faax [[Y]], then & = max(s), s € [Y],
which means k¥ = max (Y (j)), j € w. Thus k € I(Y(j)) € N(Y), and so
fmax [[Y]] € N(Y) C w. Therefore, N(Y) € Hpin and N(Y) € Hpmax. Hence
Humin and Hpax fail Clause (2) of Definition =

Definition 2.8. For an ultrafilter H on FIN, T is called an H-tree if T C FIN<Y is
a downwards closed subtree of FIN<“ such that () € T and Vo € T [succr(o) € H].
For ultrafilters ¢ on w and H on FIN, T is called a (U, H)-tree if T C (w U FIN)<¥
is a downwards closed subtree of (w U FIN)“ such that:
(1) 0 eT;
(2) Vo € T'[|o| is even = sucer(o) € U];
(3) Vo € T[|o| is odd = sucer(o) € H).

Lemma 2.9. Suppose H is a stable ordered-union ultrafilter on FIN and T C
FIN<“ is an H-tree. Then there exists f € [T] such that {f(i) : i € w} € FIN],
Vi <j<wl[f(i) <o f()], and [{f(i) i € w}] € H.
Proof. Define
Sp={ceT:Vi<j<dom(o)[o(i) <p o(j)] and Vi € dom(o) [max (o(7)) < nl},
for n € w. Note that each S, is finite and downwards closed. Hence A, =
N {succr (o) : 0 € Sy} € H (here 0 is taken to be FIN). Applying Lemma2.4] find
X e FIN® such that [X] € #, [X] C Ao, and for each i € w, [{X(j):j >i}] C
Anax(x(i))- Define f : w — FIN by setting f(i) = X (i), for all i € w. Since
X e FIN® for all i < j < w, f(i) = X(@) <o X(j) = f(j). To complete
the proof, it suffices to argue that f € [T], and for this, it suffices to verify that
Vi € w(fli € T]. This is done by induction on i. f[0 = @ € T by the defini-
tion of an H-tree. Since § € Sy, Ag C succr(P). Therefore, f(0) = X(0) €
X C [X] € Ay C sucer(f), whence (f(0)) € T. Now assume ¢ € w and that
o = (f(0),...,f(@)) € T. Let n = max(f(i)). Then o € S, and so A4, C
sucer (o). Since f(i +1) = X (i + 1) € Apax(x()) = Amax(f(i)) = An C sucer (o),
FO)- o £(0), i+ 1)) = o~ (f(i+ 1)) € T :
Lemma 2.10. Suppose U is a selective ultrafilter on w and H is a stable ordered-
union ultrafilter on FIN. Suppose T C (wUTFIN) is an (U, H)-tree. Suppose
that U € G1(H). Then there exists G € [T| such that {G(2i):i€w} € U,
{G2i+1):icw} e FINY Vi < j <w[G(2i+1) <p G(2j +1)], and
{G(2i+1):iew} €H.
Proof. Since Hmin and Hpax are both selective ultrafilters on w, Hmin, Hmax ¢

Go(H), and U € €, (H), then U Z i Hmin and U Z g Hmax- The following claim
will be established using this.

Claim 2.11. Suppose (B, : n € w) and (A, : n € w) are sequences such that Vn €
w[Bn €U and A, € H]. Then there exist B € U and X € FIN®! such that:
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(1) [X] € H;

(2) if (n;:i € w) is the strictly increasing enumeration of B, then for each
i € w, n; < min(X (7)) < max(X(7)) < nig1, Niy1 € Brax(x()), and
{X @) :d =i} € Ay

Proof. Define A, =, <,Am € H and B, =(),,<,,Bm € U, for all n € w. Since
U is selective, there is D € U such that D - B{)_and Vi € w [li-i-l S Bl’i], where
(I; : i € w) is the strictly increasing enumeration of D. By Lemma there exists
Z € FINY! such that [Z] € H, [Z] C A}, and for each i € w, [{Z(j):j >1i}] C
A;nax(Z(i))‘ Define ¢ : w — w and ¢ : w — w as follows. For m € w, ¢(m) =
min{l; : 4 € w and I; > m}, and

(m) = min {min (Z(7)) : i € w and min (Z(7)) > m}.

AS Hunin £pi U, there exists K € U such that ¥ [K] ¢ Huin, and as U £ g Himaxs
there is N € Hypax such that ¢ [N] ¢ Y. Thus E=DNKN(w\ ¢[N]) €Y and
L=1[Z]Nn{s € FIN :min(s) €cw\ ¢ [K]} N{s € FIN : max(s) € N} € H.

Consider m € E and s € L with m < min(s). Let ¢ € w be such that ¥(m) =
min (Z(i)) > m. As s € [Z], m < min(s) = min(Z(j)), for some j € w. By
the minimality of ¢ (m), min (Z(7)) < min(Z(j)), whence ¢ < j. Since m € K,
min (Z(3)) = ¥(m) € ¢ [K], while min (Z(j)) = min(s) € w \ ¢ [K]. Therefore,
i<jandse€[{Z(57): 5" > i} € ALz Since m < min(Z(i)) < max (Z(i)),
A;nax(Z(i)) C A,,,and so s € A,,. Thus s € A,,, whenever m € E and s € L with
m < min(s).

Next, consider m € E and s € L with max(s) < m. As m € D, m = [,
for some j € w. There exists ¢ € w such that ¢(max(s)) = I; > max(s). Since
max(s) < l;, the minimality of ¢(max(s)) implies that I; < I;, whence i < j. As
s € L, max(s) € N, and so [; = ¢(max(s)) € ¢ [N], while [; = m € w\ ¢[N].
Therefore, i < j, and so m =1[; € Bllj,l‘ Since i < j — 1, max(s) < l; <lj_1, and
SO Bl/,-,l C Biax(s)- Therefore, m € Bpax(s). Thus m € Bpax(s) whenever m € E,
s € L, and max(s) < m.

Define ¢ : Ll — 2 as follows. Given s,t € L with s <y t, ¢({s,t}) = 0 if and only
if 3m € E'[max(s) < m < min(¢)]. Find R € H such that R C L and c¢ is constant
on RI?l. This constant value cannot be 1. To see this, argue by contradiction and
suppose it is 1. Fix some s € R. Find m € E with max(s) < m. Now find
t € R with m < min(¢). Then ¢({s,t}) = 0 contradicting the supposition that the
constant value is 1. Hence c is constantly 0 on RI?l. Pick ng € E and let R* = {s €
R :min(s) > ng} € H. Let Y € FIN be such that [Y] € # and [Y] C R*. Since
U € Go(H), there exists X € FIN such that [X] € H, [X] C [Y], and N(X) ¢ U.
For each i € w, define J(i) = {m € w : max (X (7)) < m < min (X (i + 1))}, and let
J(X) = Uie,J(i). As X € FINM! it is clear that w = min(X (0)) U N(X) U J(X),
and since N(X) Umin(X(0)) ¢ U, J(X) € U. Note that ny < min (X (0)) because
X(0) € R*. Let P = ENJ(X) € U. Ifi € w, then {X(i),X(i + 1)} € RZ
and so there exists m € F with max (X (i)) < m < min (X (i 4+ 1)). By definition,
m € J(i) C J(X), whence m € P. Hence for every i € w, J(i) N P # . Since
P C J(X), since U is a Q-point, and since Vi < i* < w[J(i) N J(i*) = 0], there
exists Q@ € U so that Q C P C J(X) and Vi € w[|QNJ(i)|=1]. Let B =
Q U {no} € U. Observe that B N min (X (0)) = {no}. It now follows that the
strictly increasing enumeration of B has the form (n; : i € w), where ng is the value
chosen earlier and for each ¢ € w, n; < min (X (¢)) < max (X (¢)) < n;41. Note
that for any i € w, nj41 € Q C P C FE, X(i) e [X] C[Y] C R* C R C L,
and max (X (4)) < nit1, whence 11 € Braxx()). If s € [{X(j):j > i}], then
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s € [X] € L and min(s) > min(X(¢)) > n;. Further, n, € E because ng € E
and @ C E. Hence s € A,,. So [{X(j):j>i}] C A,,. This verifies (2). (1) is
satisfied by the choice of X. Finally, (3) holds because B C E C D C B}, C By and
[X] S LC[Z] € Ap C Ao B

To prove the lemma, define S, to be the collection of all ¢ such that:
(1) 0 €T, dom(o) <n+1;
(2) Vi € dom(o) [i is even = o (i) < nj;
(3) Vi € dom(o) [i is odd = max(o(7)) < n),

for all n € w. Then S, is finite, and so
B, = ﬂ {sucer(o) : 0 € S, and |o| is even} € U

(with ()0 interpreted as w) and A, = () {succr(c): 0 € S, and |o| is odd} € H
(with (0 interpreted as FIN). Find B and X as in Claim[2.11] and let (n; : i € w)
be the strictly increasing enumeration of B. Define G : w — w U FIN by setting
G(2i) = n; and G(2i+1) = X (4), for all ¢ € w. Observe that by the properties of B
and X, for any i € w, if i is even, then i < G(i), while if 7 is odd, then ¢ < max (G(7)).
Since X € FINY for all i < j < w, G(2i +1) = X(i) <o X(j) = G(2j + 1).
To complete the proof it suffices to show that G € [T], and for this it suffices
to show that G|l € T, for all | € w. Now G|0 = () € T by the definition of
a (U, H)-tree. O € Sy and so B C By C succr (D), whence ng € sucer(). So
0™ (no) = (ng) = (G(0)) € T. Letting 0 = (ng), dom(s) = 1 < ng + 1, and so
o € Sp,. Therefore, X(0) € A,, C succr(o), and so (X (0)) = (ng, X(0)) =
(G(0),G(1)) € T. Now suppose i € w and that o = (ng, X(0),...,n;, X(7)) =
(G(0),G(1),...,G(2i),G(2i + 1)) € T. Then dom(0) = 2i +2 = (2i +1) +1 <
max (G(2i + 1)) + 1 = max (X (i)) + 1, and s0 ¢ € Spax(x(i))- Therefore, n;y1 €
Brax(x(i)) € sucer(o), and so (ng, X(0),...,n4 X(i),ni41) = 0 (ni11) € T. Now
letting o = (ng, X(0),...,n;, X(4),n;11) = (G(0),G(1),...,G(2%),G(2i+1), G(2i+
2)), dom(o) = 2i+3 = (20 4+2)+1 < G2i+2)+1 = nj41 + 1, and so
o0 € Sp,.,. Therefore, X(i+ 1) € A,,,, C succr(o), and so o™ (X (i +1)) =
(no, X(0),...,n;, X(4),n41, X (0 + 1)) = (G(0),G(1),...,G(2i),G(2i + 1), G(2¢ +
2),G(2i 4 3)) € T. Thus by induction, G|l € T, for all | € w. -

Definition 2.12. Define the following two player games.

(1) Let H be an ordered-union ultrafilter on FIN. The stability game on H,
denoted 05*2°(H), is a two player perfect information game in which Players
I and II alternatively choose sets A; and s; respectively, where A; € H and
s; € A;. Together they construct the sequence

Ao, 50, A1, 81, -,

where each A; € H has been played by Player I and s; € A; has been chosen
by Player II in response. Player II wins if and only if Vi < j < w[s; <p ;]
and [{s; : i <w}] € H.

(2) Let U be an ultrafilter on w and let  be an ordered-union ultrafilter on
FIN. The selectivity-stability game on (U, H), denoted 05¢15%2® (If H) is a
two player perfect information game in which Players I and II alternatively
choose objects as follows: when ¢ is even, Player I chooses B; € U and
Player II responds with n; € B;; when i is odd, Player I chooses 4; € ‘H
and Player II responds with s; € A;. Together they construct the sequence

By, ng, A1, 81, ..,

where each By; € U has been played by Player I and ngp; € Ba; has been
played by Player 11, and each Ay;,; € H has been played by Player I and
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S9j+1 € Agji1 has been played by Player II. Player 1I wins if and only if
{ngj 1 j € w} ceu, Vi <j<w [82i+1 <p 32j+1}, and [{82j+1 17 < W}] € H.

(3) Let U and V be ultrafilters on w. The selectivity-selectivity game on (U, V),
denoted o%¢%e! (I/,V), is a two player perfect information game in which
Players I and II alternatively choose objects as follows: when i is even,
Player I chooses B; € U and Player II responds with n; € B;; when i is
odd, Player I chooses A; € V and Player II responds with n; € A;. Together
they construct the sequence

By, ng, Ay, ...,

where each By; € U has been played by Player I and ny; € Bg; has been
played by Player II, and each Asj41 € V has been played by Player I and
noj+1 € Agjr1 has been played by Player 1I. Player II wins if and only if
{ngj ZjELL)} € U and {7’L2j+1 ZjELL)} eV.

(4) Let U be an ultrafilter on w. The selectivity game on U, denoted 05t (U), is
a two player perfect information game in which Players I and IT alternatively
choose A; and n; respectively, where A; € U and n; € A;. Together they
construct the sequence

Ao, no, A1, n1, ...,

where each A; € U has been played by Player I and n; € A; has been chosen
by Player II in response. Player II wins if and only if {n; : i < w} € U.

Lemma 2.13. Suppose H is a stable ordered-union ultrafilter on FIN. Then Player
I does not have a winning strategy in O5**°(H).

Proof. Suppose for a contradiction that ¥ is a winning strategy for Player I in
OSt2(3). Let T be the collection of all o € FIN<* for which there exists a function
7 such that dom(7) = dom(c) and ((r(i),0(i)) : i € dom(o)) is a partial run of
05t () in which Player I has followed . Observe that if ¢ € T, then there is
precisely one function 7 which witnesses this. It is also easily seen that T is an
‘H-tree. By Lemma find f € [T] such that the conclusions of that lemma are
satisfied. ThenVn € w|[f[n € T)]. It follows from the argument for the uniqueness of
the witness to f[n € T for each n € w that there is a sequence (A; : i € w) such that
((A;, f(4)) 1 1 € w) is a Tun of O5*3(H) in which Player I has followed 3. However
Player II wins this run because Vi < j < w [f(i) <v f(j)] and [{f(?) : i € w}] € H.
This contradicts the supposition that ¥ is a winning strategy for Player I and
concludes the proof. —

Lemma 2.14. Suppose U is a selective ultrafilter on w and H is a stable ordered-
union ultrafilter on FIN. Suppose that U € €1(H). Then Player I does not have a
winning strategy in 055 (U H).

Proof. This is similar to the proof of Lemma[2.13] Suppose for a contradiction that
¥ is a winning strategy for Player I in 05615t (14, ). Let T be the collection of all
o € (wUFIN)=* for which there exists a function 7 such that dom(7) = dom(o)
and ((7(i),0(i)) : i € dom(o)) is a partial run of O5¢15*2 (1 7{) in which Player I
has followed . Observe that if o € T, then there is a unique function 7 witnessing
this. It is also easy to see that T is an (U, H)-tree. By Lemma there exists
G € [T satistying the conclusions of that lemma. Then Vn € w [G[n € T]. It follows
from the argument for the uniqueness of the witness to G[n € T for each n € w
that there is a sequence (C; :i € w) € (UUH)* such that ((C;, G(i)) :i € w) is a
run of 05e1$% (7/ 7{) in which Player I has followed . However Player II wins this
run of the game because {G(2i) :i € w} €U, Vi < j <w[G(2i + 1) <p G(25 + 1)],
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and [{G(2i 4+ 1) : i € w}] € H. This contradicts the hypothesis that ¥ is a winning
strategy for Player I and concludes the proof. —

It is worth noting here that the hypothesis that & € % (#) is necessary for
Lemma[2.14] Under CH, weaker hypotheses such as U # g Hmin and U Z g Hmax
are provably not sufficient for the conclusion. The following two results are well-
known from the literature.

Lemma 2.15 (Shelah [26]). LetU and V be selective ultrafilters onw. IfU Zpg V,
then Player I does not have a winning strategy in 05151 (U, V).

Lemma 2.16 (Galvin; McKenzie). Suppose U is a selective ultrafilter on w. Then
Player I does not have a winning strategy in 03 ().

3. THE PARTIAL ORDER

This section introduces the main forcing notion used in this paper. For a fixed
stable ordered-union ultrafilter H, a partial order P(#) is defined. A key idea in
the definition of P(#) is the combinatorial notion of a (k, s)-big set introduced
in Definition Basic properties of P(#H) will be established in this section. In
subsequent sections, it will be shown that P(#) is proper, w*-bounding, destroys
‘H and preserves all selective ultrafilters.

Definition 3.1. For s € FIN, define s~ = s\ {max(s)}. Note that s~ C max(s).

Definition 3.2. Let k <1 < w and s € FIN with [ = max(s). A C 2P" is (k, s)-big
if for every o : P(k) — 2, there exists 7 € A such that Vu € P(k) [o(u) = 7(v U s™)].

Remark 3.3. When min(s) < k, (k,s)-big sets generally do not exist. So even
though the definition of a (k,s)-big set makes sense when min(s) < k, it will
generally not be used in this situation. Note also that (k, s)-big sets are non-empty.

Lemma 3.4. Suppose k < k' <l < w and s € FIN with | = max(s). If A C 2P
is (K, s)-big, then A is also (k, s)-big.

Proof. Let o : P(k) — 2 be given. Define ¢’ : P(k') — 2 by o'(u) = o(unNk),
for all w € P(k’). Note that if u € P(k), then o'(u) = o(unk) = o(u). Since A

is (', s)-big, there exists 7 € A such that Yu € P(K')[0'(u) = 7(uUs™)]. Then
Vu € P(k)[o(u) =o' (u) =7(uUs7)). 4

Definition 3.5. Define T = |J;.,[1;.;2F®). Then (T, C) is a tree and recall from
Definition that for any subtree T C T,

[T] = {Fe [[2°% :view(Fn eT]}.

kew

Note that [T] for a subtree T C T and [A] for a subset A C FIN are entirely
different objects. This should not be a source of confusion.

Definition 3.6. Let H be a stable ordered-union ultrafilter on FIN. p is called an
H-condition if p =T, C T is a subtree such that the following hold:
(1) 0e Ty
(2) Vf e T,Vdom(f) <n<wdgeT,[f CgAn<dom(g);
(3) for each k € w, Hp j, € H, where Hp , =
{s € FIN : k < max(s) AVf € LeVyax(s)(Tp) [sucer, (f) is (k,s)-big]}.

Let P(H) = {p: p is an H-condition}. Define ¢ < p if and only if T, C T}, for all
p.q € P(H).
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From now until the end of Section |§|, H will be a fixed stable ordered-union
ultrafilter on FIN.

Lemma 3.7. Suppose p =T, CT is a subtree satisfying (1) and (2) of Definition
. Suppose there are infinitely many k € w for which Hy ) € H. Then p is an
‘H-condition.

Proof. Let k € w be given. Choose k < k' < w for which H, € H. Then
Vs € Hy [k < max(s)]. Consider s € Hpjs and f € LeViax(s)(Tp). Then k < k' <
max(s) < w, s € FIN, and sucer, (f) C 2Pmax(s) is (K, s)-big. By Lemma
succr, (f) is also (k, s)-big. Thus

Vs € Hy V[ € LeViax(s) (Tp) [sucer, (f) is (k, s)-big] .
Thus Hy , 2 Hp v and so H, . € H. -

Lemma 3.8. Suppose p € P(H). For each H C FIN and m < k < w, define
H [m, k] to be

{s™:s€ H and max(s) =k and min(s) > m}.

There exists H € H such that for each | € w, for all but finitely many k € fmax [H],
I <k and

(+15)  Vf € Levg(T)Vg € (27’(0)
3r € sucer, (f)Ve C IVu € H [, k] [r(x Uu) = g(u)(x)].

HIl,k]

Proof. For n € w, let A, = Hpny1 € H. Applying Lemma find X € FINW!
such that [X] € H, [X] C A, and Vi € w [{X(j) : j > i}] C Amax(x(i))]- Let H =
[X] and fix | € w. Let ig € w be such that min (X (ig)) > I, and consider any k €
fmax [H] with & > max (X (i9)). Note | < min (X (igp)) < max (X (ip)) < k. Since
k € fmax [H] and max (X (ig)) < k, there is a unique ¢ € w with max (X (i 4+ 1)) = k.
It follows that if s € H with max(s) =k, and ! < min(s), then

s=(s\X@E+1))UX(@E+1),
(s\ X(+1)) Cmax(X(i))+ 1, and Vo € (s\ X(i+ 1)) [l < z]. By the choice of
X, X(Z 1) € Amax(X(i)) = Hp,max(X(i))+1- Consider any f € Levk(Tp). Then
sucer, (f) is (max (X (i) + 1, X (i + 1))-big. Suppose g : H[l,k] — 2P is given.
Define o : P (max (X (i)) + 1) — 2 as follows. Given w € P (max (X (¢)) + 1), let
Sw=\)UX(@E+1)

_|_
+

(w) g(s;) (wnl) if s, € H and max(s,) =k and | < min(s,,),
o =
0 otherwise.

Find 7 € succr, (f) such that

Vw € P (max (X (i) + 1) [a(w) - (w U(X(i+ 1))—)} .

I < min(s). Further, (s\ X (¢4 1)) C max (X (¢)) + 1, and since max (X (ig)) <
max (X (i + 1)), 49 < i, whence z C I < min (X (ip)) < max (X (ip)) < max (X (7)) <
max (X(¢)) + 1. Therefore, w = z U (s\ X(i+1)) € P(max(X(:))+1). Fur-
ther, if z € (s\ X(i+1)), then I < z, whence z € w \ l. Therefore, w\ [l =
(s\X(+1)) and wnN! = x. Therefore, s,, = (s\X(@E+1)UX@GE+1) =

Fix x C 1l and v € H[l,k]. Then u = s~, where s € H, max(s) = k, and

s,and u = s7 = s, = (s\X(i+1)) U (X(i+1)) . Therefore, 7(z Uu) =
T(2U(\ X+ 1)) UXGE+1)7) = 7 (wU(X(+1)7) = ow) = g(u) (@),
precisely as needed. =
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Lemma 3.9. T € P(H).

Proof. All of the requirements with the possible exception of (3) of Definition
are clear. To verify this, given k € w, define H = {s € FIN : min(s) > k}, and
note that H € H. Clearly, Vs € H [k < min(s) < max(s)]. Consider s € H. Let
| = max(s) and consider f € Lev;(T). Then A = sucer(f) = 2P®. To see that A
is (k, s)-big, consider o : P(k) — 2. Define 7 : P(I) — 2 by 7(t) = o(t N k), for all
t € P(I) Then 7 € A. Note that for any v € P(k), (uUs™) Nk = u. So for every
u € P(k), by definition, 7 (uUs™) = ((uUs~)Nk)=o(u). Thus H C Hyy, and
SO H’]l‘,lc cH. -

Lemma 3.10. Suppose p € P(H). Then for any f € T,, ¢ = T,(f) € P(H) and
q=p-

Proof. Clearly, T,,(f) € T, € T and T,(f) is a subtree of T. () € T),(f) because
) € T, and 0 C f. Next, suppose e € T,(f) and dom(e) < n < w. Let h =
eU f. Then h € {e, f} and dom(h) = max{dom(e),dom(f)}. As h € T, and
dom(h) < m = max{dom(h),n} < w, there exists g € T, with h C g and m <
dom(g). f ChCg,s0g9 € T,(f). Ande C h C g and n < m < dom(g), as
required. Finally, fix k € w. Let H = {s € Hp : min(s) > dom(f)} € H. Then
Vs € H [k < max(s)]. Suppose s € H and e € LeVyax(s)(Tp(f)). Then s € Hyy,
e € LeViax(s)(Tp), and dom(e) = max(s) > min(s) > dom(f), whence f C e. Thus
sucer, (f)(e) = sucer, (e) is (k,s)-big. Thus H C H,, and so Hyx € H. Thus
g € P(H) and ¢ < p. -

Lemma 3.11. Let p € P(H). Letl € w, 1 < m < w, and ey, ..., e, € Lev;(T},).
If pr,....,pm € P(H) are such that V1 < ¢ < m|p; <Tyle;)], then ¢ = T, =
UléiSmTPi eP(H), for each 1 <i<m, p; <q, and q < p.

Proof. For each 1 < i <m, T,, CTy(e;) CT,. SoT, CT, CTand clearly Ty is a
subtree of T. ) € T, because () € T},,. Next, suppose f € T, and dom(f) < n < w.
Then f € T}, for some 1 < i < m, and so there exists g € T}, such that f C g and
n < dom(g), whence g € T, as well. Next, for each k € w, define H = Hp,, ,N---N
H,, i €H Foreveryse H, s € FIN and k£ < max(s) < w because s € H,, .
Consider f € LeVpax(s)(Tq). Then for some 1 <i < m, f € Levyax(s)(Tp,). Since
sucer, (f) is (k, s)-big and sucer, (f) C sucer,(f) C 2P (max(s)) sucer, (f) is also
(k,s)-big. Thus H C Hy,y, and so H, ), € H. Therefore ¢ € P(H). Finally, since
T, C Ty, g <p,and for all 1 < i < m, since T),, C T, p; < q. B

Lemma 3.12. Suppose (p; : i € w) and X satisfy:
(1) Vi € wlp; € P(H)] and Vi € w [piy1 < pi];
(2) X e FINY with [X] € #;
(3) for eachi € w, X(i+1) € Hp,_ | max(X(i))+17
(4) for each i < j < w and for each e € LevmaX(X(i))(ij), succhi(e) C
sucer,, (e).

Then ¢ =Ty = \;eo,Tp: € P(H).

€W
Proof. For ease of notation in this proof, the symbols T; will replace T,,, ; will
denote max (X (¢)), and H;j will be used for Hy, i, for all i € w and k € w.
Clearly, T, € Ty € T and T, is a subtree of T. Since 0 € T; for every i € w,
0 € T,. Next, suppose f € T, and that dom(f) < n < w. Let F = {e € Tp :
dom(e) = n A f C e}. Then F is a finite set. For each i € w, f € T;, and so
there exists g € T; with f C g and n < dom(g). Then g[n € T;, dom(g[n) = n,
and f C gn, whence gln € FNT;. Thus Vi € wle, € Fle; € T;]. As F is finite,
there exists e € F such that 3%i € wle € T;]. Since Vi < j < w[T; CTjl, it
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follows that e € T,. Therefore T, satisfies (2) of Definition To see that T,
satisfies (3) of Definition fix k € w. Choose iy € w such that k£ < min (X (ip)).
Let H = {s € [X] : min(s) > max (X (ip))} € H. Suppose s € H. Then s € FIN
and k& < min (X (i9)) < max (X (i9)) < min(s) < max(s). Let I = max(s). Then
I = max (X (41)), for some i; € w. Since max (X (i9)) < max (X(41)), i1 = i + 1,
where 79 < i < w. Note that s\ X(i +1) Cmax (X(z))+ 1, (s\ X(i + 1)) Nk =0,
s=s\X(E+1)UX@E+1),and s« = (s\ X(E+1)U(X(i+1)) . Further, if
u C k, then for any z € u, ¢ < k < max (X (ip)) < max (X (i)) < max (X (7)) +
1, and so u C max(X(i)) + 1. Therefore u U (s\ X(i4+ 1)) C max(X(7)) + 1
and (uU(s\ X(i+1))) Nk = u. By hypothesis, X(i 4+ 1) € H; 1 max(x(i))+1-
Now, fix f € Lev;(T,). It needs to be seen that succr, (f) is (k,s)-big. To this
end, let o : P(k) — 2 be fixed. Since f € LeVpax(x(i+1))(Tit+1), sucer,,, (f) is
(max (X (i)) + 1, X (¢ 4+ 1))-big. Now define o* : P (max (X (i)) + 1) — 2 by setting
o*(w) = o(w N k), for all w C max (X (i)) + 1. Find 7 € succr,,, (f) such that for
each w C max (X (i))+1, o*(w) =7 (w U (X @G+ 1))7). Consider any i+1 < j < w.
Then f € LeVpax(x(i+1))(T}), and the hypothesis is that succr,,, (f) C sucer; (f).
Thus 7 € sucer, (f), and so f~(7) € T;. Hence Vi+1 < j < w[f™ (1) € T}], whence
J (1) € Ty. Therefore 7 € succr, (f). Take u C k. Then wU (s \ X(i +1)) =w C

max (X (i))4+1 and wnk = u. So o(u) = o(wnk) = o* (w) = T (w U(X(i+ 1))—) -
T (u U\ X@E+1)U(X@E+ 1))_> = 7(uUs™). This proves that succr,(f) is
(k,s)-big. Thus H C H,y, and so H,; € H. This concludes the proof that
g P(H). 4

Definition 3.13. Define the following two player game called the H-condition
game and denoted 0°°* (H). Players I and II alternatively choose (p;, A4;) and s;
respectively, where

(1) p; € P(H) and A; € H;
(2) si € Ay
(3) there exists <pi,e ‘e € Levmax(si)H(Tpi» such that

Ve € LeViax(s)+1(Tp;) [Pie < T, (€)]
and piy1 =Ty, =U {T ieie€ Levmax(si)H(Tpi)}.
Together they construct the sequence
<p07A0> » S0, <p17A1> ySLy vy

where each (p;, A;) has been played by Player I and s; has been chosen by Player
IT in response subject to Conditions (1)—(3). Player II wins if and only if Vi < j <
wlsi <p s5], {si i <w}] € H,and g =T, = ;e Tp, € P(H).

Lemma 3.14. Player I does not have a winning strategy in 0% (H).

Proof. Suppose for a contradiction that ¥ is a winning strategy for Player I in
o4 (7). Define IT and ® such that:

(1) II is a strategy for Player I in 05% (H);
(2) for each n € w, if ((B;,s;):i <n) is a partial run of O5* (H) in which
Player I has followed II, then ® ({((B;, s;) : i <n)) = {({p;, 4;) : i < n) and
<<<plaAl> 7Si> 17 < n>

is a partial play of O¢®? () in which Player I has followed ¥ and it has
the property that Vi < n I:BZ‘+1 =A;41N Hpiﬂ’max(si)ﬂ];
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(3) for each n € w, if ((B;,s;) : 1 < n+ 1) is a partial run of ©5%2° (%) in which
Player I has followed II, then

O (B, i) i <n))=®(((Bi,s;) i <n+1)In+1.

IT and ® will be defined inductively. Let () = (po, Ao) define II(0) = By = Ao.
As By € H, this is a valid move for Player I in 05t (). Note that every partial run
of 05t (H) of length 1 in which Player I has followed II will have the form (B, so),
where so € By = Ag. For any such (By, so), define ®({By, so)) = ((po, Ao)), and
note that ({po, Ao) , So) is a partial run of 0% (H) in which Player I has followed
Y. Now suppose n € w, ((B;,s;):i <n) is a partial run of 05%2 (%) in which
Player I has followed II, ® ({((B;,s;) : i <mn)) = ({ps, A;) : i < n),

(({pis Ai) ,85) 11 < n)
is a partial run of 0 (H) in which Player I has followed 3, and
Vi<n [Bi"‘l =Aip N Hpi+1,max(5i)+l] :

Let ¥ ({({{p;, Ai),si) 11 <n)) = (Ppns1,Ans1). Then p,y1 € P(H) and A, €
H. Hence Bni1 = Apt1 N Hy, | max(sn)+1 € H. Note that By, is therefore
a legitimate move for Player I in 052 (#). Define II (((B;, s;) : i <n)) = Byy1.
Note that any continuation of ((Bj;,s;) :4 < n) to length n + 2 in which Player I
follows II must have the form ((B;, s;) : ¢ < n + 1), where s,11 € Bp41. Given any
such ((B;,s;):1 <n+1), define ® (((B;,s;):i<n+1)) = ((pi,4;):i<n+1).
Note that ({({p;, A;),si) :i <n+1) is a partial run of 0% (#) in which Player I
has followed ¥ because of the definition of (pp4+1, Ant1) and $p41 € Bpi1 C Anyr.
Further, by definition and by the induction hypothesis,

Vi<n [Bi-i-l =Ai1 N Hpi+1’max(si)+l] .

Thus the inductive definition satisfies (1)—(3). This concludes the definition of IT
and ®.

Since II is not a winning strategy for Player I in 05*3 (%), there is a play
((B;, 8;) : 1 < w) of D% (H) in which Player I follows II and loses. There exists
({(pi, A;i) 1 i < w) such that for each n € w, ® (((B;, s;) 11 < ny) = ((p;, A;) 11 < n).
Therefore, ({(p;, A;),s;) i <w) is a play of 0¥ (H) in which Player I has fol-
lowed 3, and Vi < w [Bi-',-l =A;+1 N Hpi+1,max(si)+1]' Since Player II wins the play
((Biysi) i <w), Vi < j<wls; <p s;] and [{s; : i <w}] € H. Lemma will be
used to verify that ¢ = T, = (., Tp, € P(H). To this end, let X = {s; : i < w},
and note that X (i) = s;, for all i € w. Note also that by (3) of Definition
and by Lemma piv1 < p;, for all i € w. For each i € w, s;11 € By,
and so X (i +1) € Hp, | max(x(i)+1- Next, fix some i < w. It will be proved
by induction on j that for each i < j < w and for each e € LevmaX(X(i))(ij),
sucer,, (e) C sucer, (e). This is clear when i = j. Assume this is true for some

i < j. Fix e € LeVpax(x(i) (Tle) and consider o € succr, (e). Since Ty, , €T},
e € Levmax(x(i))(ij). So by the induction hypothesis, o € succr, (e). There-
fore e~ (o) € Tp, and dom (e (o)) = max(s;) + 1 < max(s;) + 1. Choose e*
such that e~ (o) C e* and €* € LeVax(s;)+1(Tp,). By (3) of Definition [3.13
there exists pj .« < T}, (e*) such that T}, . € Tp, ,. Since e (o) C e*, e (0) €
Ty, .. Therefore e~ (o) € T}, ,,, whence o € sucer, | (e), as required. This con-
cludes the induction. Thus the hypotheses of Lemma [3.12] are all satisfied, and
so ¢ = Ty = ;e Tp, € P(H). However, this means that Player II wins the play
({(piy Ai) , 8i) 2 i < w) of O (H) even though Player I has followed X during this
play, contradicting the hypothesis that ¥ is a winning strategy for Player I in

Deend (7). .
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Lemma 3.15. Suppose ({{pi, Ai) ,si) 1 i € w) is a run of O™ (H) which is won by
Player I1. If ¢ = Ty = ;e Tp;, then for each i € w,

Vf e T, [dom(f) <max(s;)+1 = feT,].

Proof. Recall that by Clause (3) of Definition and by Lemma Pir1 < Diy
for all i € w. Fix i € w and f € T,, with dom(f) < max(s;) + 1. It will be
proved by induction on j that Vi < j < w [ fe ij]. When j = ¢, there is nothing
to prove. Suppose the statement holds for some i < j < w. So f € T}, and
dom(f) < max(s;) +1 < max(s;) + 1. Choose e € T, such that f C e and
dom(e) = max(s;) + 1. By Clause (3) of Deﬁnition there exists p; . < T}, (e)
so that T,,, . €Ty, ,. As fCe, f €T, ., andso f €T, ,. This concludes the

induction. Thus, Vi < j <w [f € Ty, |, whence f € e, Tp = Ty .

Lemma 3.16. Suppose (((pi, A;),s;) 11 € w) is a run of O™ (H) which is won
by Player II. Let i € w and g = Ty = ijprj' If siv1 € Hp,. | max(si)+1, then
Si+1 € Hq,max(si)-‘rl'

Proof. Assume s;11 € Hp, | max(s;)+1- Then s;;; € FIN and max(s;) +1 <

max(s;1). Consider e € LeVpax(s,,,)(Ty). Then e € LevmaX(SHl)(Tle) and
S0 sucer,, (e) is (max(s;) + 1, si41)-big. If o € succr,,  (e), then €™ (o) € T},

and dom (e (o)) = max(s;y+1)+1. Therefore, by Lemma|3.15, e (o) € Ty, whence
o € sucer, (). Thus sucer, , (e) € sucer, (e) C 9P(max(si+1)) and so sucer, (e) is
(max(s;) 4 1, si4.1)-big. This shows s;11 € Hy max(s;)+1- -

4. PROPERNESS AND READING OF NAMES

This section establishes that P(H) is proper, w*-bounding, and satisfies a version
of the continuous reading of names property (see [22]).

Lemma 4.1. Let 6 be a sufficiently large reqular cardinal. Assume M < H(0) is
countable and that M contains all relevant parameters. Suppose f :w — M is such
that ¥n € w [f(n) € VEOY and lkpy) f(n) € V]. Let p € P(H) N M. Then there
erist q, X, and F such that:

(1) ¢ <p, X € FIN®| F is a function, dom(F) =
{<i, 6> tEwAhe € LeVmax(X(i))—i—l(Tq)} ;
(2) [X] EH,Vicw [X(Z + 1) € Hq,max(X(i))+1];
(8) for each i < j <w and each e € LeViyax(x(j)+1(1q),
Ty(e) rpey f(i) = F ((i, el max (X (i) + 1));

(4) for any (i,e) € dom(F'), F({i,e)) € M.
Proof. Define a strategy ¥ for Player I in 0% () as follows. py = p € P(H)
and Ag = FIN € H. Note that pg € M. Define X(0) = (po, Ao). Now suppose
that ¢ € w and that (((p;,A;),s;):j <1i) is a partial run of 0% (H) in which
Player I has followed ¥ and that p; € M. Let | = max(s;) + 1, for ease of nota-
tion. For any e € Lev;(T},), Tp,(e) € P(H) and by hypothesis, IFpy) f(i) € V.
Since p; € M and f(i) € M, there exist sequences (p; . : e € Lev;(T},,)) € M and
(@i : e €Levy(Tp,)) € M such that

Ve € Levy(T},) [p@e < Ty, (e) and p; e IFpeyyy f(i) = J;i,e} .

Define pi11 = Tp,., = U{T},. e € Levi(T},)}. Note that p;y1 € M and that
pit+1 € P(H) by Lemma Hence A;yy = Hy, 1 € H. Define

X (((pjs Aj) s s5) 27 <4) = (Dig1, i) -
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The completes the definition of ¥. Note that by definition, if ({{(p;, 4;), ;) 1 i < w)
is a run of 0% () in which Player I has followed ¥, then p; € M, for all i < w.
Since X is not a winning strategy for Player I, there is a run ({{p;, A;), $;) 1 i < w)
of 0% (H) in which Player I has followed ¥ and lost. Then X = {s; : i < w} €
FINM and [X] € H. Furthermore, X(i) = s;, for all i € w. Again, for ease of
notation, denote max(s;) + 1 by l;. Let ¢ = Ty, = (), Tp,- Then ¢ € P(H) and
q < po = p. Moreover, for any i € w, s;11 € Ai11 = Hp,,, 1,, and so by Lemma[3.16]
si+1 € Hy,,, as required for (2). Next, by the definition of ¥, for each i € w, p; € M
and there exist sequences (p; . : e € Levy,(Tp,)) € M and (z; . : e € Lev,(T},)) € M
as described in the previous paragraph. Given i € w and e € Levy,(Ty), then
e € Lev,(T},), and since e € M, so x; . € M. Define F({i,e)) = ;.. To see that
(3) is satisfied, fix i < j < w and e* € Lev,(T,), and let e = e*[l; € Lev, (T}).
Thus e € Levy, (T},). Since T, € T,,, = U {Tpi,c/ € € Levy, (Tpi)}, it follows that

T,(e*) < pie. Therefore, T, (e*) IFpi) f(i) = 25 = F((i,e)), as required. 4
Corollary 4.2. P(H) is proper and w*-bounding.

Proof. To see that P(H) is proper, let 6 be a sufficiently large regular cardinal, and
fix a countable M < H(f) containing the relevant parameters. Let (&, : i € w) be
an enumeration of all P(#) names ¢ € M such that IFp(3) “G is an ordinal”. Let f :
w — M be defined by f(i) = &;, for all i € w. Fix p € P(H)N M. Applying Lemma
fix ¢ < p, X, and F satisfying (1)—(4) of that lemma. Write [; for max (X (i))+1,
for all 4 € w. It needs to be seen that ¢ is (M, P(#H))-generic. For this, it suffices to
see that whenever & € M is a P(H) name such that IFpe5) “G is an ordinal”, then
q IFp(3y & € M. Indeed, if such an & is given, then & = ¢, for some 7 € w. Suppose
r < q. Choose e € Lev,(T}). Then e € Levy,(Ty), T, (e) < r, and T,(e) < T,(e).
Therefore, T;.(e) IFpzy & = &; = f(i) = F({i,e)) € M, as required.

To see that P(H) is w*-bounding, fix a P(#)-name f such that

“‘]p(q_[) fo W —w

as well as p € P(H). Let 0 be sufficiently large and regular, and fix a countable
M < H(0) with f,p € M and containing all the other relevant parameters. Define
a function f : w — M as follows. For i € w, f(i) € M is a P(H)-name such that

IFpery f(i) € w, and IFpegy) f(z) = f(i). Using Lemma find ¢ < p, X, and F
satisfying (1)—(4) of that lemma. Again, write I; for max (X (7)) 4+ 1, for all ¢ € w.
Define g : w — w as follows. For any i € w, Lev;, (Ty) is a finite set. So there exists
g(i) € w such that for any e € Levy, (T}), if F((i,€)) € w, then F((i,e)) < g(i). Now,
it is easy to verify that q IFp(y) Vi € w {f(z) < g(z)} Indeed if not, then there are
r < gandi € wsothat r lFpey f(z) > g(i). Find e € Lev,(T;). Thene € Levy, (Ty),
To(e) < 7, and Tp(e) < Tyle). So Tole) Ipay f(i) = (i) = F((i,e)) < g(i), a
contradiction. -

Lemma 4.3. Suppose & is a P(H)-name such that lFpgyy @ : w — 2. Let p € P(H).
Then there exist q, X, and <ni}e i EwANe€E Levmax(x(i))H(Tq» such that:
(1) ¢ <p, X € FINM gnd
Vi € wVe € Levmax(x(i))Jrl(Tq) [Mie : max (X (3)) +1 — 2];

(2) [X] EH,Vicw [X('L + 1) € Hq,max(X(i))-‘rl] y
(3) for each i € w and e € LeVyax(x(i)+1(Ty),

Ty(e) Ikpery [ (max (X (7)) + 1) = 0i¢;



STABLE ORDERED-UNION VS. SELECTIVE 19

(4) for any i < j <w, e € LeViax(x(i))+1(Ty), and €* € Leviax(x(j))+1(Ty), if
e Ce*, then n;e C njex-

Proof. This is very similar to the proof of Lemma [4.1] expect that M plays no role
here. Details are provided for completeness. Define a strategy X for Player I in
o%nd (H) as follows. po = p € P(H) and Ay = FIN € H. Define X(0) = (po, Ao).
Now suppose that i € w and that (((p;, A;),s;) : j < i) is a partial run of O (H)
in which Player I has followed X. Let [ = max(s;) + 1, for ease of notation. There
exist sequences (p; ¢ : e € Levy(T},)) and (n; ¢ : e € Lev;(T},)) such that

Ve € Levi(T},) [pi,e < Ty, (e) and p; o IFpegy 2]l = m,e] .

Since lFpeyy ©:w — 2, it follows that n;. : [ — 2. Define p;y1 = Tp,,, =
U{Tp.. : e € Levi(T},,)}. Note that p;11 € P(H) by Lcmma Hence A;y1 =
Hyp,,,1 € H. Define ¥ ((({pj, A4;),5;) :j <14)) = (Pit1, Aix1). This completes the
definition of 3.

Since ¥ is not a winning strategy for Player I, there is a run ({{p;, 4;), 8;) : i < w)
of 04 (H) in which Player I has followed ¥ and lost. Then X = {s; : i < w} €
FIN®! and [X] € #. Furthermore, X (i) = s;, for all i € w. Again, for ease of
notation, denote max(s;) + 1 by l;. Let ¢ = Tq = (), Tp,- Then ¢ € P(H) and
q < po = p. Moreover, for any ¢ € w, s;41 € Aj11 = Hp,,,;, and so by Lemma
Si+1 € Hg,,, as required for (2). Next, by the definition of X, for each ¢ € w,
there exist sequences (p; e : e € Lev, (T},)) and (1;¢ : e € Levy,(T},)) as described

in the previous paragraph. To see that (3) is satisfied, fix ¢ € w and e € Levy, (Ty).
Then e € Levy,(T),). Since T, C T,,,, = U{quz,e/ : € € Levy, (Tpi)}7 it follows
that T (e) < pj.c. Therefore, T,(e) IFp(3) £[l; = 1ji,e, as required. Finally for (4), if
i <j<w,ec€Levy,(T,), e* € Levy,(Ty), and e C e*, then T,(e*) < T,(e), whence
Ty(e*) IFpa) 1l = ni,e, whence 1 ¢ = 1 e [1;. B

i+1

5. DESTROYING WITNESSES TO HINDMAN’S THEOREM

This section continues the analysis of P(#H). It will be shown that there is no
stable ordered-union ultrafilter extending H after forcing with P(H). Furthermore,
this is true after forcing with any w“-bounding partial order which contains P(H)
as a complete suborder.

Lemma 5.1. Suppose G C P(FIN) and that P is a forcing notion. Suppose ¢ is a
P-name such that IFp ¢ : FIN — 2. Assume that for each t € 2 and each P-name A,
if Fp A C FIN, then for every p € P, there are ¢ < p and B € G such that either:

(1) there exists k € w such that q Iy Vs € AN Bmin(s) < k], or
(2) Vs € BYr < ¢Fudr’ <r [r’ Fpue A and v IFp é(s Un) # t]
Then |Fp “there is no stable ordered-union ultrafilter H on FIN with G C H”.
Proof. For each t € 2 and each P-name A such that IFp A C FIN, let
D, ;= {q € P : there is B € G so that either (1) or (2) holds with ¢, A,q, B} .

The hypothesis of the lemma is that D, j is dense. Let G be (V,P)-generic. Assume
for a contradiction that in V]G], there exists a stable ordered-union ultrafilter
on FIN such that G C H. As ¢[G] : FIN — 2, there exists H € H such that ¢[G]
is constantly ¢ on H, for some ¢ € 2. Fix Y € FIN® with [Y] € H and [Y] C H.
Let A be a P-name in V such that I-p A C FIN and A [G] = [Y]. Fix ¢ € D, ;NG
and B € G so that either (1) or (2) holds for ¢, A, ¢, and B. Suppose first that (1)
holds. Then since g € G, there exists k € w such that Vs € A [G] N B [min(s) < k].
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However, A[G]N B € H, and so {s € A[G]N B : min(s) > k} € H. In particular,
there is some s € A[G] N B with min(s) > k, a contradiction.

Next suppose that (2) holds. Fix s € BN [Y]. In V, define

Epodin = {r’ <q:3u [r’ Fpuc A and 7 IFp é(sUu) # t}}

By (2), qu ey is dense below ¢. Since ¢ € G, there is some 1’ € G N Eqs Act
Thus in V[G], there exists u € [Y] such that ¢ [G] (sUu) # t. However, since s € [Y]
and u € [Y], so sUu € [Y] C H, contradicting the fact that ¢ [G] is constantly ¢ on
H. This contradiction concludes the proof. —

Lemma 5.2. Suppose k < k' <l < w and s € FIN with | = max(s). Suppose
A C 2P0 s (K, s)-big. Supposet € 2. Then B = {1 € A : Yu € P(k)Vv €
FIN [k < min(v) < max(v) < k' = 7(uUvUs™)=1—1t]} CAC 2P0 4s (k,s)-
big.

Proof. Let o : P(k) — 2 be given. Define ¢’ : P(k’) — 2 by stipulating that for
any w € P(k),

1—-t ifwdk.

As A is (K, s)-big, there exists 7 € A such that Yw € P(K') [¢'(w) = T(w U s7)].
To see 7 € B, suppose u € P(k) and v € FIN with ¥ < min(v) < max(v) < k.
Note that v,u C K/, whence w = v Uv € P(k’). Further, min(v) € w \ k, showing
that w € k. Therefore, 1 —t = ¢/(w) = 7(uUv Us™), showing that 7 € B. Finally,
if u € P(k), then u € P(k') and o(u) = o'(u) = 7(uUs™). As o was arbitrary, B
is (k, s)-big. =

o (w) = {U(w) ifwCk

Lemma 5.3. Suppose G is (V,P(H))-generic. In V]G], there exists a function
F € [1e.2”® such that {F} = N{[T,] : p € G}.

Proof. This is a standard density argument. —

Definition 5.4. Suppose G is (V,P(H))-generic. In V[G], let Fi € [];,27®
denote the unique function such that {F} = ({[T}] : p € G}. Define ¢ : FIN — 2
as follows. For s € FIN, Fg(max(s)) : P(max(s)) — 2. Recalling that s~ €
P(max(s)), define cq(s) = Fg(max(s))(s™) € 2. In V, let Fg and ég be P(H)-
names that are forced by every condition to denote Fg and cg respectively.

Lemma 5.5. Suppose k < k' <l < w and s € FIN with | = max(s). Suppose
p € P(H) and t € 2. Assume that s € Hy, k. Then there exists ¢ < p such that:
(1) Vi < IVe € Lev,(T,) [succr, () = sucer, (e)];
(2) Vi > IVe € Lev,(T,) [succr, () = sucer, (e)];
(3) ERS Hq,k;’
(4) for each u € P(k) and each v € FIN, if k < min(v) < max(v) < &/, then
qlFpay) ca(uUvUs) =1 —t.

Proof. Since s € H, s, for each f € Levi(T},), Ay = sucer, (f) € 2P0 is (K, s)-big.

Thus, by applying Lemma it is seen that for each f € Levi(T,), By = {7 €

Ay :Vu € P(k)Vv € FIN [k <min(v) < max(v) < ¥ = 7(uUvUs™)=1—t]}

is (k, s)-big. In particular, each By is non-empty. Since Lev;(T},) is non-empty,
B={f"(r): f €Levi(T,) AT € By}

is a non-empty subset of Lev;11(T},). Therefore by defining
q= U{Tp<fﬁ<7'>> : f €Levi(Ty,) AT € By},
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Lemma insures that ¢ € P(H) and ¢q < p.

To see that (1) holds, suppose ¢ < [ and that e € Lev;(T,). Then e € Lev,;(T},),
and if o € succr, (), then e (o) € T,, and dom (e™ (o)) < [. Choose f € Lev;(T})
so that e~ (o) C f and choose 7 € By. Thus e (o) € T(f (1)) C Ty, whence
o € succr, (e). So sucer, (e) C sucer, (e) C succr, (e), as needed.

Similarly for (2), suppose ¢ > [ and that e € Lev;(T,). Then e € T, and
J (1) C e, for some f € Levi(T,) and 7 € By. If 0 € succr,(e), then e (o) €
T,(f (1)) € T,, whence o € succr,(e). So succr,(e) C succr, (e) C sucer,(e), as
needed.

For (3), consider f € Lev;(Ty). It needs to be seen that sucer, (f) C 2PW is (k, s)-
big. Indeed f € Lev;(T},) and for any 7 € By, f~(r) € T, whence 7 € succr, (f).
So By C succr, (f), and so sucer, (f) is (k, s)-big.

Finally for (4), fix u € P(k) and v € FIN such that ¥ < min(v) < max(v) < k'.
Let w = uUvUs. Note that w € FIN, [ = max(w), and w~ = uUvUs~. Now
let G be (V,P(H))-generic with ¢ € G. Since Fg € [I,], Fgll +1 € T,, and so
Fgll+1 = f~(r), for some f € Lev;(T},) and 7 € By. Therefore, cg(uUvUs) =
ce(w) = Fg(max(w))(w™) = Fe()(w™) =17(w™) =7(uUvUs™) =1—t, by the
definition of By. -

Lemma 5.6. Suppose p € P(H) and ¢ € w* is such that for all k € w, k < (k).
Lett € 2. Then there exist g < p and X € FIN®! such that [X] € H and for eachi €
w, for each v € P (max (X (i)) + 1) and each v € FIN, if max (X (¢))+1 < min(v) <
max(v) < ¢ (max (X (i)) 4+ 1), then q lFpy) ce (wUvU X (i 4+1)) =1 —t.

Proof. For each n € w, let A, = Hpy(nt1) € H. By Lemma 2.4 there exists
X e FIN® such that [X] € H and for each i € w, X(i 4+ 1) € Amax(x(i))- For
ease of notation, let s; = X (i), l; = max (X (4)), k; = max(X(i)) + 1, and k, =
¥ (max (X (4)) + 1). Thus s;41 € Hyyr, and k; < ki <liy1 < w.

Lemmawill be used to obtain ¢. To this end, construct a sequence (p; : i € w)
satisfying the following:

(1) Vi ewlp; € P(H)], Vi € wpit1 < pil, po = p;

(2) for each i € w, sip1 € Hp, | ks

(3) for each i < j < w and for each e € Levy, (T,), sucer,, (e) € sucer, (e);
(4) for each j < j* <w, sj+41 € Hy, 1

(5) for each ¢ € w, for each u € P (k;) and each v € FIN, if k; < min(v) <
max(v) < kj, then p;i1 IFpp) ¢q (WUvUsip1) =1t

Suppose for a moment that such a sequence has been constructed. Then by Lemma
B12 ¢ =T, = Nico,Tp: € P(H), ¢ < po = p, and for each i € w, since ¢ < piy1, g
is as desired because of (5).

The sequence (p; : ¢ € w) is constructed by induction. Here are some details.
Define py = p and notice that (4) is satisfied because for each j* < w, sj+41 €
Hpxy, - Fix j € w and suppose that (p; 1 < j) satisfying (1)—(5) is given. Applying
(4) with j = j* yields sj41 € H,, ir. Hence by Lemma there exists pj11 < p;
satisfying (1)—(4) of Lemma[5.5] It is clear that (1), (2), and (5) are satisfied. Now
for each i < j and for each e € Levy, (T},,.,), € € Lev;,(T},), and since [; < l;;1,
so sucer,, (e) C sucer,, (e) = sucer, | (e) by the induction hypothesis and by (1)
of Lemma This verifies (3). Next, suppose j+1 < j* < w. It needs to be seen
that s;«41 € Hpj+1,k;*. By the induction hypothesis, 5«1 € Hpj,k;*. Suppose
that f € Lev,. ., (T},.,). It needs to be seen that sucer,, . (f) is (Kjw, 8j+41)-big.
As f € Lev,., (ij), it is known that sucer,, (f) is <k;*,5j*+1>—big. By (2) of
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Lemma since Ljey1 > ljy1, sucer, (f) = sucer, (f). Hence sucer, (f) is

<k:3 , sj*+1>—big, as required for (4). This concludes the induction and the proof. -

Theorem 5.7. Suppose Q is an w*-bounding forcing. If P(H) completely embeds
into Q, then

- “there is no stable ordered-union ultrafilter on FIN extending H".

Proof. Let 7 : P(H) — Q be a complete embedding, and let 7* denote the associated
map from P(#)-names to Q-names. Let ¢ denote 7* (¢g). Then IFg ¢: FIN — 2.
Lemmawill be used to obtain the desired conclusion. To this end, suppose t € 2
and that A is a Q-name such that I-q A C FIN. Let p* € Q be given. Assume that
there are no ¢* < p* and B € H such that (1) of Lemma holds.

Let G be any (V,Q)-generic filter with p* € G. Then A[G] C FIN. In VI[G],
it must be the case that for every k € w, there exists s € A [G] with k& < min(s),
for otherwise there would be a ¢* € G such that ¢* < p* and ¢* witnesses (1) of
Lemma with B = FIN € H. Therefore there is a function ¢ : w — w such that
for every k € w, there exists v € A [G] with k < min(v) < max(v) < (k). As this
holds for every (V,Q)-generic G with p* € G, there is a Q-name ¢ in V such that
o ¢ :w — w and p* Ikg Vk € wIv € Ak < min(v) < max(v) < ¢(k)].

Since Q is w*-bounding, there exist pj < p* and ¢ : w — w in V such that
Py kg VE € w(p(k) < (k)]. Let p € P(H) be a reduction of pj with respect to the
complete embedding 7. Applying Lemmain V, findg<pand X € FIN©! satis-
fying the conclusions of Lemma[5.6] Let B = {s € [X] : min(s) > max (X (0))} € H.
By the choice of p, w(q) is compatible with pf in Q. Choose any ¢* < n(q),p;. To
see that ¢* < p* and B € H satisfy (2) of Lemma fix some s € B and r* < ¢*.
Then max(s) = max (X (i + 1)), for some i € w. Let u = s N (max (X (i) +1) €
P (max (X (7)) + 1) and note s = wU X(i + 1). Since r* < pj < p*, there ex-
ist 77 < r* and v such that max (X(:)) + 1 < min(v), r} lFg v € A C FIN,
and 77 kg max(v) < ¢ (max (X (7)) + 1) <t (max (X (¢)) + 1). By the choice of
4, qIFp) ca(sUv) = ég(uUvUX(i+1)) =1—1, and so

m(q) IFg é(sUv) =7" (ég) (sUv) =1 —¢.
Therefore, r§ IFg ¢(s Uv) = 1 — ¢, as needed. !

6. PRESERVATION OF ALL SELECTIVE ULTRAFILTERS

It will be proved that P(H) preserves all selective ultrafilters from the ground
model. This is arguably the most intricate section of the paper. Given a selec-
tive ultrafilter U, the proof breaks down into three cases depending on whether
U =rK Hmax, or U =gk V, for some V ¢ 6o(H) and V Z i Hiax, ot U € 61 (H).
A bit of thought shows (and it will be shown) that these cases are exhaustive.

Definition 6.1. Suppose U is an ultrafilter on w and that P is a forcing notion.
P is said to preserve U if IFrp “{A Cw:3IB €U [B C A]} is an ultrafilter on w.”
Unraveling the definitions, P preserves U/ if and only if for every p € P and every
P-name A such that IFp A C w, there exist ¢ < p and B € U such that ¢ IFp B C A
orqH—png\jX.

Lemma 6.2. Suppose & is a P(H)-name such that IFpiy ©:w — 2. For any
p € P(H), there exists ¢ < p such that there are t € 2, A € H, M € Hmax,
(Ay:le M), and ({ex, Sy, Si) i k € fmax [A]) such that:
(1) ex. € Levi(T,), S}, Sy C sucer, (ex);
(2) for anyl e M, Ay € H, Ay C A, and for any s € A; with max(s) = k, S},
is (1, s)-big;
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(3) for anyl € M, for any k € fumax [Ai], for any o € S,
Tolex™ (o) lFpea) 2(k) =t

Proof. Apply Lemma to find ¢, X, and <17,-,e i EwWwANeE Levmax(x(i))+1(Tq)>
satisfying (1)—(4) of that lemma. For any k € fmax [[X]], there exists a unique
Jk € w with ¥ = max (X(jx)). Choose e, € Levy(T,). For t € 2, let S} =
{o € sucer, (ex) : Mjy er— (o) (k) = t}. Observe S U S} = sucer, (ex).

Fix | € w. Define ¢; : [X] — 3 as follows. Given s € [X], let k¥ = max(s) €
Jmax [X]]. If S is (I, s)-big, then set ¢;(s) = 0. If SY is not (I, s)-big, but S} is
(L, 5)-big, then set ¢;(s) = 1. If neither SY nor S} is (I, s)-big, then set ¢;(s) = 2.
Find A; € H such that A; C [X] and ¢; is constant on A;.

Claim 6.3. ¢; is not constantly 2 on Aj.

Proof. Suppose for a contradiction that it is constantly 2. Applying Lemma [3.8]
to ¢, fix H € H satisfying the conclusion of that lemma. Fix ky € w such
that | < ko and for all k € foax [H] with k& > ko, (%) of Lemma holds.
Write I* = (22")2. Choose Y e FIN!" 2 such that k¢ < min (Y (0)) and [Y] C
AiNH. Let k = max(Y(I* 4+ 1)) € fmax [A] N fmax [H] C fmax [[X]]. Note
I < kg < k. For each i < I* + 1, define s;, = YE)UY(*+1) € A, NH.
Observe that [ < k¢ < min(s;) and max(s;) = k, and so s; € H|[l,k]. Since
ci(si) = 2, there exists (0;,0,0i1) € 2P % 9P guch that Vi € 2Vr € Si3u e
P(l) [o5,4(u) # T(wUs;)]. There must exist i < i’ < I* + 1 with (550,0i1) =
(0ir.0,001) = (00,01). Let g: H[l,k] — 2P(® be any function so that g(s; ) = oy
and g(s;) = o1. Applying (x;1) to ex € Levi(Ty) and g, find 7 € sucecr, (ex)
so that Yu € P(I) [T(uUs; ) = g(s;)(u) = oo(u) AT(uUs; ) = g(s;)(u) = o1(u)].
Either 7 € SY or 7 € S}. If 7 € 52, then this contradicts the choice of 0; ¢ because
Ju € P(l) [o0(u) #T(uUs;)]. If 7 € Si, then this contradicts the choice of oy 1
because Ju € P(l) [o1(u) # T(uUs;)]. The contradiction proves the claim. !

Therefore, there exists ¢; € 2 such that ¢; is constantly ¢; on A;. As this was for
every | € w, there exists t € 2 such that M = {l € w : t; =t} € Huax. Define A =
[X] € H. Foreachl € M, A; € H, A; C A, and for any s € A; with & = max(s),
St is (I, s)-big because ¢;(s) = t. For any | € M, any k € fmax [Ail] C fmax [X]]:
and any o € Si, Ty(er (o)) IFpeey Z(k) = nj, ep— (o) (k) =t. Thus (1)(3) are
satisfied. —

The next lemma is true for any partial order. It has a simple proof, which is left
to the reader.

Lemma 6.4. Suppose D C P(H) is dense and D = Dy U Dy. Then for any
p* € P(H), there exist p < p* and t € 2 such that Dy is dense below p.

Lemma 6.5. Suppose & is a P(H)-name such that IFpy @ 1w — 2. Then for any
p* € P(H), there exists ¢ < p* such that there are t € 2 and X € FINM such
that [X] € H and for every i € w and every e € LeVyax(x(i)+1(1y), there exists
e* € LeVmax(x(i+1))(Tq) so that e C e*, there exists S C succr, (e*) such that S is
(max (X (i)) + 1, X (¢ 4 1))-big, and for each o € S,
Ty(e* (0)) IFpea) Z(max (X (i + 1)) = t.

Proof. For t € 2, let Dy be the collection of all ¢ € P(H) for which there exist
AeH, M e Hpax, (Ai:1 € M), and <<ek,52,5;ik € fmax [A]) such that (1)-

(3) of Lemma[6.2) are satisfied w.r.t. t. By Lemma Dy U Ds is dense. Hence by
Lemma there exist p < p* and t € 2 such that D; is dense below p.



24 RAGHAVAN AND STEPRANS

Now define a strategy X for Player I in 0% (H) as follows. py = p € P(H)
and A9 = FIN € H. Define X(0) = (po, Ao). Suppose that ¢ € w and that
({({pj, A;),sj) : j <i)is a partial run of 0% (H) in which Player I has followed X.
Let k = max(s;)+1, for ease of notation. For any e € Levy(T},), Tp,(e) < p; < po =
p. Since Dy is dense below p, there exists p; . < T}, (e) such that there are A. € H,

M. € Huax, (Ae;y:1 € M), and <<he’l,50 S;l> 1€ fmax [Ae]> satisfying (1)-

el

(3) of Lemma[6.2} Choose k' € ({M, : e € Levi(Tp,)} € Hmax with k < k’. Let
A* = {Aer : e € Levi(Ty,)} € H and let A1 = {s € A* : min(s) > k'} € H.
Define piy1 = Tp,,, = U{T},. : € € Levy(T},) }. Note that p;1 € P(H) by Lemma
3.11L Define 3 ((((p;, 4;),5;) 1 j < 1)) = (Pit1, Aig1). Observe that if s € A; 44,
then for any e € Levi(T},), s € Ae s C A.. Letting I = max(s) € frmax [Ae ] C
fmax [Ae], hey € Levi(T},.), and since dom(e) = k < k' < min(s) < max(s) =
| = dom(he;), € C he,. Further, S} C succr,, (he,) and St is (K, s)-big. For
any 0 € S}, Ty, (hey” (0)) IFp) £(1) =t. Note that h; € Lev;(T},,,) and that
sucer,,, | (het) = sucer,, (he,i). Therefore, S} C SUCCTle(he,l) and S} is (K, s)-
big. By Lemma St is (k, s)-big. Also since for every o € S, Tpisr(hes (o)) <
Ty, Ahey (), Tpiyi(hey (o)) IFpag) 2(I) = t. The completes the definition of X.

Since X is not a winning strategy for Player I, there is a run ({({p;, A;), $;) 1 i < w)
of 0% (H) in which Player I has followed ¥ and lost. Then X = {s; : i < w} €
FINM and [X] € H. Furthermore, X(i) = s;, for all i € w. Again, for ease of
notation, denote max(s;) + 1 by k;. Let ¢ = Ty = [, Tp;- Then ¢ € P(H)
and ¢ < po = p. Consider i € w and e € Levy,(T,;). Then e € Levy, (T),). Since
Si+1 € Aiy1, then as noted above, letting | = max(s;11) = max (X (i 4 1)), there ex-
ists e* € Lev; (Tpi+1) such that e C e*, there exists S C sucer,, (e*) such that S is
(ki, si41)-big, and for every o € S, T, (e (0)) IFp() 2(I) =t. Ase* € Tp,,, and
dom(e*) =1 <max(si41)+1, " € Leviax(x(i+1))(Ty) by Lemma Similarly, if
o € sucer,, (e*), then e*™ (o) € Tp,,,, and dom (e* " (o)) = I+ 1 = max(s;4+1) +1,

e* (o) € T,, whence o € succr,(e*). Therefore, S C sucer,,, | (e*) C succr, (e*)
and S is (max (X (7)) + 1, X(i +1))-big. Finally, for any o € S, T,(e* (o)) <

Ty, (e (o)), and so T,(e* (o)) IFpp) € (max(X(i+41))) =t. This is as re-
quired. n

Lemma 6.6. Suppose i is a P(H)-name such that lFpy) Z : w — 2. Suppose there
are p,t, X, and N such that:

(1) peP(H), t €2, X € FINM with [X] € H, and N € [w]*;

(2) letting (n; : i € w) be the strictly increasing enumeration of N, for each
i € w, for each e € LeVyax(x(i))+1(Tp), there evists €* € LeViyax(x (i+1)) (1)
so0 that e C e*, there exists S C succr, (e*) such that

S is (max (X (¢)) + 1, X (i + 1)) -big,
and for each o € S, T,(e* ™ (o)) IFp() T(nit1) =t.
Then there exists ¢ < p such that V1 <i < w [q IFpex) 2(ni) = t}.
Proof. Lemma will be used to get ¢. To this end, a sequence (p; : i € w) having
the following properties will be constructed:
(3) for each i € w, p; € P(H) and p;r1 < py;
(4) for each i € w, X(Z + 1) € Hle,max(X(i))—Q—l;
(5) for each j € w, for each e € T}, if dom(e) > max (X (j)) + 1, then T}, (e)

Tpo <€>;
(6) for each i < j < w and for each e € Levmax(x(i))(ij), sucer,, (e) C

sucer,, (e);
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(7) po = p and for each 1 < i < w, p; lFpe) 2(n;) = t.
Assume for a moment that such a sequence has been constructed. By Lemma |3.12
q =Ty = NicwTp, € P(H). And ¢ < T,y = po = p. For any 1 <i < w, q < p;,
whence by (7), ¢ IFp() Z(n;) = t, as required.
To construct (p; : i € w), proceed by induction. Define pg = p and note that
(3)—(7) are satisfied. Suppose p; satisfying (3)—(7) is given. For each

€ € Levyax(x(j))+1 (ij ) )

since Ty, (e) = Tp,(e), then by (2), there exist €* € LeVuax(x(j+1))(Tp,) and
S C sucer, (e*) having the properties listed in (2). Let {e; : 1 <1 < L} be a
1-1 enumeration of Levyax(x(j))+1 (ij), where L = |LevmaX(X(j))+1 (Tp].)‘. Choose
{ef :1 <1 < L} and {S; : 1 <[ < L} such that each e and S; satisfy the
conditions of (2) with respect to e;. The bigness of S; implies that it is non-
empty, and so U = {e; (o) : 1 <1 < L and 0 € S} C LeVimax(x(j+1))+1 (Ip;
is non-empty. Define pj11 = Tp,,, = U{T,,(h):h€U}. By Lemma
pj+1 € P(H), and p;j41 < p;. Note that if h € U, then h € T,, and dom(h) =
max (X (j 4+ 1)) +1 > max (X (j)) + 1, and so T, (h) = Tp, (h). Observe also that if
[ € LeVimax(x(j+1)) (Tp;4.1 ), then f = e}, for some 1 < I < L. To verify (4), first note
that max (X (5)) + 1 < max (X (j +1)). Consider any f € Levmax(x(jﬂ))(Tle).
Then f = ef, for some 1 < [ < L, and so for any 0 € S}, f~(0) € Tp,,,,
whence S C sucer,, (f) C 2Pmax(XG+1)) - Ag S; is (max (X (5)) + 1, X (5 + 1))-
big, so is SUCCTP_7.+1(f)- Therefore, X (j + 1) € Hp, | max(x(j))+1- Next, con-
sider any e € T),,,, with dom(e) > max (X(j+ 1)) + 1. Then h C e for some
h € U. Hence Ty,(e) C Tp,(h) = Tp,(h) C Tp,,,,, whence Tp (e) C T}, (e) C
Tpole). So Ty(e) = Tp, ., (e), as required for (5). For (6), fix i« < j + 1 and
e € Levmax(x(i))(ijJrl). If ¢ = 7 + 1, then there is nothing to prove. So as-
sume i < j. Suppose o € succr, (e). Since e € Levmax(x(i))(ij), the induc-
tion hypothesis says o € sucer, (e), whence e~ (o) € T,,. As max (X (i)) +1 <
max (X (j)) + 1, there exists 1 < I < L with e~ (o) C ¢; C ¢}, and as S; # 0,
there is some 7 € S; with e~ (o) C e/ (1) € U. Thus for some h € U, e (o) €
T, (h), whence e (o) € T, ,, and so o € sucer, (e). Therefore, succr, (e) C
succhHl(e), as needed for (6). Finally for (7), suppose r < p;y1. Choose h €
LeVmax(x(j+1)+1(Tr). Then h € U and h = e (o) for some 1 < I < L and
o € Sy Since Ty (ej " (o)) < Tple (o)), Tr{e;” (o)) IFpezy #(njy1) =t. There-
fore, Vr < pj 113" <1 [ Ibpgay) &(njp1) =t], whence pjyq IFpzg) #(njq1) =t

Lemma 6.7. Suppose P is a forcing notion and V is an ultrafilter on w. The
following hold:

(1) Suppose for every P-name & such that IFp & : w — 2 and for every p € P,
there exist ¢ < p and A € V such that Vi € A3t; € 2[q Ikp (1) = t], then P
preserves V.

(2) If P preserves V and U is an ultrafilter on w such that U <gy V, then P
preserves U.

Proof. For (1): let A be a P-name such that IFp A C w. Let & be a P-name such
that IFp “%#:w — 2 and A = {lew:xz(l)=1}". Suppose p € P. Find ¢ < p and
A € Vsuch that VI € ATt € 2[q IFp 2(I) = ¢;]. AsV is an ultrafilter, there are ¢ € 2
and B € V such that B C A and Vl € Bt; =t]. If t = 0, then ¢ IFp ng\ﬁ,
while if t = 1, then g IFp B C /017 which shows P preserves V.

For (2): suppose [ : w — w witnesses U <px V in the ground model. Let G
be (V,P)-generic. In V[G], suppose that A C w. Since V is preserved, there exists
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B €V such that either B C f~'(A) or BCw\ f~1(A) = f~}(w\ A). Since B €V
and f is an RK-map in V, f[B] € U. Now either f[B] C Aor f[B] C w)\ 4,
showing that U is preserved. .

Corollary 6.8. Suppose U is an ultrafilter such that U =rg Hmax. Then P(H)
preserves U.

Proof. Suppose  is a P(H)-name such that IFp) 2 : w — 2 and that p* € P(H).
Applying Lemma find p<p*, te2,and X € FIN] satisfying the conclusions
of that lemma. As [X]| € H, s0 N = fiax [[X]] € Hmax- Let (n; : i € w) be the
strictly increasing enumeration of N. Then Vi € w[n; = max (X (4))]. Thus the
hypotheses of Lemma [6.0] are satisfied. So there exists ¢ < p < p* such that
Vi<i<w [q IFp(2e) x(m):t] Let A ={n; : 1 <i < w}. Then A € Hpax
and VI € A [qlbpg) &(1) =t]. Now (1) of Lemma implies that P(#) preserves
Humax. Hence by (2) of Lemma[6.7P(7) also preserves every ultrafilter ¢/ such that
u =RK Hmax~ =

Lemma 6.9. Suppose U is a selective ultrafilter on w with U ¢ 6o(H). Then for
any L € H and E € U, there exist Y € FIN®! and D C E such that [Y] € H,

[Y] C L, D €U, and letting (n; : i € w) be the strictly increasing enumeration of
D,Viewn; € I(Y(1))].

Proof. As U is selective, but U ¢ Go(H), there exists X € FIN“! such that [X] € H
and for every Z € FINW! if [Z] € #, [Z] C [X], then N(Z) € U. Let K =
LN [X] € H. Define ¢ : K — 2 by setting ¢(s) = 0 if and only if I(s) N E # (.
Fix Z € FIN“! such that [Z] C K, [Z] € H, and ¢ is constant on [Z]. This
constant value cannot be 1. To see this, suppose for a contradiction that c is
constantly 1 on [Z]. As E is an infinite set, choose m € E with min (Z(0)) <
m. Choose 0 < i < w such that m < max(Z(¢)). Let s = Z(0) U Z(i) € [Z].
Then min(s) = min (Z(0)) < m < max (Z(i)) = max(s), whence m € I(s) N E,
contradicting the supposition that ¢ is constantly 1 on [Z]. Thus ¢ is constantly
0 on [Z]. By the choice of X, N(Z) € U. Let C = ENN(Z) € U. For any
i € w, since ¢(Z(z)) = 0, there is m € I (Z(i)) N E. By the definition of N(Z),
meI(Z(@H)NENN(Z)=1(Z(#)NC, and so Vi € w([I(Z(i))NC #(]. Since
C C N(Z), U is a Q-point and Vi < i* < w[I(Z(i)) NI (Z(i*)) = 0], there exists
D eUsuchthat D CC C N(Z)and Vi e wl|I (Z(i))ND| =1]. Let (n; : i € w) be
the strictly increasing enumeration of D. As Z € FIN®) and as |I (Z(i)) N D| = 1,
it follows that n; € I (Z(i)), for all i € w. Hence Z and D are as required. o

Corollary 6.10. Suppose U is a selective ultrafilter on w with U ¢ €o(H). Then
foranyLeH and E€cU,{s€L:I(s)NE#0} € H.

Proof. Fix Y € FIN®! and D C E as in Lemma Let (n; : i € w) be the strictly
increasing enumeration of D. If s € [Y], then s € L and Y (i) C s, for some i € w.
Son; € I(Y(i)) CI(s). AsDCE,n;e ENI(s). Thus [Y]C{seL:I(s)NE #
0} CLCFIN. As[Y]|eH,{s€eL:I(s)NE#0} € H. 4

Lemma 6.11. Suppose U is a selective ultrafilter on w such that U ¢ €o(H) and
U Zpi Hmax- Suppose T is a P(H)-name such that lpipy & :w — 2. For any
p € P(H), there exists ¢ < p such that there aret € 2, Ae H,Y e FIN D ey,
(A; 1 €ew), and (e : k € fmax [A]) such that:
(1) e € Levk(Tq);
(2) for anyl € w, Ay € H, A C A, and for any s € A; with max(s) = k,
sucer, (ex) is (I, s)-big;
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(3) for any s € A, I(s)N D # 0, and letting k = max(s), for alln € I(s) N D,
Ty(er) Fpepy o(n) = t;
(4) A=1[Y] and for all Z € FIN® if [Z] € H and [Z]) C [Y], then N(Z) € U.

Proof. Since U ¢ €y(H), but U is a selective ultrafilter, there exists Y* € FIN!
such that [Y*] € H and for all Z € FINI! if [Z] € # and [Z] C [Y*], then N(Z) €
U. Apply Lemma to find ¢, X, and <7]i7e i EwWAe€E Levmax(x(i))H(Tq» sat-
isfying (1)-(4) of that lemma. For any k € fuax[[X]], there exists a unique
Jk € w with & = max (X (ji)). Choose an infinite branch F' through T, — that
is, choose F' € [T,]. For each k € fmax [[X]], define e, = F'[k € Levy(Ty). De-
fine ¥ : w — w by ¥(n) = min{k € fmax [[X]] : k> n}, for all n € w. For
each n € w, Mgy F1o(n) +1 is defined at m and is a member of 2. Hence there

are t € 2 and B € U such that Vn € B [nj,d,(n),F{w(n)H(“) :t] Next, since

Hmax Lpi U, there exists C € U with ¢ [C] ¢ Hmax. Thus E = BNC € U
and L = [Y*]N[X]N{s € FIN : max(s) € w\ ¢ [C]} € H. Apply Lemma
to find Y € FIN®! and D C F satisfying the conclusions of that lemma. Define
A=Y eH. AsqeP(H), foreach |l € w, H;; € H,and so Ay = ANH,; € H.
For each k € fmax [A] € fmax [[X]], ex € Levi(Ty) by definition. For any [ € w and
for any s € A; with max(s) = k, since s € Hy; and ey, € LeVyax(s)(Ty), sucer, (ex)
is (I, s)-big. Hence (1) and (2) hold. For (3), let (n; : ¢ € w) be the strictly increas-
ing enumeration of D. Then Vi € wn; € I (Y (7))]. For any s € A, Y (i) C s, for
some 4 € w, whence n; € I (Y (z)) C I(s), whence I(s) N D # (). Now consider any
s € A, let k = max(s), and fix n € I(s) N D. Then n € C' and ¢(n) € ¢ [C]. On
the other hand, k € w\ ¢ [C], whence k # ¥ (n). As n € I(s), n < max(s) = k.
As s € [X] and k € fuax [[X]], the minimality of ¢(n) implies that ¥(n) < k.
Therefore 1(n) < k and ¥(n) + 1 < k, whence F[¢(n) + 1 C Flk = ej. Therefore
Tq<€k:> S Tq<F[1/)(n) + 1> Since Tq<F[w(n) + 1> ”_]P’(’H) i‘(n) = ’I]jw(n)’pwj(n)+1(n)
and since n € B, Ty(ex) lFpez) £(n) = t, as needed for (3). For (4), if Z € FIN®I,
[Z] € H, and [Z] C [Y] € L C [Y*], then N(Z) € U. .

Lemma 6.12. Suppose U is a selective ultrafilter on w such that U ¢ 6o(H) and
U Zri Hmax. Suppose & is a P(H)-name such that lFpiyy & :w — 2. Then for
every p* € P(H), there are q,t, X, and N such that:
(1) ¢ <p*,te?2, X e FIN® with [X] € H, and N € U;
(2) letting (n; : i € w) be the strictly increasing enumeration of N, for each
i € w, for each e € LeViax(x(i))+1(Tq), there evists e* € LeVmax(x(i+1))(Tq)
so that e C e*, there erists S C succr, (e*) such that

S is (max (X (7)) + 1, X (i + 1)) -big,
and for each o € S, Ty(e* (o)) IFpy £(nir1) = t.

Proof. For each ¢ € 2, let D; be the collection of all ¢ € P(H) such that there are
Ae, Y eFINY  Deld, (A :1ew),and (e : k € fuax [A]) satisfying (1)-(4) of
Lemma for t. By Lemma D = DyUD; is dense in P(H). Hence by Lemma
there are p < p* and t € 2 such that D; is dense below p. Since U ¢ 6o (H),
but U is a selective ultrafilter, there exists Y* € FIN®) such that [Y*] € # and for
all Z € FINW if [Z] € # and [Z] C [Y*], then N(Z) € U. Let 0 be a sufficiently
large regular cardinal and let M < H(6) be countable with M containing all the
relevant parameters. In particular, H,P(H),U, 2z, D;,p,Y* € M. AsU is a P-point,
find D € U such that D C* C, forall C € M NU.

Now define a strategy ¥ for Player I in 0% (#) as follows. The definition will
insure that whenever i € w and (({p;, 4;),s;) : j < i) is a partial run of O (H)
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in which Player T has followed X, then p; € M. py = p € P(H)N M. Ay =
{se[Y*]:I(s)nD # @}. By Corollary Ay € H. Define X(0) = (po, Ao)-
Suppose that i € w and that (((p;, A4;),s;):j <i) is a partial run of 0™ (H)
in which Player I has followed 3. Assume that p; € M. Let k = max(s;) + 1,
for ease of notation. For any e € Levy(T},), Tp,(e) < p;i < po = p. Also
T,.(e) € M. Since D, is dense below p and D, € M, there exists p; . < T),(e)
such that p; . € M and there are A, € HNM, Y, € FIN] NM, D. e UNM,
(Aepr K ew) € M, and (he; : 1 € fimax [Ae]) € M satisfying (1)-(4) of Lemma
- 6.11) for t. Now C' = ({De : e € Levy(T},)} € U N M because it is the intersection
of finitely many members of &/ N M, and so there is [* € w such that [* > k and
D\I* C C. Let A* = [Y*|N({Aek : e € Levp(Tp,)} € H and let L = {s €
A* : min(s) > l } € H. By Corollary [6.10, A;41 = {s € L : I(s)N D # 0} € H.
Define piy1 = Tp,,, = U {Tp,. : € € Levi(T},)}. Note that p;11 € P(H) by Lemma

and that p;41 € M because it is the union of finitely many members of M.
Define ¥ (({({p;, 4;),s;5) : § < 1)) = (Pit1, Ait1). As piy1 € M, the inductive con-
dition on ¥ is insured at i + 1. Consider any s € A;y;. Observe that s € L and
that I(s) N D # (. Hence s € A* and min(s) > [*, which, in particular, means
that s € [Y*]. Observe that for any e € Levy(T},), s € Aer C A.. Letting [ =
max(s) € fmax [Aek] € fmax [Ael, Pey € Levy (Tpi,c), and since dom(e) = k < I* <
min(s) < max(s) =1 = dom(he,), e C he,. Further, sucer, (he:) is (k,s)-big. If
n € I(s)N D, then n € D and I* < min(s) < n, whence n € C. Thus n € D, NI(s),
and so T, . (he,) IFpx) 2(n) = t. In particular, since for every o € sucer,, | (he),
Tpi,e<he,l <O’>> < Tp,e<hel> Tpiﬁe<he,lr\<()’>> |FIP(’H) 53(71) =t. Note that heJ S
Lev; (Tp +1) and that succr, . (het) = succhiye(he,l). Therefore, sucer,, (he,) is
(k,s)-big. Also since for every o € succr,,,  (hep), Tpiyi (hea” (0)) < Tp, (e (o))
Tp,i(het  (0)) IFpry 2(n) = t, for every n € I(s) N D. This completes the defini-
tion of X.

Since ¥ is not a winning strategy for Player I, there is a run ({({p;, 4;), s;) 1 i < w)
of 0% (H) in which Player I has followed ¥ and lost. Then X = {s; : i < w} €
FIN®! and [X] € H. Furthermore, X (i) = s;, for all i € w. For each i € w,
X(i) = s; € A; C [Y*]. Since X,Y* € FIN® it follows that [X] C [Y*], and so
N(X) € U by the choice of Y*. Furthermore, for each i € w, I (X (i)) N D # (. Let
R = N(X)ND € U. Note that for any i € w, if n € I (X (4))ND, thenn € N(X)N
D = R,and son € I (X(i))NR, meaning that I (X (¢))NR # (). Since R C N(X), U
is a Q-point, and Vi < j < w [ (X (4)) NI (X (j)) = 0], there exists N € U such that
N CR,and Vi € w[|I (X (7)) N N|=1]. Let (n; : i € w) be the strictly increasing
enumeration of N. As N C R C N(X), it is clear that {n;} = I (X(i)) N N, for
every ¢ € w. In particular, n; € I(X(i)) N D, for all i € w. Again, for ease of
notation, denote max(s;)+1 by k;. Let ¢ = Ty = (,c,Tp,- Then ¢ € P(H) and ¢ <
po = p < p*. Consider ¢ € w and e € Levy, (T, ) Then e 6 Levk (Tp,)- Since sj+1 €
A;1q, then as noted above, letting | = max(s,+1) = max (X (i + 1)) there exists
¢* € Lev;(T},,,) such that e C e*, there exists sucer,,, (") = 5 C sucer,,, (€7)
such that S is (k;, s;41)-big, and for every o € S, T}, (* " (0)) IFp() T(nit1) =1
because n;11 € I(X(i +1))ND = I(sit1) N D. As e* € Tpl+1 and dom(e*) =
I < max(siy1) + 1, e € LeVyax(x(i+1))(Ty) by Lemma Similarly, if o €
sucer,,,, (€*), then e*" (o) € T, and dom ("™ (o)) = l+ 1 = max(s;y1) + 1,
e* (o) € T,, whence o € succr,(e*). Therefore, S C sucer,,, | (e*) C sucer, (e¥)
and S is (max (X (7)) + 1, X (¢ + 1))-big. Finally, for any o € S, T,(e* (o)) <
Ty, (€ (o)), and so Ty{e* (o)) IFpez) 2(niy1) = t. This is as required. !

Pi+1

Corollary 6.13. Suppose V is a selective ultrafilter on w with V ¢ €1(H). Then
P(H) preserves V.
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Proof. Tt will first be argued that if U is a selective ultrafilter on w with U ¢ 6o (H),
then P(#H) preserves U. Let such alf be given. f U =rx Hmax, then P(H) preserves
U by Corollary [6.8] So assume that U # pc Hmax. Suppose & is a P(H)-name such
that IFpy 2 : w — 2 and that p € P(H). By Lemma there are ¢,¢, X, and
N such that ¢ < p,t € 2, N € U, and the hypotheses of Lemma are satisfied.
Let (n; : i € w) be the strictly increasing enumeration of N. By Lemma there
exists ¢ < ¢ < p such that V1 < 1 < w [q’ IFpeagy E(ng) = t]. Since N € U,
A={n;:1<i<w}el, and so (1) of Lemma says that P(H) preserves U.
Thus it has been proved that P(#H) preserves U whenever U is a selective ultrafilter
on w with U ¢ 6p(H).

Now suppose V is a selective ultrafilter on w with V ¢ %71(H). Then there exists
U such that U is a selective ultrafilter on w, U ¢ 6o(H), and V =gk U. By the
previous paragraph, P(H) preserves Y. Since V <y U and V is an ultrafilter on
w, P(H) preserves V by (2) of Lemma =

Lemma 6.14. Suppose U is a selective ultrafilter on w. Suppose U € €1 (H). Then
P(H) preserves U.

Proof. Let & be a P(H)-name such that IFpy) 2 : w — 2 and let p € P(H).

For each ¢ <plet B, ={ncw:3r<gq [r IFpez) 2(n) = 1]} Suppose first that
there exists ¢ < p such that E, ¢ Y. Then A = w\ E, € U, and for all n € A,
q IFp(z) 2(n) = 0. This is as required by (1) of Lemma

It will henceforth be assumed that for all ¢ < p, E, € U. Define ¥ and ® such
that:

(1) X is a strategy for Player I in 05¢15%2® (1 H);

(2) for each n € w, if ((Ci,0;) : i < 2n) is a partial run of 052 (I ) in
which Player I has followed X, then ® ({{(C;,0;) :i < 2n)) = (p; : 4 < n)
and

(a) Vi <np; € P(H)], Vi <nlpip1 < pil, po < p;

(b) for each ¢ < j < m and for each e € Lev
sucer, (e);

(c) for each i < n, p; IFpeyy) 2(02;) = 1;

(3) for each n € w, if ((Cj,0;) : 1 < 2n + 3) is a partial run of 05152 (1 H) in
which Player I has followed ¥ and if

D (((C,0i) 11 <2n+2))=(p;:i<n+1),

max(02i41) ( =

Ty, ), succr, (e) C

then 02n+3 S Hp,,+1,max(02n,+1)+1;
(4) for each n € w, if ((C;,0;) : © < 2n + 2) is a partial run of O5¢15*2® ({, H) in
which Player I has followed X, then

D (((Cy,0:) 1 <2n)) =P (((Ciy0:) i <2n+2)) In+ 1.

Suppose for a moment that 3 and ® satisfying (1)—(4) can be defined. Since ¥ is not
a winning strategy for Player I, there is a play ((C;, 0;) : i < w) of D318%® (14 )
in which Player I follows ¥ and loses. Then X = {o9;41 : i < w} € FINM! and
[X] € H. Moreover, X (i) = o02,41. Also, there is a sequence (p; :i < w) such
that for each n € w, ® ({(C;,0;) : i < 2n)) = (p; : 4 <n). Then X and (p; : i < w)
satisfy the hypotheses of Lemma To see this, first note that applying (3)
with n = i gives X(i +1) = 02,43 € Hp, | max(osns1)+1 = Hpiy max(X(i))+1-
Next, given i1 < j < w and e € Levmax(x(i))(ij) = Levmax(oer)(ij), if i = j,
then trivially sucer, (e) C sucer, (e). If i < j, then applying (2)(b) with n = j
gives sucer, (e) C sucer, (). Therefore Lemma applies and implies that
q =Ty = NicwTp: € P(H). Further, ¢ < pg < p, and for each i € w, since ¢ < p;,
q lFpea) @ (024) = 1. Since A = {09, : i <w} €U, q and A satisfy the conditions of



30 RAGHAVAN AND STEPRANS

(1) of Lemma[6.7] Thus in both this case and in the case considered in the previous
paragraph, (1) of Lemma applies and it implies that P(#) preserves U.

Y and @ are defined inductively. X (0) = E, € U. If ((Cp,00)) is a par-
tial run of 0%t (74 7{) in which Player I has followed ¥, then Cy = E, and
09 € Co = E,. Define @ (((Co, 00))) = (po), where pg < p and pg IFp() 2(0p) = 1.
Such a pg exists by the definition of E,. Define ¥ (((Co,00))) = FIN € H. It is
clear that (1)—(4) are satisfied by these definitions. Now, assume that for some
n € w, ((Ci,0;) :1<2n+1) is a partial run of 052 I/, #) in which Player I
has followed ¥ and that @ (((C;,0;) : ¢ < 2n)) = (p; : i < n), and that these sat-
isfy (1)-(4). Let k = max (02p41) + 1. For any e € Levg(T},), Tp,(e) < pn <
po < p. Therefore Er, oy € U. Define X (((Ci,0;) 11 <2n+1)) = Copyo =
N{Er,, (¢ :e€Levp(T},)} €U. If ((Cy,0;) : i < 2n+2) is a partial continuation
of 05182 (74 9{) in which Player I has followed %, then 09,42 € Ca,42 and so there
is a sequence (pp e : € € Lev(T},)) such that for each e € Levy(T},), Pn.e < Ip,(e)

o

and pp.e IFp) & (02n42) = 1. Define ppiy = Ty, = U{Tp.. : € € Levi(Ty,)}.
By Lemma Pnt1 € P(H) and ppi1 < py. Define @ (((Cj,0;) 11 <2n+2)) =
(pi i <n+1). Finally, define ¥ (((Cj,0;) : i <2n+2)) = Copys = Hp, .,k € H,
so that if o2n43 € Copys, then o2ny3 € Hp || max(osnsr)+1- 1t is clear that (1),
(3), and (4) are satisfied. It is also clear that (2)(a) holds. For 2(b), suppose
i < j<n+1l Ifi < j < n, then the induction hypothesis gives what is
needed. So assume that i < j = n + 1. Suppose that € € LeVimax(omi.1)(Tp,)-
Then e € LeViax(og1)(Tp,)- If @ = n, then trivially sucer, (e) C sucer, (e),
while if i < n, then by the induction hypothesis, succr, (e) C succr, (e). Thus
in either case, succr, (e) C sucer, (€). Suppose o € succr, (e). Then e (o) €
Tp,, and dom(e™ (o)) = max (02;+1) + 1 < max(02,41) + 1 = k. Choose some
e* € Levy(T),,) with e~ (o) C e*. Then e (o) € T}, .. € T)p,,,, whence o €
sucer,, . (€). Therefore, succr, (e) € sucer, (e) € sucéTpn+l(e) = sucer,, (e), as
required for (2)(b). For (2)(c), suppose r < ppi1. Choose e € Levy(T;.). Then
e € Levy(T},) and Ty (e) < T, ,,(€) < Pne. So Tr(e) IFp(py) Z (0242) = 1. There-
fore, pny1 IFpez) @ (02n12) = 1, as needed for (2)(c). This concludes the definition
of ¥ and ® and the proof. —

Theorem 6.15. P(H) preserves all selective ultrafilters on w.

Proof. Let U be a selective ultrafilter on w. Either U € € (H) or U ¢ €1(H). If
U ¢ 61(H), then P(H) preserves U by Corollary If U € €1 (H), then P(H)
preserves U by Lemma [6.14] =

7. A MODEL WITH MANY SELECTIVES AND NO STABLE ORDERED-UNIONS

The main result of the paper is proved in this section. It is shown that there is
a model of set theory where 28 = Ry, there are 2% pairwise non-RK-isomorphic
selective ultrafilters, but no stable ordered-union ultrafilters. After all the work
done in the previous sections, the proof is mostly a matter of combining the earlier
lemmas with certain well-known iteration theorems. Nevertheless, we provide a
good amount of detail. The first lemma is well-known. A proof is included for
completeness.

Lemma 7.1. Suppose U is a selective ultrafilter on w. Suppose P is proper and
w*-bounding. If P preserves U, then

IFp “{A Cw:3B €U [B C Al} is a selective ultrafilter on w".

Proof. Let G be (V,P)-generic. In V[G], let Uy = {A C w : 3B € U[B C A]}.
By hypothesis, Uy is an ultrafilter on w. Suppose {A, : n € w} C Uy is given and
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choose {B,, : n € w} C U so that B, C A,,. Since P is proper, there is a set X € V
which is countable in 'V and satisfies {B,, : n € w} C X CU. As U is a P-point in
V, there is B € U such that B C* A, for every A € X. Now B € Uy and B C* A,
for every n € w. So Uy is a P-point in VI]G].

Next, let I = (i, :n € w) be an interval partition in V[G]. Since P is w®-
bounding, there is an interval partition J = {j, : n € w) in V such that Vn € w3l €
wll; C J,]. AsU is a Q-point in V, there is B € U so that Vn € w[|BN J,| < 1].
Now in V[G], B € Uy and it is easily seen that Vn € w[|BNI,| <2]. Define
C={mn(BNIL):ncwABNI,#0} and D = B\ C. It is clear that Vn €
wllCNI,| <1] and that Vn € w[|DN1,| <1]. C € Uy or D € Uy because Uy is an
ultrafilter in V[G]. Therefore, Uy is a Q-point in V[G]. Finally, it is well-known
(see [2]) that an ultrafilter on w is selective if and only if it is both a P-point and
a Q-point. =

Lemma 7.2. Let U and V be selective ultrafilters on w so that U #gi V. For
any f:w — w, for any ¥ : w — w, and for any Ag € U, there exists a sequence
(n; 11 < w) such that:

(1) n; € w, n; < Niy1;

(2) {77,2j 1 J Gw} EL{, {n2j 1 J Gw} - Ao, and {n2j+1 17 Gw} evy;

(3) f(n2i) < noit1 and P(n2iy1) < Noita.

Proof. Define a strategy ¥ for Player I in 0%¢*%¢1 ({/, V) as follows. X(0)) = A4y € U.
Suppose ¢ € w and that ((C;,n;) : j < 2i) is a partial run of 0%¢*%¢! ({, V) in which
Player I has followed ¥. Then define

E(((Cj,n4) 1§ <2i)) ={n € w:n >max{ny, f(ny)}} e V.

Next, suppose ((C,n;) : j < 2i + 1) is a partial run of 05°*%¢! (¢, V) in which Player
I has followed 3. Define

b)) (<<Cj,’ﬂj> : ] < 2 + ].>) = {n S AO n > maX{TLQi+1,1/)(7’L2i+1)}} cUu.

This concludes the definition of . Since it is not a winning strategy for Player I
(by Lemma [2.15)), there is a run ((Cj, n;) : i < w) of 9551 (1, V) in which Player
I has followed ¥ and lost. Now (1)—(3) are satisfied because Player II won and
because of the way ¥ is defined. a

Corollary 7.3. LetU andV be selective ultrafilters onw so thatU £y V. Suppose
P is proper and w*-bounding. If P preserves U and V, then

Fp “/ACw:IBEUBC A|} #Zpp {ACw:IB € V[BC A}

Proof. Let G be any (V,P)-generic filter. Work in V[G]. Let Uy = {A C w :
dB e U[BC A]} and Vy = {A Cw:3IB € V[BC A]}. They are both selective
ultrafilters on w. Suppose for a contradiction that g : w — w witnesses Vy <px Up.
Then for any A € Uy, g[A] € Vo. As Uy is a P-point, there is A; € Uy such that
g is either finite-to-one or constant on A;. ¢ cannot be constant on A; because
g[A1] € Vy. Therefore, there is a function ¢ : w — w such that for any k € w,
for any n € Ay, if n > @(k), then g(n) > k. Let Ag € U with Ag C A;. As P is
w“-bounding, find f and ¢ in V such that f:w — w, ¥ : w = w, and g(n) < f(n)
and ¢(n) < (n), for every n € w. Applying Lemma back in V, find a sequence
(n; 11 < w) satisfying (1)—(3) of Lemma Let A = {ng; : i € w} € Uy and
B ={nsjt1:j € w} € Vy. Note A C Ay C A;. It will be verified that g [A]NB = 0.
To this end, fix 4,5 € w. If i < j, then g(ng) < f(n2;) < noiv1 < nojpr. If j <4,
then ¢(ngjt1) < ¥(ngjt1) < nojye < no;, whence g(ng;) > nojyi. This proves
g[A] N B =0, contradicting g [A] € Vy, and concluding the proof. 4
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Lemma 7.4 (Blass and Shelah [9]). Suppose U is a P-point. Let~ be a limit ordinal
and let <Pa;@a s a < ) be a CS iteration such that Va < 7 Ik, Qq is proper| .
Suppose that for all o <y, Py, preserves U. Then P, preserves U.

Theorem 7.5. There is a model of ZFC with Ro pairwise non-RK-isomorphic
selective ultrafilters on w and no stable ordered-union ultrafilters on FIN.

Proof. Put S? = {a < wy : cf(a) = w1}. Let V be a model satisfying CH and
& (512 ) By CH, fix a family {U, : @ < wa} of pairwise non-RK-isomorphic selective
ultrafilters on w (for instance, see [25] and [23]). Fixing some diamond sequence
witnessing < (S%), define a CS iteration ( P; @a a < w2> in V as follows. Assume
a < we and that P, is proper, w*-bounding, satisfies the Ny-c.c., and that I-, CH.
Observe that I+, “stable ordered-union ultrafilters exist” because Ik, CH. If the
diamond sequence at a codes a pair <Q, p> such that p € P, Gisa P,-name, and

p ko “G is a stable ordered-union ultrafilter on FIN”, then choose a Py-name H,
such that Ik, “7—0[a is a stable ordered-union ultrafilter on FIN" and p I, ’;qa = Qc,
and define @a to be a full P,-name so that Ik, @a = P(?—?a). Otherwise choose an
arbitrary P,-name H, with IF, “H, is a stable ordered-union ultrafilter on FIN”,
and define Qa to be a full P,-name so that I+, @a = P(’HQ) Note that in both cases
IFo Qa‘ = N, because I, CH. Standard arguments in the theory of proper forcing
(see Shelah [26] or Abraham [I]) together with lemmas proved earlier therefore
imply that for each § < ws, Ps is proper, w*-bounding, and satisfies the Ny-c.c.
Furthermore, for each ¢ < wo, IFs CH.
Suppose for a contradiction that His a P,,-name such that

p kg, “H is a stable ordered-union ultrafilter on FIN”,

for some p € P,,. Then by a standard argument, there exists a € S? such that
the diamond sequence at a codes a pair <g, p[a> such that G is a P,-name,

pla ko “G is a stable ordered-union ultrafilter on FIN”, and p Ik, ¢ C H. Let
Gy, be a (V,P,,)-generic filter with p € Gy, - Leto G, denote its projection, that
is Go ={¢la: ¢ € Gu,}. In V[G,], Ho[Ga] = G[G4] is a stable ordered-union
ultrafilter on FIN. Moreover, [P (Ha [Ga]> completely embeds into the completion
of P, /Gq, and P, /G, is w*-bounding. Therefore Theorem implies that

IFp,, /G, “there is no stable ordered-union ultrafilter on FIN extending He, (Ga)”.

However Gy, is a (V [Gq],Py,/Gqa)-generic filter, V [Go][Gu,] = V [G.,], and in
V [Gu,], H[Gu,] is a stable ordered-union ultrafilter on FIN extending G [G,,] =
G[Ga] = Ha[Ga]. This is a contradiction which shows that there are no stable
ordered-union ultrafilters on FIN after forcing with PP, .

An easy inductive argument using Theorem [6.15] Corollary [£:2] Lemmal[7.1] and
Lemmashows that for every o < wg and every 6 < waq, Ps preserves U,. Let G,
be a (V,P,,)-generic filter. In V [G,,], define U} = {A Cw:3IB €U, [B C A]},
for every a < ws. By Lemma each U} is a selective ultrafilter on w, and by
Corollary Uy #Eric Uj, for every B # a. Since P, preserves Ny because of the
Ny-c.c., a model gotten by forcing with P, has all of the required properties.

8. MODELS WITH AN INTERMEDIATE NUMBER OF SELECTIVES

This section introduces another partial order which allows us to control the
number of selective ultrafilters in the final model. Given a selective ultrafilter U,
we introduce a new partial order P(U) which is proper, w“-bounding, and destroys
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U while preserving all selective ultrafilters that are not RK-isomorphic to /. By
interleaving partial orders of the form P(U/) with ones of the form P(#), it will
be possible to produce models with no stable ordered-union ultrafilters and fewer
than 2% RK-classes of selective ultrafilters. Any cardinal strictly smaller than N,
can be obtained in this way. Thus, for example, there is a model with precisely R
distinct RK-classes of selective ultrafilters, but no stable ordered-union ultrafilters.
Furthermore, we can control exactly which RK-classes of selective ultrafilters from
the ground model survive in the final forcing extension.

The definition of P(U) depends on the notion of a k-big set, which is similar to
the notion of a (k, s)-big set, except that the semigroup operation U plays no role
here.

Definition 8.1. Let k,l € w. A C 2! is k-big if for every o : k — 2, there exists
7 € A such that o C 7.

Definition 8.2. Define T = J,c,,[Te,2". (T, Q) is a tree. Let U be a selective
ultrafilter on w. p is called a U-condition if p =T, C T’ is a subtree such that the
following hold:

(1) 0 €Ty

(2) Vf e T,Vdom(f) <n<wlgeT,[f CgAn<dom(g);

(3) for each k € w, Hp y, € U, where H, j, =

{l e w:Vf € Levy(T}) [sucer, (f) is k-big] } .

Let P(U) = {p: p is a U-condition}. Define ¢ < p if and only if T, C T, for all
p,q € P(U).

The forcing P(U{) may be seen as a tree version of the one Shelah used in [27] to
produce a model with no nowhere dense ultrafilters.

For now until the end of the proof of Lemma[8:19] U is a fixed selective ultrafilter
on w. The properties of P(U) are quite similar to those of P(H), and since the proofs
of these properties are also similar, but easier, fewer details will be provided.

Lemma 8.3. T' € P(U).

Proof. All of the requirements with the possible exception of (3) of Definition
are clear. To verify this, given k € w, define H = {l € w : | > k}, and note that
H € U. Consider | € H. Consider f € Lev;(T’). Then A = sucer (f) = 2% It is
clear that A is k-big as k < [. Thus H C Hy 1, and so Hy , € U. -

Lemma 8.4. Suppose p € P(U). Then for any f € T, ¢ = Tp(f) € PU) and
q=p.

Proof. The argument for all the requirements, with the possible exception of Clause
(3) of Definition is identical to the proof of Lemma Fix k € w. Let H =
{l€ Hy :1>dom(f)} € U. Suppose !l € H and e € Lev;(T,(f)). Then ! € Hp,
e € Levy(T},), and dom(e) = | > dom(f), whence f C e. Thus succy (sy(e) =
sucer, (e) is k-big. Thus H C Hyx, and so Hyj, € U. Thus ¢ € P(U) and ¢ < p. -

Lemma 8.5. Letp € P(U). Letl € w, 1 < m < w, and e1,...,e, € Lev;(T}).
If p1,....,pm € PU) are such that Y1 < i < m|[p; <T,(e;)], then ¢ = T, =
UicicmTp: € P(U), for each 1 <i<m, p; <gq, and ¢ < p.

Proof. Once again, only Clause (3) of Definition may require some argument.
For each k£ € w, define H = Hy, yN---NHp € U. Consider [ € H. Consider
f € Levy(T}). Then for some 1 <i <m, f € Lev;(T},). Since succr, (f) is k-big
and succr,, (f) € sucer, (f) C 2t sucer, (f) is also k-big. Thus H C Hg, and so
Hy,p€elU. Therefore q € P(U). Finally, since Ty, C T, ¢ < p, and for all 1 <4 < m,
since T),, C Ty, pi < q. =
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Lemma 8.6. Suppose (p; : i € w) and (I; : i € w) satisfy:
(1) Vi e wp; € PU)] and Vi € w [pi+1 < pil;
(2) (li:icw)ew, Viewll; <lip1], and {l; ;i € w} €U;
(3) for eachi € w, liyr € Hy, | 1,415
(4) for eachi < j <w and for each e € Levy, (T},), sucer, (e) C succr, (e).

Then g =Tq = ;e Tp: € PU).

€W
Proof. For ease of notation in this proof, the symbols T; will replace T},, k; will
denote I; + 1, and H; j will be used for Hy, 1, for all ¢ € w and k € w. With the
exception of Clause (3) of Deﬁnition the arguments for all the other conditions
are identical to the corresponding arguments in the proof of Lemma [3.12] To see
that T, satisfies (3) of Definition fix k € w. Choose iy € w such that k < [;,.
Let H={lj:w>j>ip} € U. Suppose |l € H. Then | = l;}, where iy < i < w.
Note that & < [;, < {; < l; +1 = k;. By hypothesis, l;+1 € H;11,%,. Now, fix
[ € Levy(Tg). It needs to be seen that succr, (f) is k-big. To this end, let o : k — 2
be fixed. Since f € Levy,,, (Ti41), sucer,,, (f) is ks-big. Now choose any o* : k; — 2
with o C o*. Find 7 € succr,,, (f) such that * C 7. Consider any i + 1 < j < w.
Then f € Levy,,,(7}), and the hypothesis is that succr,,,(f) C succr,(f). Thus
7 € sucer; (f), and so f(7) € Tj. Hence Vi +1 < j < w[f™(7) € T;], whence
f(r) € Ty. Therefore 7 € succr,(f). Further, 0 C o* C 7. This proves that
succr, (f) is k-big. Thus H C H,y, and so Hy 3, € U. This concludes the proof that
q € PU). !

Definition 8.7. Define the following two player game called the U-condition game
and denoted 0% (I{). Players I and II alternatively choose (p;, A;) and k; respec-
tively, where

(1) pi € P(U) and A; € U;

(2) k; € Ai;

(3) there exists (p; . : e € Levy,11(Tp,)) such that

Ve € Levkq‘,+1(Tpi) [pi,e < Tpi <6>}

and pip1 =Ty, = U{Tp.. : € € Levy, 11(Tp,) }-
Together they construct the sequence

<p07A0> 7k07 <p17A1> 7k17 L)

where each (p;, A;) has been played by Player I and k; has been chosen by Player
IT in response subject to Conditions (1)—(3). Player II wins if and only if Vi < j <
wlks < kjl, {kii<w}el,and g =T, =;c,,Tp, € PU).

Lemma 8.8. Player I does not have a winning strategy in 0 (U).

Proof. Suppose for a contradiction that ¥ is a winning strategy for Player I in
o (1f). Define II and ® such that:
(1) II is a strategy for Player I in 0% (i);
(2) for each n € w, if ((B;,k;) :i <n) is a partial run of 0% (i) in which
Player I has followed II, then ® ({((B;, k;) : ¢ < n)) = ({ps, A;) : i < n) and

(((pi, Ai) ki) i < nm)

is a partial play of ©®¢ ({{) in which Player I has followed X and it has the
property that Vi < n [Bi“ =ANHy i N{kew: k> kl}},

(3) for each n € w, if ((B;, k;) : i < n+ 1) is a partial run of 05 (i) in which
Player I has followed II, then

O (((Bi, ki) i <n)) =@ (((Bi,ki) i <n+1))n+1.
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IT and ® will be defined inductively. Let X(0) = (po, Ao) define II(0)) = By = Ay.
As By € U, this is a valid move for Player I in 05¢* (/). Note that every partial run
of 0% (U) of length 1 in which Player I has followed II will have the form (By, ko),
where kg € By = Ag. For any such (By, ko), define ®((By, ko)) = ((po, Ao)), and
note that ({po, Ao) , ko) is a partial run of 0@ () in which Player I has followed
Y. Now suppose n € w, ((B;, k;) : i < n) is a partial run of ©5¢* (i) in which Player
I has followed II, ® (((B;, ki) : 1 < n)) = ((pi, 4;) 11 < n),

<<<pl7Al> 7ki> T S TL>
is a partial run of 0% () in which Player I has followed ¥, and
Vi<n IZBZ'+1 = Ai+1 n Hpi+1,ki+1 N {k‘ Ew:k> kz}] .

Let X (({({ps, As) ki) i <n)) = (ppt1, Ans1). Then ppiq € PU) and A1 € U.
Hence Byy1 = A1 NHy k41 N{k € w: k > k,} € U. Note that B, is
therefore a legitimate move for Player I in 0% (). Define II ({{(B;, k;) : i < n)) =
B,,+1. Note that any continuation of ((B;, k;) : ¢ < n) to length n+2 in which Player
I follows IT must have the form ((B;, k;) : i < n + 1), where k,, 11 € Bp41. Given any
such ((B;, k;) 11 <n+1), define ® (({(B;, ki) :i <n+1)) = ({p;, 4;) : i <n+1).
Note that ({{p;, A;),k;): i <n+1) is a partial run of 0¥ (/) in which Player I
has followed ¥ because of the definition of (py11, Apt1) and kpt1 € Bpi1 C Anyr.
Further, by definition and by the induction hypothesis,

Vi<n [BZ‘+1 = Ai+1 N Hpi+1,k1ﬂ+1 N {k cw:k> kz}] .

Thus the inductive definition satisfies (1)—(3). This concludes the definition of II
and ®.

Since II is not a winning strategy for Player 1 in 0% (), there is a play
((Bi, ki) 1 i <w) of 0% (U) in which Player I follows IT and loses. There exists
({(pi, A;) 1 i < w) such that for each n € w, ® (((By, k) 11 <n)) = ((p;, 4;) 11 < n).
Therefore, ({(pi, A;) , ki) : i < w) is a play of 0¥ (i) in which Player I has followed
¥, and Vi < w I:Bi+1 =Ai 1 N Hp, 1 D {kew:k> kl}] Since Player IT wins
the play ((Bj, ki) : i < w), {k; :i <w} € U. Lemma 8.6 will be used to verify that
q =T, =NicoTp; € P(U). Note that by (3) of Definition [8.7 and by Lemma
pi+1 < pi, for all # € w. For each i € w, kj11 € Biy1, and so kiy1 € Hp, ) k415
and k;y1 > k;. Therefore Vi < j < wlk; < kj]. Next, fix some ¢ < w. It will be
proved by induction on j that for each ¢ < j < w and for each e € Levy, (ij),
sucer,, (e) C sucer,,. (e). This is clear when i = j. Assume this is true for some

i < j. Fix e € Levy, (Tp,,,) and consider o € sucer, (e). Since Tp,,, C Ty,
e € Levy, (ij). So by the induction hypothesis, o € sucer, (e). Therefore
e~ (o) € T, and dom (e™ (o)) = k; +1 < k; 4 1. Choose e* such that e™ (o) C e*
and e* € Levy,41(T)p,). By (3) of Deﬁnition there exists p; .- < T}, (e*) such
that T, .. €Ty .. Since e (o) C e*, e (o) €T}, .. Therefore e~ (o) € T),,,,
whence o € sucer, (e), as required. This concludes the induction. Thus the
hypotheses of Lemma are all satisfied, and so ¢ = Ty = ;¢ Tp, € P(U). How-
ever, this means that Player IT wins the play (((p;, A;) , ki) : i < w) of ¢ (U) even
though Player I has followed ¥ during this play, contradicting the hypothesis that
Y is a winning strategy for Player I in 0% (1f). =

—~

Lemma 8.9. Suppose ({{p;, A;) , k;) : i € w) is a run of O (U) which is won by
Player II. If ¢ = Ty = ;e Ty, then for each i € w,

VfeT, [dom(f) <ki+1 = feT,].

Proof. Recall that by Clause (3) of Deﬁnition and by Lemma Di+1 < p;, for
alli € w. Fixi € wand f € T}, with dom(f) < k;+1. It will be proved by induction
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on j that Vi < j < w [f € ij]. When j = i, there is nothing to prove. Suppose
the statement holds for some i < j < w. So f € T},; and dom(f) < k; +1 < k; + 1.
Choose e € T}, such that f C e and dom(e) = k; + 1. By Clause (3) of Definition
there exists pj. < T)p,(e) so that T),,, € Tp,,,,. As f Ce, f €T, , and
so f € Ty,,,. This concludes the induction. Thus, Vi < j < w [f € Tp].], whence
feMewTn =Ty B

Lemma 8.10. Suppose (((pi, A;) ki) :i € w) is a run of O™ (U) which is won
by Player II. Leti € w and ¢ =T, = ﬂjeprj. If ki1 € H, ki+1, then kiyq €

Pi+1,

je?

H‘Lkri-l'

Proof. Assume that ki1 € Hp,_ , k,+1. Consider some e € Levy,,,(T;). Then
e € Levy,,,(Tp,.,) and so sucer,  (e) is k; 4+ 1-big. If o € succr,  (e), then
e (o) € Tp, ., and dom (e™ (o)) = ki1 + 1. Therefore, by Lemma e (o) € Ty,
whence o € succr, (e). Thus sucer,,, (e) C sucer, (e) € 2%+1, and so sucer, (e) is
k; + 1-big. This shows k;11 € Hg g, +1- =

Lemma 8.11. Let 0 be a sufficiently large regular cardinal. Assume M < H(0) is
countable and that M contains all relevant parameters. Suppose f : w — M 1is such
that Vn € w [f(n) € VEW and IFpqy) f(n) € V]. Let p € P(U) N M. Then there
exist q,(k; : i € w), and F such that:

(1) ¢<p, (kizi€w) €w”, Vi<j<wlk; <kj], Fis a function, dom(F) =
{{(i,€) :i € wAee€Levg4+1(Ty)};

(2) {kz NS w} eu, View [ki+1 € H ,k‘ri-l];
(3) for each i < j <w and each e € Levy, 11(Ty),

Tyle) lbpey f(i) = F ((i,elki +1));
(4) for any (i,e) € dom(F), F({i,e)) € M.

Proof. Define a strategy % for Player I in 0% (i) as follows. pg = p € P(U) and
Ay =w € U. Note that pg € M. Define X(0) = (po, Ao). Now suppose that i € w
and that (((pj, A;),k;) : j < i) is a partial run of 9™ (/) in which Player I has fol-
lowed ¥ and that p; € M. Let | = k;+1, for ease of notation. For any e € Lev;(T},),
Ty, (e) € P(U) and by hypothesis, IFp) f(i) € V. Since p; € M and f(i) € M,
there exist sequences (p; e : € € Levi(T},)) € M and (x; . : e € Lev;(T),)) € M such
that

Ve € Levi(Ty,) [pie < Tp,(e) and p; e IFrpasy f(i) = 2] -

Define piy1 = Ty, = U{T}.. : € € Levy(Ty,)}. Note that p;1qy € M and that
pit1 € P(U) by Lemma Hence A;11 = H, 1 € U. Define

Pit+1,
E(((ps Aj)  kj) 2§ < 1)) = (Pigr, Aigr) -
This completes the definition of ¥. Note that by definition, if ({((p;, A;), ki) 1 4 < w)
is a run of 0% (/) in which Player I has followed ¥, then p; € M, for all i < w.
Since ¥ is not a winning strategy for Player I, there is a run (((p;, A;) , ki) 1 1 < w)
of D% (1f) in which Player I has followed X and lost. Then (k; :i € w) € w¥,
Vi < j < wlk; <kj], and {k; : i € w} € U. Again, for ease of notation, denote
ki+1by l;. Let ¢ =Ty = ();c0,Tp,- Then ¢ € P(U) and g < py = p. Moreover, for
any i € w, kiy1 € Ajy1 = Hp,, 1, and so by Lemma[8.10} ki1 € Hyy,, as required
for (2). Next, by the definition of 3, for each i € w, p; € M and there exist
sequences (p; . : e € Levy, (Tp,)) € M and (z;. : e € Lev;,(T},)) € M as described
in the previous paragraph. Given i € w and e € Levy, (1), then e € Levy, (T, ), and
since e € M, so ;. € M. Define F({i,e)) = x; .. The argument for (3) is identical
to the corresponding argument in the proof of Lemma B
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Corollary 8.12. P(U) is proper and w*-bounding.

Proof. The proof is identical to the proof of Corollary [.2] using Lemma [8.11] in
place of Lemma [4.1 B

The construction of Lemma can be easily modified to show that P({/) has
the weak Sacks property. Taken in conjunction with Lemmas and this
shows that P(U) is a forcing with the weak Sacks property which does not add an
independent real and yet does not preserve P-points. Forcings with these properties
were considered by Zapletal in [30]

Lemma 8.13. Suppose V is a selective ultrafilter on w. Suppose V #py U. Then
P(U) preserves V.

Proof. Let & be a P(U)-name such that IFpg) & : w — 2 and let p € P(U).

For each ¢ < plet E; = {n € w:3r < q[rlFpy) &(n) = 1]}. Suppose first that
there exists ¢ < p such that E;, ¢ V. Then A = w\ E, € V, and for all n € A,
q IFp@sy 2(n) = 0. This is as required by (1) of Lemma 6.7

It will henceforth be assumed that for all ¢ < p, E, € V. Define ¥ and ® such
that:

(1) X is a strategy for Player I in 03¢1%¢l (V 1f);
(2) for each n € w, if ((C;,0;) : i < 2n) is a partial run of 035! (V1) in which
Player I has followed %, then ® (((C;, 0;) : 4 < 2n)) = (p; : i < n) and
(a) Vi <nlp; € PU)], Vi <nlpit1 < pil, po < ps
(b) for each i < j < n and for each e € Lev,,,,, (T},,), succr, (e) C
sucer, (e);
(c) for each i <n, p; IFpyy T(02:) = 1;
(3) for each n € w, if ((Ci,0;) : i < 2n + 3) is a partial run of O%¢*%¢! (V,If) in
which Player I has followed ¥ and if

D (((Ciy0):i<2n+2))=(p;:i <n+1),

then O2p+3 € Hp7z+1702n+1+1 and 02n+3 > 02p+1;
(4) for each n € w, if ((C;,0;) : i < 2n+ 2) is a partial run of 0% (V, i) in
which Player I has followed X, then

D (((Ciy0:) 11 <2n)) =P ({((Cy,0;) : 1 <2n+2)) [n+ 1.

Suppose for a moment that 3 and ® satisfying (1)—(4) can be defined. Since ¥ is
not a winning strategy for Player I, there is a play ((C;, 0;) : i < w) of D515 (V 1)
in which Player I follows ¥ and loses. Then (09;11 : i < w) € w* and {o0g;4+1 :
i < w} € U. Also, there is a sequence (p; :i < w) such that for each n € w,
D (((Cy,0:) 11 <2n)) = (p; : 1 <mn). Then (02,41 : i < w) and (p; : © < w) satisfy
the hypotheses of Lemma To see this, first note that applying (3) with n =1
gives 02i43 = 02n43 € Hp, 1 00ni1+1 = Hp, 1,000 +1 and 02i43 > 02;41. Hence
Vi < j < wlogit1 < 02541]. Next, given i < j < w and e € Lev,,,,, (ij), if
i = j, then trivially succr, (e) C sucer, (e). If i < j, then applying (2)(b) with
n = j gives sucer, (e) C sucer, (e). Therefore Lemma applies and implies that
q =Ty = ;e Tp; € P(U). Further, ¢ < py < p, and for each i € w, since ¢ < p;,
q IFpyy @ (02:) = 1. Since A = {0z; : i < w} € V, ¢ and A satisfy the conditions of
(1) of Lemma[6.7] Thus in both this case and in the case considered in the previous
paragraph, (1) of Lemma applies and it implies that P({/) preserves V.

Y and @ are defined inductively. X (0) = E, € V. If ((Cy, 00)) is a partial run
of 08151 (Y /) in which Player I has followed X, then Cyp = E, and oy € Cp =
E,. Define ® (((Co,00))) = (po), where po < p and po IFpey) 2(00) = 1. Such
a po exists by the definition of E,. Define ¥ (((Co,00))) = w € U. It is clear
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that (1)—(4) are satisfied by these definitions. Now, assume that for some n € w,
((Ci,0i) : 1 < 2n+ 1) is a partial run of ©%°*%! (V /) in which Player I has followed
¥ and that @ ({(C;,0;) : i < 2n)) = (p; : ¢ < n), and that these satisfy (1)—(4). Let
k = 02,41 + 1. For any e € Levg (T}, ), T, (€) < pn < po < p. Therefore Er, () €
V. Define ¥ (((Cs,0:) : i < 2n+1)) = Conya = N{Er, (o) : € € Levi(T},)} € V.
If ((Cy,0;) : i < 2n+ 2) is a partial continuation of 0%¢15¢* (V) in which Player I
has followed X, then 09,12 € Cay,42 and so there is a sequence (p, ¢ : e € Levy(T},))
such that for each e € Levy (T}, ), Pne < Tp,{(e) and py IFpey T (02n42) = 1.
Define ppy1 = Tp,., = U{Tp,. : € € Levi(Tp,)}. By Lemma Pnt1 € PU)
and pp+1 < pn. Define @ (((C;,0;) : i < 2n+2)) = (p; : i < n+1). Finally, define
E(((Ci,0i) 11 <2n42)) = Copg3 = Hp, kN {0 € w:0> 02nq1} €U, so that
if O2n+3 € C2n+3, then O2p+3 € Hpn+1702n+1+1 and 092n43 > 0241 It is clear that
(1), (3), and (4) are satisfied. It is also clear that (2)(a) holds. For 2(b), suppose
i <j<n+1. Ifi <j <n, then the induction hypothesis gives what is needed. So
assume that ¢ < j = n-+1. Suppose that e € Lev,,, ., (ij). Then e € Lev,,, , (Tp,)-
If i = n, then trivially succr, (e) C succr, (e), while if i < n, then by the induction
hypothesis, sucer, (e) C sucer, (e). Thus in either case, sucer, (e) C sucer, (€).
Suppose ¢ € sucer, (e). Then e™ (o) € T}, and dom(e™ (o)) = 0241 + 1 <
0o2n+1 +1 = k. Choose some e* € Levy(T,,) with e~ (o) C e*. Then e (o) €
Ty, .. €T, whence o € sucer, . (e). Therefore, sucer,, (e) € sucer, (e) C
sucer, . (e) = sucer, (e), as required for (2)(b). For (2)(c), suppose © < pny1.
Choose e € Levg(T,). Then e € Levy(Ty,) and Tr(e) < Tp, ., (€) < Pne. SO
T.(e) IFpw) @ (02n42) =1. Therefore, pni1 IFpey 2 (02n42) =1, as needed for
(2)(c). This concludes the definition of ¥ and ® and the proof. 4

Lemma 8.14. Suppose G is (V,P(U))-generic. In V[G], there exists a function
F € [pen2” such that {F} = N{[T,] : p € G}.
Proof. Similar to Lemma [5.3 —

Definition 8.15. Suppose G is (V,P(U))-generic. In V[G], let Fg € [];c,2"
denote the unique function such that {Fg} = ({[T}] : p € G}. Define ¢g : [w]* — 2
as follows. For {k,1} € [w]? with k < [, define cg({k,1}) = Fa(I)(k) € 2. In V, let
Fg and ég be P(U)-names that are forced by every condition to denote Fg and c¢
respectively.

n41

Lemma 8.16. Suppose k < k' <1 < w. Suppose A C 2 is k'-big. Suppose t € 2.
Then B={r€ A:Vnewlk<n<k = 7(n)=1-1t]} C AC2 isk-big.

Proof. Let o : k — 2 be given. Define ¢’ : k' — 2 by stipulating that for any n € &/,

iy Jon) ifnek
"(”)_{1—15 it n¢ k.

As A is k'-big, there exists 7 € A such that ¢/ C 7. 7 € B because for any n € w,
if k <n <k, then 7(n) = o'(n) =1 —t. Further, 0 C o/ C 7. As o was arbitrary,
B is k-big. -

Lemma 8.17. Suppose k < k' <1 < w. Suppose p € P(U) and t € 2. Assume that
l € Hy . Then there exists g < p such that:

(1) Vi € w\ {l}Ve € Lev;(Ty) [succr, (€) = sucer, (€)];

(2) le Hq7k,‘

(3) for eachn € w, if k <n <k, then qlFpyy ca({n,1}) =1 —t.

Proof. Since | € Hy, s, for each f € Levi(T,), Ay = succr,(f) C 2! is k'-big.
Thus, by applying Lemma it is seen that for each f € Levi(T},), By = {1 €
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Af :Vn € wlk<n<k = 7(n)=1-t]} is k-big. In particular, each By is
non-empty. Since Lev;(7},) is non-empty,

B={f"(r): feLlev(Ty) N7 € By}
is a non-empty subset of Lev;y1(T}). Therefore by defining

g = {Tp(f (7)) : f € Lewi(T,) AT € By},

Lemma [8.5] insures that ¢ € P(U) and q < p.

The argument for (1) is similar to the corresponding argument in the proof of
Lemma

For (2), consider f € Lev;(T,). It needs to be seen that succr, (f) C 2 is k-big.
Indeed f € Lev;(T}) and for any 7 € By, f~ (1) € Ty, whence 7 € succr, (f). So
By C sucer, (f), and so sucer, (f) is k-big.

Finally for (3), fix n € w such that k <n < k’. Now let G be (V,P(U{))-generic
with ¢ € G. Since Fg € [T,], Fgll+1 € T,, and so Fg[l+ 1 = f~(r), for some
f € Levi(T},) and 7 € By. Therefore, cg({n,l}) = Fg(l)(n) = 7(n) = 1 —t, by the
definition of By. -

Lemma 8.18. Suppose p € P(U) and ¢ € w¥ is such that for all k € w, k < (k).
Lett € 2. Then there exist g < p and (l; : i € w) € w* such thatVi < j < w[l; <],
{litiew}el,Viecwp(;+1) <lit1], and for each i € w, for each n € w, if
L+1<n<y(l;+ 1), then q ”_[P(u) ] ({n, li+1}> =1-t.

Proof. For each n € w, let A, = H, yoypy N{l €w: 1l >9Y(n+1)} €elU. AsU
is selective, there exists (I; : i € w) € w® such that Vi < j < wll; <], {; : i €
w} € U, and for each i € w, l;11 € A;,. For ease of notation, let k; = [; + 1, and
k/’i = (lz +1). Thus l;41 € Hp7k;, and k; < k’; <liy) < w.
Lemmawill be used to obtain g. To this end, construct a sequence (p; : i € w)

satisfying the following:

(1) Viewp; € PU)], Vi € wpir1 < pil, po = p;

(2) for each i € w, liy1 € Hy, | ;5
(3) for each i < j < w and for each e € Levy, (T,), sucer,, (e) € sucer,,. (e);
(4) for each j < j* <w, lj=41 € Hpj7k;_*;
(5) for each i € w, for each n € w, if k; < n < k., then

pit1 Py o ({n,liya}) =1~ t.
Suppose for a moment that such a sequence has been constructed. Then by Lemma
q="T; =NicuTp: € P(U), ¢ < po = p, and for each i € w, since ¢ < p;11, q is
as desired because of (5).

The sequence (p; : i € w) is constructed by induction. Define py = p and notice
that (4) is satisfied because for each j* < w, lj+41 € Hpp. . Fix j € wand
suppose that (p; : i < j) satisfying (1)—(5) is given. Applying (4) with j = j* yields
lj+1 € Hy, . Hence by Lemma there exists pj41 < p; satisfying (1)—(3) of
Lemma It is clear that (1), (2), and (5) are satisfied. And the verification of
(3) and (4) is similar to the corresponding part of the proof of Lemma This
concludes the induction and the proof. B

Lemma 8.19. Suppose Q is an w®-bounding forcing. If P(U) completely embeds
into Q, then

- “there is no selective ultrafilter on w extending U" .

Proof. Let 7 : P(U) — Q be a complete embedding, and let 7* denote the associated
map from P(U)-names to Q-names. Let é denote 7* (¢g). Then Ig é: [w]” — 2.
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Suppose t € 2 and that Aisa Q-name such that kg Ae [w]“. Let p* € Q be given.
It will be shown that there exist ¢* < p* and B € U such that

(x)  VleBYr* <¢*3n<13r; <r*|rilkgne Aand r} kg é({n,1}) # t} .

Let G be any (V,Q)-generic filter with p* € G. Then A [G] € [w]” in V[G]. So in
V[G], there is a function ¢ : w — w such that for every k € w, there exists n € A [G]
with & <mn < ¢(k). As this holds for every (V,Q)-generic G with p* € G, there is
a Q-name ¢ in V such that IFg ¢ : w — w and p* Ikg Vk € win € Ak < n < $(k)].

Since Q is w*-bounding, there exist pj < p* and ¢ : w — w in V such that
pi ko Yk € w(g(k) < ¢ (k)]. Let p € P(U) be a reduction of pj with respect to the
complete embedding 7. Applying Lemma[8.18]in V, find ¢ < pand (I; : i € w) € w
satisfying the conclusions of Lemma [8.18 Let B = {l; : j > 0} € U. By the choice
of p, 7(q) is compatible with pj in Q. Choose any ¢* < w(q),p;. To see that
qg* < p* and B € U satisfy (x), fix some [ € B and r* < ¢*. Then | = [;41, for
some ¢ € w. Since r* < pi < p*, there exist 7 < r* and n such that [; + 1 < n,
rflrgneACw and 7 kg n < ¢ (l; +1) < (l; +1) < li;1 = I. By the choice
of ¢, ¢ IFpwsy ca({n,1}) = ca({n,lix1}) =1 —t, and so

7(g) g é({n,1}) = 7" (éc) ({n,1}) = 1 — .

Therefore, v} IFg ¢({n,l}) = 1 —t, as needed.

To conclude, suppose for a contradiction that G is some (V, Q)-generic filter and
that in V[G], there is a selective ultrafilter V on w with V D U. Then there exist
AeVandte?2so that ¢[G] is constantly ¢ on [A4]>. Let A be a Q-name in V
so that g A€ [w]” and A = A[G]. By what has been proved above, there exist
q¢* € G and B € U satisfying (*). Choose any I € BN A. By (x), there is n < [
such that n € A[G] = A and ¢[G] ({n,1}) # t, contradicting the fact that &[G] is
constantly ¢ on [A]*. =

It is worth noting here that by iterating partial orders of the form P(U), it is
possible to get models with, for example, a unique selective ultrafilter. Models like
this were first produced by Shelah in [26]. However, the details seem to be simpler
for P(U).

Theorem 8.20. Put S? = {a < wy : cf(a) = wi}. Let 'V be a transitive model of
a sufficiently large fragment of ZFC which satisfies CH and <$ (512) Let k < Ny be
a cardinal. Suppose {U, : o < Kk} is a family of selective ultrafilters on w such that
Uo Zri Us, for oo # B. Then there is a cardinal preserving forcing extension of V
in which:

(1) there are no stable ordered-union ultrafilters on FIN;

(2) each U, generates a selective ultrafilter on w;

(8) the ultrafilter generated by Uy, is not RK-isomorphic to the ultrafilter gen-
erated by Ug, for o # B;

(4) if V is any selective ultrafilter on w, then V =pi Uy, for some a < k.

Proof. Fixing some diamond sequence witnessing < (S7), define a CS iteration
<Pa;@a ta < wz> in V as follows. Assume o < ws and that P, is proper, w®-
bounding, satislfies the Ny-c.c., that I, CH, and that P, preserves U, for all
§ < k. Let {Ug : £ < r} be a family of Py-names so that for each £ < &,
IFo U ={A Cw:3B €U [B C A]}. Thenlr, “Ug is a selective ultrafilter on w”,
for every £ <k, and I-o U # i U, for € # C.
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Observe that I, “stable ordered-union ultrafilters exist” becau§e IF. CH. And
lFo 3V [V is a selective ultrafilter on w and V€ < & [Ug‘ ZrK V”l due to the fact
that x < Ny and I+, CH.

If the diamond sequence at « codes a pair <g°,p> such that p € P,, Gis a

Po-name, and p ko “G is a stable ordered-union ultrafilter on FIN”, then choose a
P,-name Ha such that I, “H, is a stable ordered-union ultrafilter on FIN” and
plFa = G, and define Q, to be a full P,-name so that I, Q, = ]P’(H ).

If the diamond sequence at « codes a pair <g,p> such that p € P,, G is a P,-
name, p Ik “G is a selective ultrafilter on w", and for each £ < k, p Ik, G ZnK Z/lg,

then choose a P,-name H,, such that I, “H, is a selective ultrafilter on w” , and
for each £ < k, Ik, 7-cla ZrK L{g‘, and define @a to be a full P,-name so that
Fo Qo = P(Ha)-
If nelther of these occurs, then choose an arbitrary P,-name H, such that
“Ha is a stable ordered-union ultrafilter on FIN”, and define Qa to be a full
]P’a-name so that Ik, Qa = IP’(’HQ). Note that in all cases I+,

Ik, CH. Standard arguments in the theory of proper forcing (see Shelah [26]
or Abraham [I]) together with lemmas proved earlier therefore imply that for
each § < ws, Ps is proper, w*-bounding, and satisfies the Ny-c.c. In particu-
lar, this implies that the extension by PP, preserves all cardinals. Furthermore,
for each § < ws, IFs CH. An easy inductive argument using the earlier lemmas
shows that for each & < k and for each § < wq, Ps preserves L{g Therefore, for
each & < &, IFy, “Z/l‘”z is a selective ultrafilter on w”, and I+, Z/{“ ZrK 02"2, for
¢#& An argument identical to the one in the proof of Theorem [7.5] shows that
-, “there are no stable ordered-union ultrafilters on FIN".

Next, suppose for a contradiction that V is a IP,,,-name such that for some pE
Py, p lFw, “V is a selective ultrafilter on w”, and for each £ < &, p Ik, V ZrK Z/IW .

a‘ = Ny because

Then by a standard argument, there exists o € S? such that the diamond sequence

at a codes a pair <Qo,p[o<> such that G is a P,-name,

plalFa “G is a selective ultrafilter on w”,

for each £ < k, pla Ik, G ZrK og‘, and p Ik, G CV. Let Gy, be a (V,P,,)-generic
ﬁolter with p € G,,, and let G,, denote its projection to P,. OIn V [G.], H% [Go] =
G [Ga] is aselective ultrafilter on w such that for every { < K, Ho [Ga] Zri UE [Gal-
Moreover, P (Ha [Ga]) completely embeds into the completion of P,,/G,, and
Py, /Gq is w¥-bounding. Therefore Lemma implies that

IFp,, /G, “there is no selective ultrafilter on w extending Hao [Gal”.

However G, is a (V[Ga],Pu,/Ga)-generic filter, V[Go][Gu,] = V[Gy,], and
in VI[Gy,], V[Gu,] is a selective ultrafilter on w extending G [G,,] = G[Ga] =

He [Go]. This is a contradiction which shows that in the extension by P,,, every
selective ultrafilter on w is RK-isomorphic to the ultrafilter generated by U, for
some & < K. —
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