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1. Introduction

Ramsey’s theorem [23] and Hindman’s theorem [14], together with their common gen-
eralization, the Milliken—Taylor theorem of [19] and [30], are among the most widely used
facts of infinite combinatorics. The results of this paper clarify an important aspect of
their relationship to one another, namely that it is provably harder to produce one ultra-
filter that contains a witness to each instance of the Milliken—Taylor theorem than it is
to produce many ultrafilters containing witnesses to every instance of Ramsey’s theorem.
Before stating these results in a precise form, it may be worthwhile to set the stage by
reviewing some aspects of the history of this subject. The classical theorem of Ramsey
is often referred to as a higher dimensional pigeonhole principle and this might lead one
to think that there is not much of interest to say about the one dimensional case. But
any consideration of van der Waerden’s theorem, to say nothing of Szemerédi’s Theorem,
would reveal the error of this view point. The interest, as well as the complexity of both
of these pigeonhole type results stems from the fact that their conclusions yield sets that
are not necessarily large in terms of cardinality, but large in terms of their algebraic
structure. For example, a consequence of van der Waerden’s Theorem is that for any
partition of N into two pieces, one of the pieces will contain arbitrarily large arithmetic
progressions, or, in other words, arbitrarily large sets that are closed under addition
by a fixed integer. This provides the motivation for a conjecture of Graham and Roth-
schild [12] that for any partition of N into finitely many pieces, one of the pieces contains
a set that is closed under all sums of distinct members. The truth of this conjecture was
established by Hindman (Theorem 3.1 in [14]) and is now known as Hindman’s Theorem.

The history leading to the proof is both interesting and relevant to the results about
to be presented. A natural approach to proving Hindman’s Theorem would be to proceed
inductively to construct kg, k1, ..., k, and A, such that all sums of distinct integers from
ko, k1,. .., k, belong to one piece of the given partition and, crucially, A,, is an infinite
set from which it is possible to select the next integer k1. And, indeed, this is how all
proofs of Hindman’s Theorem proceed, but the technical details in the original proof of
[14] are daunting and a potential stumbling block is correctly choosing the set A,. An
early realization was that it would help if the A,, could be selected from an ultrafilter;
but that ultrafilter would need to enjoy some very specific properties.

In the earlier paper [13], Hindman had made the following observation: The Graham
and Rothschild Conjecture holds if and only if there is an ultrafilter on N every member
of which contains all non-repeating sums from some infinite subset. In the same paper,
he shows that if the Continuum Hypothesis holds, then the Graham and Rothschild
Conjecture is equivalent to the existence of an ultrafilter ¢ that is an idempotent (namely
U~+U = U) in the semigroup (BN, +) where ultrafilters are thought of as finitely additive
measures and the + operation is the convolution of measures. This paper will focus on
a strengthening of the property of an ultrafilter that all of its members contain the
non-repeating sums of an infinite subset. But before explaining the strengthening we
need to return to the story and mention that Hindman was able to eliminate the use
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of ultrafilters by fashioning an elaborately technical, albeit elementary, argument in
[14] that seemingly did away with the use of the idempotent. Somewhat later, though,
Baumgartner produced a much simpler version of Hindman’s technical argument in [3].
A key idea used by Baumgartner was the notion of a large set, somewhat reminiscent of
the construction of Haar measure.

As explained by Bergelson in [4], the notion of largeness in this context can be traced
back to Poincaré’s work on celestial mechanics and, when combined with an idempo-
tent ultrafilter, very quickly yields Hindman’s Theorem. This realization of Galvin and
Glazer that a much older and more general theorem of Ellis [11] about idempotents in
compact semigroups could vastly simplify the proof of Hindman’s Theorem points to the
important role of ultrafilters in this area of Ramsey Theory. So even though Hindman’s
construction using the Continuum Hypothesis was not, ultimately, necessary, it played
an important role in the development of the subject and fostered future research.

For example, in [14] van Douwen is credited with realizing that, assuming the Contin-
uum Hypothesis, it is possible to construct an ultrafilter that satisfies a stronger version
of the property Hindman established under the same assumptions. As documented in
[15], it was noticed by van Douwen that, assuming the Continuum Hypothesis, certain
ultrafilters had a base consisting of all of the finite sums of some infinite set of positive
integers. The difference is worth highlighting: Hindman had asked only that each mem-
ber of his ultrafilter contain a set that is closed under finite sums, but van Douwen is
asking that this set actually belongs to the ultrafilter. These ultrafilters identified by van
Douwen are now known as strongly summable ultrafilters and the question of whether the
Continuum Hypothesis is needed to construct them is also attributed to van Douwen.
The strongly summable ultrafilters play a significant role in the theory of the semigroup
(BN, +) and the interested reader can learn more about this, and much more, in [16].

Closely related to Hindman’s Theorem is Theorem 3.3 from [14], a result about the
union operation on the finite subsets of the positive integers. It will be worthwhile in-
troducing some notation in order to state this result, since this notation will be used in
later sections as well.

Definition 1.1. As usual in set theory, w denotes N. For a set X and a cardinal &,
[X]" = {AC X :|A| = s} and [X]<" = {A C X : |A| < £}. FIN denotes [w]<" \ {0}.
A C FIN is said to be closed under finite unions if sUt € A, for all s, € A. Let cl, (4) =
{UX (X e [A]TN\ {@}} Clearly, cly (A) C FIN and cly (A) is closed under finite

unions, for A C FIN. Indeed, cl, (A) is the closure of A under finite non-empty unions.

In analogy with the strongly summable ultrafilters, it is possible to formulate the
following definition.

Definition 1.2. An ultrafilter on FIN will be called a wunion ultrafilter if it has a base
consisting of sets of the form cly (A), where A C FIN consists of pairwise disjoint sets
and is infinite.
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However, it turns out that the connection between strongly summable ultrafilters
and union ultrafilters goes beyond analogy. In §5 of [6] it is shown that the mapping
from FIN to N sending a to ), .,
ultrafilters and a converse is established in Theorem 1 of [8]. Indeed Baumgartner’s

2" sends union ultrafilters to strongly summable

simplified proof of Hindman’s Theorem actually states that if FIN is partitioned into
finitely many pieces then there is an infinite A C FIN consisting of pairwise disjoint
sets such that cl, (A4) is contained in one of the pieces. It turns out that many of the
constructions of union ultrafilters actually produce a stronger property than needed and
this is the main property of ultrafilters to be examined in the subsequent sections.

Definition 1.3. For s,t € FIN, write s <y, ¢ to mean max(s) < min(¢). Note that <y, is a
transitive and irreflexive relation on FIN.

X C FIN is called a block sequence if X is non-empty and it is linearly ordered by
the relation <. More formally, X C FIN is a block sequence if and only if X # () and
Vs,t € X[s=1Vs<ptVit<ys]. Note that if X is a block sequence, then (X, <y) is a
well-order and the order type of (X, <p) is | X|. The notation X (i) will be used to denote
the ith member of (X, <y), for all i < |X]|.

The following notation, which is based on Todorcevic [31], will be used. For 1 < o < w
and A C FIN,

Alel = {X C A: X is a block sequence and |X| = a};
Alsel = [X C A: X is a block sequence and 1 < | X| < a}.

Thus Al®l denotes the collection of all block sequences of length o from A and Al<e is
the collection of all block sequences of length < « from A (by definition block sequences
are non-empty). For A C FIN,

[A] = {UX X € A[<wJ}

Thus [A] is the collection of all unions of finite length block sequences from A. Note
A C [A] C FIN.
Further, if X C FIN is a block sequence, then cl, (X) = [X].

Definition 1.4. An ultrafilter H on FIN is called an ordered-union ultrafilter if H has a
base consisting of sets of the form [X], where X is an infinite block sequence. In other
words, an ultrafilter H on FIN is an ordered-union ultrafilter if and only if VA € H3IX €
FIN®/[[X] € # and [X] C A].

That union ultrafilters and ordered-union ultrafilters are consistently different notions
is proved in Theorem 4 of [8] assuming the Continuum Hypothesis. While the ordered-
union ultrafilters are defined to contain witnesses to Hindman’s theorem, it is not clear
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that they also contain witnesses to the higher dimensional analogue of Hindman’s the-
orem, namely the Milliken-Taylor theorem of [19] and [30]. Obtaining such properties
requires introducing a further strengthening.

Definition 1.5. Let X,Y € FINM) Y is said to refine X if Vi € w[Y (i) € [X]]. Y is said
to almost refine X if Vi € w[Y (i) € [X]].

Definition 1.6. An ordered-union ultrafilter H on FIN is said to be stable if for every
sequence (X, : n € w) with the property that X,, € FIN® and [X,,] € 7, for all n € w,
there exists Y € FIN! such that Vn € w[Y almost refines X,,] and [Y] € H.

While stability is deceptively similar to the definition of a P-point, it is shown in [6] to
be a weaker notion. However, it was also shown in [6] to capture a number of important
combinatorial properties. Indeed, within the realm of ordered-union ultrafilters on FIN,
stability is the analogue of selectivity for ultrafilters on N.

Definition 1.7. An ordered-union ultrafilter H on FIN has the canonical partition property
if for every function f : FIN — w, there exists A € H such that one of the following
statements holds:

(1) Vs,t € A[f(s) = F1)]:
(2) Vs,t € A[f(s) = f(t) +> min(s) = min(¢)];

(3) Vs, t € A[f(s) = f(t) <> max(s) = max(¢)];

(4) Vs, t € A[f(s) = f(t) <> (min(s) = min(¢) A max(s) = max(t))];
(5) Vs,t € A[f(s) = f(t) <> s=t].

Blass [6] proved that ordered-union ultrafilters are stable if and only if they enjoy
strong Ramsey theoretic properties.

Theorem 1.8 (Theorem 4.2 of Blass [0]). For any ordered-union ultrafilter H on FIN,
the following are equivalent:

(1) H is stable;

(2) for each 1 <n <w and ¢ : FIN — 2 there is an A € H such that ¢ is constant on
Al

(8) for each c: FIN® — 2, there is an A € H such that ¢ is constant on AP;

(4) H has the canonical partition property.

The theorem of [6] actually contains a number of other equivalences. One of these will
be touched upon below. It will be illuminating to note that Theorem 1.8 is the analogue
of a well-known characterization of selective ultrafilters on N due to Kunen. Recall the
following definition.
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Definition 1.9. An ultrafilter U on w is called selective if for every f : w — w, there is a
set A € U such that f is either constant or 1-1 on A.

Observe that Definition 1.9 is saying that every function on w attains a canonical form
on some member of a selective ultrafilter. It is the analogue of Item (4) of Theorem 1.8 for
ultrafilters on N. An unpublished theorem of Kunen says that selectivity is equivalent
to the existence of witnesses for Ramsey’s theorem, which provides the analogue of
Theorem 1.8 for ultrafilters on N.

Theorem 1.10 (Kunen; see [2]). The following are equivalent for an ultrafilter U on
w:

(1) U is selective;

(2) for each 1 <n < w and c: [w]" — 2, there is an A € U such that c is constant on
[A]";

(3) for each ¢ : [w]® — 2, there is an A € U such that ¢ is constant on [A]*;

The homogeneity properties given by Items (2) and (3) of Theorems 1.8 and 1.10 can
be improved to cover all analytic partitions of FINM! and [w]“ respectively. In the pres-
ence of large cardinals, they can be strengthened even further to obtain homogeneous
sets for any partition in the inner model L(R). This further strengthening leads to the
notion of a generic ultrafilter over a Ramsey space. Forcing with [w]* ordered by almost
inclusion adds a selective ultrafilter and forcing with FIN®! ordered by almost refine-
ment adds a stable ordered-union ultrafilter. Furthermore, it is a theorem of Todorcevic,
appearing in [10], that in the presence of large cardinals, the selective ultrafilters are
precisely those ultrafilters on w that are generic over L(R) for [w]” partially ordered by
almost inclusion. Similarly, in the presence of large cardinals, the stable ordered-union
ultrafilters are precisely those ultrafilters on FIN that are generated from a generic filter
over L(R) for FIN! partially ordered by almost refinement. Blass [7] proved the same
result in a version of the Solovay model.

Todorcevic [31] has investigated the abstract concept of a topological Ramsey space.
In [31], the space corresponding to Ramsey’s theorem is called the Ellentuck space and
the one corresponding to Hindman’s theorem and the Milliken-Taylor theorem is known
as the Milliken-Taylor space. The results discussed above establish that, in the pres-
ence of large cardinals, the selective ultrafilters are the generic ultrafilters corresponding
to the Ellentuck space, while the stable ordered-union ultrafilters are the generic ul-
trafilters corresponding to the Milliken-Taylor space. An abstract notion of generic
ultrafilter corresponding to an arbitrary topological Ramsey space has been studied
by Mijares [18].

The existence of canonical forms for functions has striking implications for which
ultrafilters may appear below a selective or a stable ordered-union ultrafilter in the
Rudin-Keisler or Tukey orders. Recall the following definitions.
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Definition 1.11. Let F be a filter on X and G a filter on Y. F is Rudin-Keisler below
or RK below G, written as F <pg G, if there is a function f : ¥ — X such that
F={ACX:f1(A)eg}

F is RK-equivalent to G, written as F =ri G, if F <pg G and G <pg F.

A subset B C F is said to be cofinal in F if for each A € F, there exists B € B with
B C A A map ¢ : G — F is a convergent map if the image under ¢ of every cofinal
subset of G is cofinal in F. F is said to be Tukey below G, written as F <7 G, if there
is a convergent map ¢ : G — F. If F < G and G <p F, then F and G are said to be
Tukey equivalent and this is denoted F =1 G.

It is a well-known fact (see e.g. [26]) that when ¢ and V are ultrafilters on w, U =rx V
if and only if there is a permutation e : w — w so that U = {e[A] : A € V}. In this case,
the equivalence U =gk V is often expressed by saying U and V are RK-isomorphic.

An easy consequence of Item (3) of Theorem 1.10 is that selective ultrafilters are
RK-minimal among all non-principal ultrafilters on w. Hence if & and V are selective
ultrafilters on w, then either U and V are RK-incomparable or they are RK-isomorphic.
Using the existence of a more complicated canonical form for convergent maps (see,
for example, Lemma 28 of [20]), it is proved by Raghavan and Todorcevic in [22] that
selective ultrafilters are also Tukey minimal among all non-principal ultrafilters on w.

Analogously, Item (4) of Theorem 1.8 implies that there are precisely two RK-
equivalence classes of selective ultrafilters that are RK-below a stable ordered-union
ultrafilter.

Definition 1.12. The function frax : FIN — w is defined by fmax(s) = max(s) and the
function fiin : FIN — w is defined by fmin(s) = min(s), for all s € FIN.

Definition 1.13. Let H be an ultrafilter on FIN. Then Hpin and Hpax are the RK-
projections of H induced by fmin and fiax respectively. More formally,

Honin = {M Cuw: f;lln(M) € H}
Hunax = {M Cw: fra (M) € H}.

Theorem 1.14 (Blass [6]). Let H be a stable ordered-union ultrafilter on FIN. Then Hpin
and Hmax are selective ultrafilters on w. Furthermore, Hmin Zrx Hmax, and hence Hmin
and Hmax are RK-incomparable.

It is also implicit in [6] that if H is a stable ordered-union ultrafilter and U is a selective
ultrafilter such that U <gpg H, then either U =g Hmin or U =rx Hmax- A modification
of the methods in [22] similarly shows that the only selective ultrafilters that are Tukey
below a stable ordered-union ultrafilter are the ones that are RK-isomorphic to H i, or
t0 Hmax-

Thus the existence of a stable ordered-union ultrafilter guarantees the existence of
at least two distinct RK-classes of selective ultrafilters. Blass’ question, which will be
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answered in this paper, asks if the converse is true. Blass had observed in [6] that under
the Continuum Hypothesis, any two RK-non-isomorphic selective ultrafilters are realized
at the Humin and Hmax of some stable ordered-union ultrafilter H.

Theorem 1.15. (Theorem 2.4 of Blass [6]) Assume CH, and let U and V be selective
ultrafilters such that U #py V. Then there is a stable ordered-union ultrafilter H such
that Hmax = U and Hpmin = V.

In the final sentence of [6], Blass asked whether the existence of at least two RK-
non-isomorphic selective ultrafilters guarantees the existence of a stable ordered-union
ultrafilter. The main result of this paper gives a negative answer to this long-standing
problem. It will be shown that there is a model of ZFC with 2% distinct RK-classes of
selective ultrafilters, but no stable ordered-union ultrafilters. It will also be shown that
for any x < No, it is possible to construct a model of ZFC with precisely x distinct RK-
classes of selective ultrafilters, but no stable ordered-union ultrafilters. These appear to
be the first known models of ZFC containing continuum many distinct generic ultrafilters
corresponding to some Ramsey space, but no generic ultrafilters at all corresponding to
another Ramsey space. The main theorems of this paper are the following.

Theorem 7.5. There is a model of ZFC containing exractly No pairwise mon-RK-
isomorphic selective ultrafilters on w and no stable ordered-union ultrafilters on FIN.

Theorem 8.20. Put S? = {a < wy : cf(a) = wi}. Let 'V be a transitive model of a suffi-
ciently large fragment of ZFC which satisfies CH and (512) Let k < Ny be a cardinal.
Suppose {Uy, : a < K} is a family of selective ultrafilters on w such that Uy Z gy Us, for
a # B. Then there is a cardinal preserving forcing extension of V in which:

(1) there are no stable ordered-union ultrafilters on FIN;

(2) each U, generates a selective ultrafilter on w;

(3) the ultrafilter generated by U, is not RK-isomorphic to the ultrafilter generated by
Ug, for a # B;

(4) if V is any selective ultrafilter on w, then V is RK-isomorphic to the ultrafilter
generated by Uy, for some o < K.

The approach taken will be to iteratively destroy all stable ordered-union ultrafilters
while preserving all selective ultrafilters from a suitably chosen ground model. Many of
the ideas to be used have their roots in Shelah’s proof (Theorem 4.1 of §4 of Chap-
ter XVIII of [28]) of the consistency of a single P-point, up to RK equivalence, where a
similar strategy is employed. However, it has to be kept in mind that stable ordered-union
ultrafilters are not P-points, so the arguments used by Shelah, which rely heavily on the
combinatorics of P-points, cannot be applied directly. The major advance in this paper
is the introduction of a new partial order that allows different arguments to be employed
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to circumvent these difficulties. In fact, it may be of interest to restate the main result of
this paper in the language of forcing theory. In this language, the main result says that
for any stable ordered-union ultrafilter H, there is a proper w“-bounding forcing notion
IP(H) which preserves all selective ultrafilters and strongly destroys H, which means that
‘H cannot be extended to a stable ordered-union ultrafilter in any forcing extension by
any w“-bounding forcing that contains P(#) as a complete suborder.

New techniques for proving the preservation of selective ultrafilters are introduced in
establishing the main result. All previously known methods for destroying an ultrafilter
V while preserving a selective ultrafilter require that ¥V be a P-point. The new methods
introduced in this paper allow the destruction of the non-P-point H while H i, and
Hmax are both preserved. It is well known (see Corollary 3 of [5]) that a P-point cannot
have two RK-non-isomorphic selective ultrafilters RK-below it. Hence this paper is the
first known instance where an ultrafilter V is destroyed while two RK-non-isomorphic
ultrafilters that are RK-below V are preserved.

2. Some preliminaries

This section will establish several combinatorial results about two player games on
selective and stable ordered-union ultrafilters that will be essential to virtually all of the
results in later sections. The most important of these will be Lemma 2.14. It also provides
a good opportunity to establish notation and to gather together some well-known results
as well as some simple observations involving the concepts defined in Section 1.

Definition 2.1. If F' is a function and X C dom(F), then F [X] denotes the image of X
under F. Formally, F'[X]| ={F(z):z € X}.

With regard to the notations of Definition 2.1 and Definition 1.3 from Section 1,
the reader should bear in mind that if F' is a function and X C FIN is such that
X C [X] € dom(F), then F [X] is the image of X under F' while F'[[X]] is the image of
[X] under F. This is unlikely to cause confusion.

Definition 2.2. Let X be any set. T C X <% is called a subtree if T is downwards closed.
In other words, T C X <% is a subtree if and only if

Vg € TVI' < dom(g) [g]l" € T].

For a subtree T C X <% the nth level of T, denoted Lev,(T), is {f € T : dom(f) = n},
for all n € w. For a subtree T C X<% and f € T, define

T(f)={9eT:fSgVgC [}
sucer(f)={o: f" (o) €eT}.
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For a subtree T C X <% [T] denotes the collection of all infinite branches through T'. In
other words,

[T]={feX¥“:View|[flleT]}.

Note that if H is an ordered-union ultrafilter on FIN, then for any A € H and k € w,
{s € A : min(s) > k} € H because {s € A : min(s) < k} does not contain any set of
the form [X] for X € FINI, Although the next lemma does not explicitly appear in
Blass [6], it is a direct consequence of Theorem 1.8 (Theorem 4.2 of Blass [6]).

Lemma 2.3. Suppose H is a stable ordered-union ultrafilter on FIN. Then for any A € H,
1 <nk<w, and c: A" — k, there exists B € H such that B C A and ¢ is constant
on B,

Lemma 2.4. Suppose H is a stable ordered-union ultrafilter on FIN. Suppose (A,, : n € w)
is a sequence with A, € H, for all n € w. Then there exists X € FIN! such that
[X] € H, [X] C Ao, and Vi € w [[{X(4) : 5 > i}] € Amax(x(i)))-

Proof. Define ¢ : FINI? — 2 as follows. Given s,t € FIN with s <p t, set c({s,t}) =11if
and only if t € Anax(s)- By (3) of Theorem 1.8, there is A € H such that c is constant
on A2, Suppose ¢ is constantly 0 on APl As A € H it follows that A # 0 and so it is
possible to fix some s € A and put [ = max(s). Note that B = {t € A : min(t) > I} € H.
If t € B, then {s,t} € AP, whence t ¢ A; by the hypothesis that ¢ is constantly 0 on
APl Thus BN A; = (), which is impossible because B, A; € H. Therefore, ¢ must be
constantly 1 on A2l AN Ay € # and so there exists X € FIN®! such that [X] € # and
[X] € AN Ag. Consider any i € w and any t € [{X(j) : j >4}]. Then {X(i),t} € AP,
whence t € A ax(x(i)) because c is constantly 1 on A2l Therefore, X is as required.

Definition 2.5. Suppose s € FIN. Define I(s) = {k € w : min(s) < k < max(s)}. Note
that min(s), max(s) € I(s). Suppose X € FINML Define N(X) = {J;o I(X (i) C w.

The classes 6o(H) and %1 (H) to be defined below will play an important role in Sec-
tion 6, where it will be shown that the main forcing notion used in this paper preserves
all selective ultrafilters. To elaborate, Definition 2.6 introduces two new classes of selec-
tive ultrafilters. These classes will be needed in Lemma 2.14, which in turn will play a
crucial role in the proof of Theorem 6.15.

Definition 2.6. For a stable ordered-union ultrafilter % on FIN, define é,(H) to be the
collection of all ¢ such that:

(1) U is a selective ultrafilter on w;
(2) for every X € FIN! if [X] € H, then there exists Y € FIN“! such that [Y] € H,
[¥] € [X], and N(Y) ¢ U.
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Define €1(H) to be the collection of all ¢ such that:

(3) U is a selective ultrafilter on w;
(4) YV [if V is a selective ultrafilter on w and V ¢ 6o(H), then U Zpx V).

Observe that €1 (H) C 6o(H).

Lemma 2.7. If H is a stable ordered-union ultrafilter on FIN, then Humin ¢ €o(H) and
Hmax & Go(H).

Proof. Suppose Y € FIN®! and that [Y] € H. Then fiin [Y]] € Hunin and fumax [Y]] €
Hmax- If k € fin [Y]], then k = min(s), for some s € [Y], which means k£ = min (Y (5)),
for some j € w. Thus k € I(Y(j)) C N(Y), and 80 fuin [[Y]] € N(Y) C w. Similarly,
it k € fmax [[Y]], then k = max(s), s € [Y], which means k = max (Y (j)), j € w. Thus
ke I(Y(j)) C NY), and 80 fuax [[Y]] € N(Y) C w. Therefore, N(Y) € Hpmin and
N(Y) € Hmax. Hence Hpin and Hax fail Clause (2) of Definition 2.6.

Definition 2.8. For an ultrafilter % on FIN, T is called an H-tree if T C FIN<¥ is a
downwards closed subtree of FIN<“ such that ) € T' and Vo € T [sucer (o) € H)].

For ultrafilters 2 on w and H on FIN, T is called a (U, H)-tree if T C (w U FIN)=“ is
a downwards closed subtree of (w U FIN)<* such that:

(1) 0 eT;
(2) Yo € T[|o] is even = succr (o) € U];
(3) Yo € T'[|o] is odd = succr(o) € H].

For an ultrafilter « on w, T is called a U-tree if T C w<%“ is a downwards closed
subtree of w<* such that § € T" and Vo € T [succr (o) € U].

For ultrafilters & and V on w, T is called an (U, V)-tree if T C w<¥ is a downwards
closed subtree of w<* such that:

(4) 0 eT;
(5) Yo € T'[|o] is even = succy (o) € UJ;
(6) Yo € T'[|o] is odd = succr(o) € V).

Lemma 2.9. Suppose H is a stable ordered-union ultrafilter on FIN and T C FIN<Y is
an H-tree. Then there exists f € [T] such that {f(i) : i € w} € FINV vi < j <
wlf(i) <v f()], and [{f(i) i € w}] € H.

Proof. Define

Sp={ceT:Vi<j<dom(o)[o(i) <p o(j)] and Vi € dom(o) [max (c(i)) < n]}
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for n € w. Note that each S, is finite and downwards closed. Hence A, =
N {sucer(o) : 0 € S, } € H (here (0 is taken to be FIN). Applying Lemma 2.4, find X €
FIN“! such that [X] € H, [X] C Ay, and for each i € w, [{X(j):j >i}] C Amax(X (9))-
Define f : w — FIN by setting f(i) = X(i), for all i € w. Since X € FINI for all
i< j<w, fi) = X(i) <o X(j) = f(j). To complete the proof, it suffices to argue
that f € [T], and for this, it suffices to verify that Vi € w|[f[i € T]. This is done by
induction on . f]0 = () € T by the definition of an H-tree. Since () € Sy, Ag C succr (D).
Therefore, f(0) = X(0) € X C [X] C Ay C sucer (D), whence (f(0)) € T. Now assume
i € w and that o = (f(0),..., f(i)) € T. Let n = max(f(i)). Then o € S,, and so
A, Csucer (o). Since f(i+1) = X(i+1) € Anax(x(i)) = Amax(f(5)) = An C sucer(o),
O, F0), G+ 1)) =0 ([ +1)) €T. -

Lemma 2.10. Suppose U is a selective ultrafilter on w and H is a stable ordered-union
ultrafilter on FIN. Suppose T C (w U FIN)~ is an (U, H)-tree. Suppose that U € €1 (H).
Then there exists G € [T] such that {G(2i):i € w} € U, {G(2i+1) :i € w} € FINW,
Vi<j<w|G(2i+1) <y G(2j+1)], and

{G(2i+1):icw)] €H.

Proof. Since Hpmin and Hmax are both selective ultrafilters on w, Hmin, Hmax ¢ Go(H),
and U € € (H), then U Zpi Hmin and U Zpyi Hmax- The following claim will be
established using this.

Claim 2.11. Suppose (B, :n € w) and (A, :n €w) are sequences such that ¥Yn €
w[Bn €U and A, € H]. Then there exist B € U and X € FIN“! such that:

(1) [X] e H;
(2) if (n; 1 i € w) is the strictly increasing enumeration of B, then for each i € w, n; <
min (X (i)) < max (X (i)) < nit1, Nit1 € Buax(x(i)), and {X(j) : j = i}] € Ay,;

Proof. Define A}, =, Am € H and B}, =(),,<,Bm € U, for all n € w. Since U is
selective, there is D € U such that D C B|) and Vi€ w [li_H = BI’J, where (I; : i € w)
is the strictly increasing enumeration of D. By Lemma 2.4, there exists Z € FIN]
such that [Z] € H, [Z] C Aj and for each i € w, [{Z(j):j > i}] € AL, 7)) Define
¢:w— wand Y :w — w as follows. For m € w, p(m) = min{l; : i € w and I; > m},
and

(m) = min {min (Z(¢)) : i € w and min (Z(¢)) > m}.

As Hmin €ri U, there exists K € U such that ¢ [K] ¢ Hmin, and as U Lpre Hmaxs
there is N € Hmax such that @[N] ¢ U. Thus E = DN K N (w\¢[N]) € U and
L=1[Z]Nn{s € FIN : min(s) € w\ ¢ [K]} N{s € FIN : max(s) € N} € H.
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Consider m € E and s € L with m < min(s). Let ¢ € w be such that
P(m) = min(Z(i)) > m. As s € [Z], m < min(s) = min (Z(j)), for some j € w.
By the minimality of ¢(m), min (Z(i)) < min (Z(j)), whence i < j. Since m € K,
min (Z(i)) = ¢(m) € Y [K], while min(Z(j)) = min(s) € w \ ¢ [K]. Therefore,
i <jands € [{Z(57): 5" >i}] C Al z0)- Since m < min(Z(i)) < max (Z(i)),
A]’max(z(z)) C A,,,and so s € A,,. Thus s € A,,, whenever m € FE and s € L with
m < min(s).

Next, consider m € E and s € L with max(s) < m. As m € D, m = l;, for some
J € w. There exists ¢ € w such that ¢(max(s)) = [; > max(s). Since max(s) < [;, the
minimality of p(max(s)) implies that I; <[;, whence ¢ < j. As s € L, max(s) € N, and
so l; = p(max(s)) € @[N], while I; = m € w\ ¢ [N]. Therefore, i < j. It now follows
that m =1[; € Bl’j_1 and that max(s) < {; <;_1, and so Bl’j_1 C Brax(s)- Therefore,
m € Bax(s)- Thus m € Bpax(s) whenever m € E, s € L, and max(s) < m.

Define ¢ : L2l — 2 as follows. Given s,t € L with s <y t, ¢({s,t}) = 0 if and only if
Im € E[max(s) < m < min(t)]. Find R € H such that R C L and c is constant on RI%.
This constant value cannot be 1. To see this, argue by contradiction and suppose it is
1. Fix some s € R. Find m € E with max(s) < m. Now find ¢ € R with m < min(¢).
Then ¢({s,t}) = 0 contradicting the supposition that the constant value is 1. Hence
¢ is constantly 0 on RI?!. Pick ng € E and let R* = {s € R : min(s) > ng} € H.
Let Y € FIN®! be such that [Y] € # and [Y] C R*. Since U € %,(#), there exists
X e FIN®) such that [X] € #, [X] C [Y], and N(X) ¢ U. For each i € w, define
J(i) = {m € w : max(X(i)) < m < min(X(i+ 1))}, and let J(X) = J;c,J(9).
As X € FIN it is clear that w = min(X(0)) U N(X) U J(X), and since N(X) U
min(X(0)) ¢ U, J(X) € U. Note that ny < min (X ( )) because X(0) € R*. Let P =
ENnJ(X) €U Ifi € w, then {X(i),X(i + 1)} € R and so there exists m € E with
max (X (7)) < m < min (X (i + 1)). By definition, m € J(i) C J(X), whence m € P.
Hence for every i € w, J(i) N P # . Since P C J(X), since U is a Q-point, and
since Vi < i* < wl[J(3) N J(i*) = 0], there exists Q € U so that @ C P C J(X) and
ViewlQNJ()| =1]. Let B=QU{no} € U. Observe that B Nmin (X (0)) = {no}. It
now follows that the strictly increasing enumeration of B has the form (n; : i € w), where
ng is the value chosen earlier and for each i € w, n; < min (X (7)) < max (X (¢)) < ny1.
Note that for any i € w, n;41 € Q C P CE, X(i) € [X]C[Y]C R*CRC L, and
max (X(Z)) < Njyg1, whence ni41 € Bmax(X(i))- If s e [{X(]) 1] > Z}], then s € [X] CL
and min(s) > min (X (¢)) > n;. Further, n; € E because ng € E and @Q C E. Hence
s€Ay,.So [{X(j):j>1i}] CA,,. This verifies (2). (1) is satisfied by the choice of X.
Finally, (3) holds because BC EC D C By C By and [X]CLC[Z] C A, C Ap. -

To prove the lemma, define S,, to be the collection of all ¢ such that:
(1) o0 €T, dom(o) <n+1;

(2) Vi € dom(o) [i is even = o(i) < nl;
(3) Vi € dom(o) [i is odd = max(o(i)) < n],
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for all n € w. Then S, is finite, and so

B, = ﬂ {sucer(o) : 0 € S,, and |o]| is even} € Y
(with (0 interpreted as w) and

A, = ﬂ {sucer(o) : 0 € S, and |o| is odd} € H

(with (0 interpreted as FIN). Find B and X as in Claim 2.11, and let (n; : i € w) be
the strictly increasing enumeration of B. Define G : w — w U FIN by setting G(2i) = n;
and G(2i + 1) = X (i), for all i € w. Observe that by the properties of B and X, for
any i € w, if 7 is even, then ¢ < G(7), while if 4 is odd, then ¢ < max (G(7)). Since
X € FIN® forall i < j <w, G2i+1) = X(i) <o X(j) = G(2j +1). To complete
the proof it suffices to show that G € [T, and for this it suffices to show that G|l € T,
for all | € w. Now G]0 = @ € T by the definition of a (U, H)-tree. § € Sy and so
B C By C succr(P), whence ng € sucer(f). So 0™ (ng) = (ng) = (G(0)) € T. Letting
o = (ng), dom(c) =1 < ng+ 1, and so o € S,,. Therefore, X(0) € A4,, C succr(o),
and so o (X(0)) = (ng, X(0)) = (G(0),G(1)) € T. Now suppose ¢ € w and that o =
(ng, X(0),...,n;, X (1)) = (G(0),G(1),...,G(29),G(2i + 1)) € T. Then dom(o) = 2i +
2 = (2i+1)+1 < max (G(2i + 1))+1 = max (X (i)) +1, and s0 0 € Spax(x(i))- Therefore,
Nit1 € Brax(x()) € sucer(o), and so (ng, X(0),...,n;, X(4),ni11) = 0 (niq1) € T.
Now letting o = (ng, X(0),...,n;, X (i), ni41) = (G(O), G(1),...,G(2i),G(2i4+1),G(2i+
2)), dom(o ) =2i+3 = (2i4+2)+1 < G(2i+2)+1 =n;11+1,and so o € S, ,. Therefore,
X(i+1) € Ay,,, Csucer(o), andso o™ (X (i + 1)) = (no, X(0),...,n4, X(9), i1, X (i+
1)) = (G(0),G(1),...,G(2i),G(2i + 1),G(2{ + 2), G(2i + 3)) € T. Thus by induction,
I

Q

leT, foralll e w. -

Definition 2.12. Define the following two player games.

(1) Let H be an ordered-union ultrafilter on FIN. The stability game on H, denoted
083 (H) . is a two player perfect information game in which Players I and IT alterna-
tively choose sets A; and s; respectively, where A; € H and s; € A;. Together they
construct the sequence

A07507A17517"'7

where each A; € H has been played by Player I and s; € A; has been chosen
by Player II in response. Player II wins if and only if Vi < j < w[s; <p s;] and
[{si:i<w}] eH.

(2) Let U be an ultrafilter on w and let H be an ordered-union ultrafilter on FIN. The
selectivity-stability game on (U, H), denoted 0315t (I{ H), is a two player perfect
information game in which Players I and II alternatively choose objects as follows:
when i is even, Player I chooses B; € U and Player II responds with n; € B;; when 4
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is odd, Player I chooses A; € H and Player II responds with s; € A;. Together they
construct the sequence

BOanO;Alvsl,“',

where each Bg; € U has been played by Player I and ny; € By; has been played by
Player II, and each As;11 € H has been played by Player I and s2j41 € Agj4q has
been played by Player II. Player II wins if and only if {ng; : j e w} e U, Vi < j <
w [S2i+1 <v S2j+1], and [{s2j4+1 1 j <w}] € H.

(3) Let U and V be ultrafilters on w. The selectivity-selectivity game on (U, V), denoted
oSelsel (14 V), is a two player perfect information game in which Players I and II
alternatively choose objects as follows: when ¢ is even, Player I chooses B; € U and
Player II responds with n; € B;; when i is odd, Player I chooses A; € V and Player
IT responds with n; € A;. Together they construct the sequence

By, ng, Ay,na, ...,

where each By; € U has been played by Player I and no; € Ba; has been played
by Player II, and each Ajj;1 € V has been played by Player I and noj11 € Agji1
has been played by Player II. Player II wins if and only if {ng; : j € w} € U and
{ngjy1:j €w}eV.

(4) Let U be an ultrafilter on w. The selectivity game on U, denoted D3 (U), is a two
player perfect information game in which Players I and II alternatively choose A;
and n; respectively, where A; € U and n; € A;. Together they construct the sequence

A07n07A17n17 teey

where each A; € U has been played by Player I and n; € A; has been chosen by
Player II in response. Player II wins if and only if {n; : i < w} € Y.

Lemma 2.13. Suppose H is a stable ordered-union ultrafilter on FIN. Then Player I does
not have a winning strateqy in O5**(H).

Proof. Suppose for a contradiction that ¥ is a winning strategy for Player I in 05*2°(H).
Let T be the collection of all ¢ € FIN<“ for which there exists a function 7 such that
dom(7) = dom(o) and ((7(i),0(i)) : i € dom(o)) is a partial run of ©3*3*(#) in which
Player I has followed 3. Observe that if ¢ € T, then there is precisely one function 7
which witnesses this. It is also easily seen that T is an H-tree. By Lemma 2.9, find f € [T]
such that the conclusions of that lemma are satisfied. Then Vn € w [fn € T). It follows
from the argument for the uniqueness of the witness to f[n € T for each n € w that there
is a sequence (A; : i € w) such that ((A4;, f(i)) : i € w) is a run of ©5*3°(H) in which Player
I has followed . However Player II wins this run because Vi < j < w[f(i) <p f(j)] and
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[{f(#) : % € w}] € H. This contradicts the supposition that ¥ is a winning strategy for
Player I and concludes the proof. -

Lemma 2.14. Suppose U is a selective ultrafilter on w and H is a stable ordered-union
ultrafilter on FIN. Suppose that U € 61(H). Then Player I does not have a winning
strategy in OSSP (U H).

Proof. This is similar to the proof of Lemma 2.13. Suppose for a contradiction that
¥ is a winning strategy for Player I in 0315t ({{ H). Let T be the collection of all
o € (wUFIN)<* for which there exists a function 7 such that dom(7) = dom(s) and
{{r(i),0(i)) : i € dom(0o)) is a partial run of 5152 (1/, H) in which Player I has followed
3. Observe that if ¢ € T, then there is a unique function 7 witnessing this. It is also
easy to see that T is an (U, H)-tree. By Lemma 2.10, there exists G € [T] satisfying
the conclusions of that lemma. Then Vn € w[G[n € T]. It follows from the argument
for the uniqueness of the witness to G[n € T for each n € w that there is a sequence
(C; i € w) € (UUH)” such that ((C;, G(i)) : i € w) is a run of D315%2® (1 H) in which
Player I has followed . However Player II wins this run of the game because {G(2i) :
tEweU,Vi<j<w[G2i+1)<p,G(25+1)], and [{G(2¢{ +1) : ¢ € w}] € H. This
contradicts the hypothesis that ¥ is a winning strategy for Player I and concludes the
proof. -

It is worth noting here that the hypothesis that U € @ (H) is necessary for
Lemma 2.14. Under CH, weaker hypotheses such as U #px Hmin and U Zpx Hmax
are provably not sufficient for the conclusion. More precisely, it is an unpublished result
of the authors that if CH holds, then there exists a stable ordered-union ultrafilter H
on FIN and a selective ultrafilter U on w such that U #px Hmin, U Zrrx Hmax, and
yet Player I has a winning strategy in 0%°%%2 ({4, #). This counterexample will not be
needed for any of the results in this paper.

Lemmas 2.16 and 2.18 are well-known. However, as explicit proofs do not seem to be
published anywhere, we will prove them here for completeness using two other lemmas
that are explicitly proved in the literature.

Lemma 2.15 (Blass; Shelah). Suppose U and V are selective ultrafilters on w such that
U Z#pi V and that T is a (U, V)-tree. Then there exists g € [T] such that {g(2i) : i €
wteU and {g(2i+1):i e w}eV.

Proof. Combine Theorem 5 on Page 232 of [7] and Lemma 1.2 on Pages 97 and 98 of
[6]. A

Lemma 2.16 (Shelah [28]). Let U and V be selective ultrafilters on w. If U Zpi V, then
Player I does not have a winning strategy in 05151 (U, V).
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Proof. Suppose for a contradiction that ¥ is a winning strategy for Player I in
oSelsel (14 V). Let T be the collection of all 0 € w<* for which there exists a func-
tion 7 such that dom(r) = dom(o) and ((7(i),0(3)) : ¢ € dom(o)) is a partial run of
oSelSel (74 V) in which Player I has followed 3. Observe that if ¢ € T, then there
is a unique function 7 witnessing this. It is also easy to see that T is a (U,V)-
tree. By Lemma 2.15, there exists g € [T] satisfying the conclusions of that lemma.
Then Vn € wlgln € T]. It follows from the argument for the uniqueness of the wit-
ness to gln € T for each n € w that there is a sequence (C;:i€w) € UUV)"
such that ((C;,g(7)) : i € w) is a run of 0% ({4, V) in which Player I has followed
Y. However Player II wins this run of the game because {¢(2i) : i € w} € U and
{g(2i 4+ 1) : i € w} € V. This contradicts the hypothesis that ¥ is a winning strategy for
Player I and concludes the proof. -

Lemma 2.17 (Grigorieff; Galvin; Prikry). Suppose U is a selective ultrafilter on w and
T Cw<¥ is a U-tree. Then there exists f € [T] such that {f(i):i € w} eU.

Proof. See Item (d) of Theorem 4’ on Page 231 of [7]. -

Lemma 2.18 (Galvin; McKenzie). Suppose U is a selective ultrafilter on w. Then Player
I does not have a winning strategy in 0%t (U).

Proof. Suppose for a contradiction that X is a winning strategy for Player I in 0% ().
Let T be the collection of all ¢ € w<¥ for which there exists a function 7 such that
dom(7) = dom(o) and ((7(i),0(i)) : i € dom(c)) is a partial run of O5°*(Y/) in which
Player I has followed Y. Observe that if o € T, then there is precisely one function 7
which witnesses this. It is also easily seen that T is a U-tree. By Lemma 2.17, find f € [T]
such that the conclusions of that lemma are satisfied. Then Vn € w [fIn € T]. It follows
from the argument for the uniqueness of the witness to f[n € T for each n € w that
there is a sequence (A; : i € w) such that ((4;, f(i)) : i € w) is a run of 0%} () in which
Player I has followed X. However Player II wins this run because {f(i) : i € w} € U.
This contradicts the supposition that ¥ is a winning strategy for Player I and concludes
the proof. -

3. The partial order

This section introduces the main forcing notion used in this paper. For a fixed stable
ordered-union ultrafilter H, a partial order P(H) is defined. A key idea in the definition
of P(H) is the combinatorial notion of a (k,s)-big set introduced in Definition 3.2.
Basic properties of P(#H) will be established in this section. In subsequent sections, it
will be shown that P(H) is proper, w*-bounding, destroys H and preserves all selective
ultrafilters.

Definition 3.1. For s € FIN, define s~ = s\ {max(s)}. Note that s~ C max(s).
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Definition 3.2. Let ¥ <[ < w and s € FIN with | = max(s). A C 2P® is (k, s)-big if for
every o : P(k) — 2, there exists 7 € A such that Yu € P(k) [o(u) = T(uU s7)].

Remark 3.3. When min(s) < k, (k, s)-big sets generally do not exist. So even though the
definition of a (k, s)-big set makes sense when min(s) < k, it will generally not be used
in this situation. Note also that (k, s)-big sets are non-empty.

Lemma 3.4. Suppose k < k' <1 < w and s € FIN with | = max(s). If A C 2P s
(K', s)-big, then A is also (k, s)-big.

Proof. Let o : P(k) — 2 be given. Define o' : P(K') — 2 by o'(u) = o(u N k),
for all v € P(K'). Note that if u € P(k), then o'(uv) = o(unNk) = o(u). Since
A is (K',s)-big, there exists 7 € A such that Yu € P(k')[¢o'(u) = 7(uUs™)]. Then
Vu € P(k)[o(u) =o' (u) =1(uUs™)]. -

Definition 3.5. Define T = J;,[[,,27®. Then (T, C) is a tree and recall from Defi-
nition 2.2 that for any subtree T C T,

[T] = {Fe I]2"® :VZEw[F[leT]}.

kew

Note that [T] for a subtree T'C T and [A] for a subset A C FIN are entirely different
objects. This should not be a source of confusion.

Definition 3.6. Let 7 be a stable ordered-union ultrafilter on FIN. p is called an H-
condition if p =T, C T is a subtree such that the following hold:

(1) 0 €Ty
(2) VfeT,Vdom(f) <n<wdgeT,[f CgAn<dom(g);
(3) for each k € w, H, i, € H, where H, j, =

{s € FIN : k < max(s) AVf € LeViax(s)(T}) [sucer, (f) is (k, s)-big] } .

Let P(H) = {p:pis an H-condition}. Define ¢ < p if and only if T, C T, for all
p,q € P(H).

From now until the end of Section 6, H will be a fixed stable ordered-union ultrafilter
on FIN.

Lemma 3.7. Suppose p = T, C T is a subtree satisfying (1) and (2) of Definition 3.6.
Suppose there are infinitely many k € w for which Hy,j, € H. Then p is an H-condition.
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Proof. Let k € w be given. Choose k < k' < w for which Hy,» € H. Then Vs €
Hp o [k < max(s)]. Consider s € Hy s and f € LeVyax(s)(Tp). Then k < k" < max(s) <
w, s € FIN, and sucer, (f) € 2Pmax(9)) is (K, s)-big. By Lemma 3.4, sucer, (f) is also
(k, s)-big. Thus

Vs € Hyp iV f € LeVmax(s)(T}) [sucer, (f) is (k, s)-big] .
Thus Hpj, 2 Hp and so Hyp € H.

Lemma 3.8. Suppose p € P(H). For each H C FIN and m < k < w, define H [m, k] to
be

{s™:s € H and max(s) = k and min(s) >m}.

There exists H € H such that for each | € w, for all but finitely many k € fmax [H],
[ <k and

HIL,K]
Vf € Levy(T,)Vg € (27’”)) (*1.k)

3r € sucer, (f)Ver C IVu € H [I, k] [T(z Uu) = g(u)(x)].

Proof. For n € w, let A, = Hp 11 € H. Applying Lemma 2.4, find X € FINL! such
that [X] € H, [X] C Ao, and Vi € w [{X(j) : j > i}] € Amax(x())]- Let H = [X] and
fix | € w. Let ip € w be such that min (X (i9)) > [, and consider any k € fiax [H] with
k > max (X (ip)). Note I < min (X (4p)) < max(X(ig)) < k. Since k € fmax [H] and
max (X (i9)) < k, there is a unique i € w with ¢ > iy and max (X (i + 1)) = k. It follows
that if s € H with max(s) =k, and | < min(s), then

s=(s\XE+1)UX(@E+1),
(s\X(+1)) € max(X(4)) + 1, and Vo € (s\X(i+1))[l <z]. By the choice of
X, X(Z + 1) S Amax(X(i)) = Hp’max(x(i))J’,l. Consider any f S Levk(Tp). Then
sucer, (f) is (max (X (i)) +1,X (i + 1))-big. Suppose g : H[l,k] — 2P0 is given.

Define o : P (max (X(i))+1) — 2 as follows. Given w € P (max(X(3))+ 1), let
Sw=(w\)UX(@{E+1)

g(sy) (wni) ifs, € H,
o(w) =
0 otherwise.

Find 7 € succr, (f) such that

Y € P (max (X (i) + 1) [a(w) - (w U(X(+ 1))—)} .
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Fixx Cland u € H [I,k]. Then u = s~, where s € H, max(s) = k, and ! < min(s). Fur-
ther, (s \ X (¢ + 1)) € max (X (7)) + 1, and since max (X (ip)) < max (X (i + 1)), ig < 4,
whence z C | < min (X (ip)) < max (X (ip)) < max (X (i)) < max(X(i)) + 1. There-
fore, w = x U (s\ X(i+1)) € P(max (X(¢)) + 1). Further, if z € (s\ X(i + 1)), then
[ < z, whence z € w \ I. Therefore, w\ ! = (s\ X(i+1)) and w Nl = x. Therefore,
sw=(\X({E+1)UX@i+1) =s,andu=s" =s, =(s\X(E+1)U(X@GE+1))".
Therefore, 7(x Uu) = 7 (J: U\ X@E+1)U(X@GE+ 1))_) =7 (w U X+ 1))_> =
o(w) = g (u) (z), precisely as needed. -

Lemma 3.9. T € P(H).

Proof. All of the requirements with the possible exception of (3) of Definition 3.6 are
clear. To verify this, given k € w, define H = {s € FIN : min(s) > k}, and note that
H € H. Clearly, Vs € H [k < min(s) < max(s)]. Consider s € H. Let | = max(s) and
consider f € Lev;(T). Let A = sucer(f) = 2PW. To see that A is (k, s)-big, consider
o : P(k) = 2. Define 7 : P(I) — 2 by 7(t) = o(t N k), for all t € P(l). Then 7 € A.
Note that for any v € P(k), (uUs™) Nk = u. So for every u € P(k), by definition,
T(wUs™)=0c(uUs )Nk)=oc(u). Thus H C Ht j, and so Hy ,, € H. -

Lemma 3.10. Suppose p € P(H). Then for any f € T,, ¢ = T,(f) € P(H) and q < p.

Proof. Clearly, T),(f) C T, C T and T,(f) is a subtree of T. ) € T,,(f) because 0§ € T),
and () C f. Next, suppose e € T,,(f) and dom(e) <n < w. Let h = eU f. Then h € {e, f}
and dom(h) = max{dom(e),dom(f)}. As h € T, and dom(h) < m = max{dom(h),n} <
w, there exists g € T), with h C g and m < dom(g). f Ch Cg,s0g € T,(f). Ande C h C
g and n < m < dom(g), as required. Finally, fix k € w. Let H = {s € H, : min(s) >
dom(f)} € H. Then Vs € H [k < max(s)]. Suppose s € H and e € Levmax(s)(TpU)).
Then s € Hpk, € € LeVyax(s)(Tp), and dom(e) = max(s) > min(s) > dom(f), whence
f C e. Thus sucer, sy (e) = sucer, (e) is (k,s)-big. Thus H C H,x, and so H,, € H.
Thus ¢ € P(H) and ¢ <p. -

Lemma 3.11. Let p € P(H). Let l € w, 1 < m < w, and e1,...,e, € Levi(Tp). If

P1s---,Pm € P(H) are such that V1 < i < m[p; < Tp(ei)], then ¢ = Ty = UycicpTpi €
P(H), for each 1 <i<m, p; <gq, and ¢ < p.

Proof. Foreach1 <i <m,T, C Ty(e;) CT,.SoT, C T, C T and clearly T, is a subtree
of T. § € T because () € T, . Next, suppose f € T, and dom(f) <n < w. Then f € T),
for some 1 < ¢ < m, and so there exists g € T},, such that f C gand n < dom(g), whence
g € T, as well. Next, fix k € w and define H = Hy,, ,N---NH,, 1 € H. For every s € H,
s € FIN and k < max(s) < w because s € Hp, . Consider f € LevVyax(s)(Ty). Then
for some 1 <i < m, f € Levyax(s)(Tp,). Since sucer, (f) is (k, s)-big and sucer, (f) C
sucer, (f) € 2P@ax(9) " sucer, (f) is also (k, s)-big. Thus H C Hg, and so Hyy € H.
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Therefore ¢ € P(H). Finally, since T, C T}, ¢ < p, and for all 1 <1i < m, since T},, C Ty,
pi <q.

Lemma 3.12. Suppose (p; : i € w) and X satisfy:

(1) Vi e wlp; € P(H)] and Vi € w [pi+1 < pil;

(2) X € FINW with [X] € H;

(3) fOT’ ea’Ch 7’ 6 w! X(l + 1) G Hpi+1,max(x(i))+1;

(4) for each i < j < w and for each € € LeVyax(x (i) (Tp,). sucer,, (e) € sucer, (e).

Then ¢ =Tq = ;e Tp; € P(H).

€W
Proof. For ease of notation in this proof, the symbols T; will replace T},, I; will denote
max (X (4)), and H; , will be used for Hy,, i, for alli € wand k € w. Clearly, T, C Ty C T
and T, is a subtree of T. Since () € T; for every i € w, (0 € T,. Next, suppose f € T,
and that dom(f) < n < w. Let F = {e € Ty : dom(e) =n A f C e}. Then F is a finite
set. For each i € w, f € T;, and so there exists g € T; with f C g and n < dom(g).
Then g[n € T;, dom(g[n) = n, and f C gn, whence gln € F NT;. Thus Vi € wle; €
Fle; € T;]. As F is finite, there exists e € F such that 3% € w[e € T;]. Since Vi < j <
w [T; C T;), it follows that e € T,. Therefore T, satisfies (2) of Definition 3.6. To see that
T, satisfies (3) of Definition 3.6, fix k£ € w. Choose iy € w such that k£ < min (X (i)).
Let H = {s € [X] : min(s) > max (X (i9))} € H. Suppose s € H. Then s € FIN and k <
min (X (4p)) < max (X (ip)) < min(s) < max(s). Let I = max(s). Then | = max (X (i1)),
for some ¢; € w. Since max (X (ip)) < max (X (i1)), i1 = i+ 1, where iy < i < w. Note
that s\ X(z+ 1) Cmax (X)) + 1, (s\X@E+1)Nk=0,s=s\XE+1)UXE+1),
and s~ = (s\ X(i+ 1)) U(X(E+1))" . Further, if u C k, then for any x € u, x < k <
max (X (i) < max (X (4)) < max (X (7)) + 1, and so v C max (X (¢)) + 1. Therefore
wU (s\ X(+1) C max(X(i)) + 1 and (uU (s\ X(i+1))) Nk = u. By hypothesis,
X(i+41) € Hiy1 max(x(i))+1- Now, fix f € Levi(T}). It needs to be seen that succr, (f)
is (k,s)-big. To this end, let o : P(k) — 2 be fixed. Since f € Leviax(x(i+1))(Tit1),
succr,, (f) is (max (X (i)) + 1, X (i 4+ 1))-big. Now define ¢* : P (max (X (i)) +1) — 2
by setting o*(w) = o(w N k), for all w € max (X(i)) + 1. Find 7 € succr,,,(f) such
that for each w C max (X (¢)) + 1, o*(w) =7 (w U (X 4+ 1))_). Consider any i + 1 <
J <w. Then f € Levmax(x(i+1))(T}), and the hypothesis is that sucer,,, (f) € sucer; (f).
Thus 7 € sucer, (f), and so f~(7) € T;. Hence Vi+ 1 < j < w[f™(r) € T}], whence
J () € Ty. Therefore 7 € succr, (f). Take u C k. Then uU (s\ X(i+1)) = w C

max (X (i) + 1 and w Nk = u. So o(u) = o(wN k) = o*(w) = (w U(X(Gi+ 1))*) -
T (u U\ X@GE+1)U(X @+ 1))7) = 7(uUs™). This proves that succr, (f) is (k, s)-
big. Thus H C H, x, and so H, € H. This concludes the proof that ¢ € P(H).

Definition 3.13. Define the following two player game called the H-condition game and
denoted 0% (H). Players I and II alternatively choose (p;, A;) and s; respectively, where
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(1) p; e P(H) and A; € H;
(2) s; € Ay
(3) there exists (pjc : € € LeViax(s;)+1(Tp;)) such that

Ve € LeVimax(s)+1(Tp;) [Pie < Tp,(e)]

and pip1 =Tp,,, = U {T et €€ Levmax(si)Jrl(Tpi)}

Together they construct the sequence

<p07A0> » S0, <P17A1> yS1yeny

where each (p;, A;) has been played by Player I and s; has been chosen by Player II in
response subject to Conditions (1)-(3). Player II wins if and only if Vi < j < w [s; <y s;],
{si:i<w} eH,and ¢ =T, = ;e Tp. € P(H).

Lemma 3.14. Player I does not have a winning strategy in 0% (H).

Proof. Suppose for a contradiction that ¥ is a winning strategy for Player I in 0% (H).
Define II and ® such that:

(1) II is a strategy for Player I in 05t (H);
(2) for each n € w, if ((By, s;) : i < n) is a partial run of 0% () in which Player I has
followed II, then @ ({((B;,s;) : i < n)) = {((p;, 4;) : 4 < n) and

((pi, Ai) , 83) 16 < )

is a partial play of ¢ () in which Player I has followed X and it has the property
that Vi <n [Bi+1 =A;i1 N HpiJrhmax(si)Jrl];
(3) for each n € w, if ((B;,s;) : i < n+ 1) is a partial run of O5*3° (H) in which Player I

has followed II, then
D (((B;,si):1<n))=D(((B;,s;): i <n+1)In+1.

IT and ® will be defined inductively. Let X(0) = (po, Ag) and define II(()) = By = Aj.
As By € H, this is a valid move for Player I in 0% (). Note that every partial run
of 0% (H) of length 1 in which Player I has followed II will have the form (B, so),
where sy € By = Ag. For any such (By, so), define ®({(By, s9)) = (po, Ao), and note that
{{po, Ao) , s0) is a partial run of 0% (#) in which Player I has followed 3. Now suppose
n € w, ((B;,s;) 11 <n) is a partial run of ©5* (H) in which Player I has followed II,
O (((Bi; s:) : i <)) = ({pi, Ai) 10 < m),

(((pi, As) , si) 10 < m)
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is a partial run of 0™ (H) in which Player I has followed X, and

Vi <n [Bi+1 =A;41N Hpi+1,max(si)+1} .
Let X ((({pi, Ai),8:) : 1 <)) = (ppt1, Any1). Then p, 1 € P(H) and A1 € H. Hence
Bpuy1=Ant1 N Hp || max(s,)+1 € H. Note that B, 11 is therefore a legitimate move for
Player 1 in 0% (). Define 11 ({(B;, s;) : i <n)) = B,11. Note that any continuation
of ({Bj,s;):i<n) to length n + 2 in which Player I follows IT must have the form
({Bj, s;) i <n+1), where 41 € Bpt1. Given any such ((B;,s;) : i < n+ 1), define
D (((Byysi):i<n+1)) = ((p;, 4;) i <n+1). Note that ({{p;, 4;),s:) i <n+1)is
a partial run of 0% (H) in which Player I has followed ¥ because of the definition of
(Pn+1, Ant1) and spq1 € Bpy1 C Apgq. Further, by definition and by the induction
hypothesis,
Vi <n [Biy1 = Ait1 0 Hp,,, max(s))+1) -

Thus the inductive definition satisfies (1)—(3). This concludes the definition of IT and ®.

Since II is not a winning strategy for Player I in oSt (%), there is a play
((Bi,si) 1i <w) of O (H) in which Player I follows I and loses. There exists
({piy A;) 11 < w) such that for each n € w, ®(((B;,s:):i<n)) = {(pi, A;) : i < n).
Therefore, (((p;, Ai),s;):i<w) is a play of 0% (H) in which Player I has fol-
lowed ¥, and Vi < w [Bi+l =A;1 N Hpi+1,max(si)+1]. Since Player II wins the play
((Bi,si) i <w), Vi < j<wls; <p ;] and [{s; : i <w}] € H. Lemma 3.12 will be used
to verify that ¢ = T, = ;. Tp, € P(H). To this end, let X = {s; : i < w}, and note
that X (i) = s;, for all i € w. Note also that by (3) of Definition 3.13 and by Lemma 3.11,
Di+1 < p;, for all i € w. For each i € w, s;4+1 € B;41, and so X(Z+ 1) € Hpi+1’maX(X(/i))+1.
Next, fix some ¢ < w. It will be proved by induction on j that for each i < j < w and
for each e € Levmax(X(i))(ij), sucer,, (e) C sucer, (e). This is clear when i = j. As-
sume this is true for some ¢ < j. Fix e € Levyax(x (1)) (T]DJAJrl
Since Ty, , €T, € € LeViyax(X (i) (ij). So by the induction hypothesis, o € sucer, (e).
Therefore e™ (o) € T, and dom (e¢™ (o)) = max (s;) + 1 < max (s;) + 1. Choose e* such
that e (o) C e* and e* € LeVyax(s;)+1(Ip,)- By (3) of Definition 3.13, there exists
Pjer < Tp;(e*) such that T), . C T}, . Since e (o) C e*, e (o) € T, ... Therefore
e (o) € Tp,,.,, whence o € sucer, (e), as required. This concludes the induction.
Thus the hypotheses of Lemma 3.12 are all satisfied, and so ¢ = T, = (", Tp, € P(H).
However, this means that Player IT wins the play (((p;, 4;) , s;) : i < w) of 0% (H) even
though Player I has followed ¥ during this play, contradicting the hypothesis that ¥ is

) and consider o € sucer,, (e).

a winning strategy for Player I in 0= (#). -

Lemma 3.15. Suppose ({(p;, A;),si) 11 € w) is a run of O (H) which is won by Player
IL If g = Ty = ;e Ty, » then for eachi € w,

Vf €T, [dom(f) <max(s;) +1 = feT,].
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Proof. Recall that by Clause (3) of Definition 3.13 and by Lemma 3.11, p; 41 < p;, for all
i € w.Fixi € wand f € T, with dom(f) < max(s;)+1. It will be proved by induction on
jthatvVi <j <w [f € ij} . When j = i, there is nothing to prove. Suppose the statement
holds for some i < j < w. So f € T},; and dom(f) < max(s;) +1 < max(s;) + 1. Choose
e € Tp, such that f C e and dom(e) = max(s;) + 1. By Clause (3) of Definition 3.13,
there exists pj . < Tj,(e) so that T),, . €T, ... As f Ce, f€ Ty ,andso feT,,,.

This concludes the induction. Thus, Vi < j < w [f € Tp,], whence f € Ve, Tp = Ty

j,e?

Lemma 3.16. Suppose ({(pi, A;),si) : i € w) is a run of O (H) which is won by Player
II. Leti € w and g = Tq = ﬂjEWTZDj‘ If S;i11 € Hle,max(si)—i-ly then s;+1 € Hq,max(si)—i-l'

Proof. Assume s;11 € Hp,, | max(s;)+1- Lhen s;41 € FIN and max(s;) + 1 < max(s;11).
Consider e € LeViax(s;y,)(Ty). Then e € Levmax(siﬂ)(TpiH) and so sucer, (e) is
(max(s;) + 1, si+1)-big. If o € sucer, , (e), then €™ (o) € T}, and dom (e (o)) =
max(siy1) + 1. Therefore, by Lemma 3.15, e~ (o) € T,, whence ¢ € succr,(e). Thus
sucer,,, (€) € sucer,(e) © 2P(max(si+1)) " and so sucer, () is (max(s;) + 1, s;11)-big.
This shows s;11 € Hy max(s;)+1-

4. Properness and reading of names

This section establishes that P(#) is proper, w*-bounding, and satisfies a version of
the continuous reading of names property (see [24]).

Lemma 4.1. Let 6 be a sufficiently large regular cardinal. Assume M < H () is countable
and that M contains all relevant parameters. Suppose f : w — M is such that ¥n €
w[f(n) € VEOD and Ibp(yy) f(n) € V]. Let p € P(H) N M. Then there exist ¢, X, and
F such that:

(1) ¢ <p, X € FIN| F is a function, dom(F) =

{(i,e) i € wAe € Levmaxxn+1(Ty) };

(2) [X} eEH,View [X(Z + 1) € Hq,max(X(i))«H];’
(3) for each i < j < w and each e € LeViyax(x(j)+1(1y),

Ty(e) IFp) f(i) = F ((i, el max (X (7)) + 1));

(4) for any (i,e) € dom(F), F({i,e)) € M.

Proof. Define a strategy ¥ for Player I in 0 (H) as follows. pg = p € P(H) and
Ao = FIN € H. Note that py € M. Define () = (po, Ao). Now suppose that ¢ € w and
that (((pj, A;),s;) :j <1i) is a partial run of 0% (#) in which Player I has followed
Y and that p; € M. Let | = max(s;) + 1, for ease of notation. For any e € Lev;(T},),
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Ty, (e) € P(H) and by hypothesis, IFp(3) f(i) € V. Since p; € M and f(i) € M, there
exist sequences (p;. : € € Lev;(T,,)) € M and (z;. : e € Lev(T},)) € M such that

Ve € Levi(T},) [pie < Tp,(€) and pjc Ibpeagy f(i) = @ie] -

Define piy1 = Tp,,, = U{Tp,. : € € Levi(T},)}. Note that p;y1 € M and that p;41 €
P(H) by Lemma 3.11. Hence A;11 = H,,,,; € H. Define

S (((ps» Az} 55) 25 <)) = (Piv1, Aiga) -

This completes the definition of 3. Note that by definition, if ({((p;, A;),s:) 1 i <w) is a
run of 0¥ () in which Player I has followed ¥, then p; € M, for all i < w.

Since ¥ is not a winning strategy for Player I, there is a run (((p;, 4;),s;) : i < w)
of 0% (H) in which Player I has followed ¥ and lost. Then X = {s; : i < w} €
FINK! and [X] € H. Furthermore, X (i) = s;, for all ¢ € w. Again, for ease of notation,
denote max(s;) + 1 by l;. Let ¢ = T, = (), Tp,- Then ¢ € P(H) and ¢ < po = p.
Moreover, for any i € w, s;iy1 € Aiy1 = Hp,,,1,, and so by Lemma 3.16, s;41 € Hgyy,,
as required for (2). Next, by the definition of X, for each i € w, p; € M and there
exist sequences (p; . : e € Levy,(T},)) € M and (z; : e € Levy,(Tp,)) € M as described
in the previous paragraph. Given i € w and e € Levy,(T}), we have e € Levy,(T},), and
since e € M, x;. € M follows. Define F((i,e)) = z;.. To see that (3) is satisfied, fix
i < j < wande* € Levy(T,), and let e = e*[l; € Lev,(T;). Thus e € Levy, (T},).
Since Ty € T),,, = U {Tpi.e’ e/ € Levy, (Tpi)}, it follows that T,(e*) < p; .. Therefore,
Ty(e*) IFpeay f(i) = e = F((i,e)), as required. -

Corollary 4.2. P(H) is proper and w*-bounding.

Proof. To see that P(H) is proper, let 6 be a sufficiently large regular cardinal, and
fix a countable M < H(f) containing the relevant parameters. Let (&; : ¢ € w) be an
enumeration of all P(H) names & € M such that IFp5) “é is an ordinal”. Let f : w — M
be defined by f(i) = &, for all i € w. Fix p € P(H) N M. Applying Lemma 4.1,
fix ¢ < p, X, and F satisfying (1)—(4) of that lemma. Write I; for max (X (4)) + 1,
for all i € w. It needs to be seen that ¢ is (M,P(H))-generic. For this, it suffices to
see that whenever & € M is a P(H) name such that IFp(y) “& is an ordinal”, then
q IFp3) & € M. Indeed, if such an & is given, then & = &;, for some i € w. Suppose
r < gq. Choose e € Lev;,(T,). Then e € Lev;, (T,), Tr(e) < r, and T,(e) < Ty(e).
Therefore, Tr.(e) IFpy) & = 6 = f(i) = F({i,e)) € M, as required.

To see that P(H) is w“-bounding, fix a P(H)-name f such that

H—P(H)fo:w—>w

as well as p € P(H). Let 0 be sufficiently large and regular, and fix a countable M <
H(0) with f,p € M and containing all the other relevant parameters. Define a function
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f:w— M as follows. For i € w, f(i) € M is a P(H)-name such that IFp ) f(i) € w,
and IFp ) f(z) = f(4). Using Lemma 4.1, find ¢ < p, X, and F satisfying (1)—(4) of
that lemma. Again, write [; for max (X (¢)) + 1, for all ¢ € w. Define g : w — w as
follows. For any i € w, Lev;,(T,) is a finite set. So there exists g(i) € w such that
for any e € Levy, (Ty), if F({i,e)) € w, then F({i,e)) < g(i). Now, it is easy to verify
that ¢ IFp(y Vi€ w {f(z) < g(z)} Indeed if not, then there are r < ¢ and i € w so

that r IFp(g) f(i) > g(i). Find e € Lev;,(T,). Then e € Lev;,(T,), Tr(e) < r, and
T, (e) < Tyle). So Ty (e) IFpen) F(@) = f(i) = F((i,e)) < g(i), a contradiction.

Lemma 4.3. Suppose & is a P(H)-name such that lFp) & : w — 2. Let p € P(H). Then
there exist q, X, and <7h‘,e i EwANe€ LevmaX(X(Z—))H(Tq» such that:

(1) ¢ <p, X € FIN and
Vi € wVe € LeViax(x(i))+1(Ty) [Mi,e : max (X (i) +1 — 2];

(2) [X] S H, Vi€ w [X(Z + 1) S Hq,max(X(i))+1:| ;
(3) for each i € w and e € LeVyax(x(i))+1(Tq),

Ty(e) kp(p) &1 (max (X (7)) + 1) = ;e

(4) for any i < j < w, € € LeVmax(x(i)+1(1y), and e* € Leviya(x(j))+1(1y), if e C e*,
then 1;.c C Njex.

Proof. This is very similar to the proof of Lemma 4.1, except that M plays no role here.
Details are provided for completeness. Define a strategy X for Player I in 0% (H) as fol-
lows. pg = p € P(H) and Ay = FIN € H. Define X(0) = (po, Ao). Now suppose that i € w
and that (((p;, A;), s;j) : 7 <) is a partial run of 9 (%) in which Player I has followed
Y. Let | = max(s;) + 1, for ease of notation. There exist sequences (p; . : e € Lev;(T},))
and (n; . : e € Levi(T},)) such that

Ve € Levy(T),) [pi,e < Ty, (e) and p; . Ibp 3y 211 = 77176] .

Since IFpegy 4 :w — 2, it follows that n;. : [ — 2. Define piy1 = Tp,,,
U{T}.. : e €Levi(T,,)}. Note that p;1 € P(H) by Lemma 3.11. Hence A;y; =
Hp,.,1 € H. Define X ((({pj, A;),s;j) : 5 <14)) = (Dit1, Aiy1). This completes the def-
inition of X.

Since ¥ is not a winning strategy for Player I, there is a run (((p;, 4;),si) : 1 < w)
of 0% (H) in which Player I has followed ¥ and lost. Then X = {s; : i < w} €
FINL! and [X] € H. Furthermore, X (i) = s;, for all ¢ € w. Again, for ease of notation,
denote max(s;) + 1 by l;. Let ¢ = Ty = (\;c,Tp,- Then ¢ € P(H) and ¢ < py =

p. Moreover, for any i € w, ;41 € Ajp1 = Hy,, ., 1, and so by Lemma 3.16, s;11 €
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Hg,,, as required for (2). Next, by the definition of X, for each i € w, there exist
sequences (p; . : e € Levy,(T},)) and (1, : e € Levy, (T),)) as described in the previous
paragraph. To see that (3) is satisfied, fix i € w and e € Lev;,(T};). Then e € Lev;, (T},).
Since T, € Tp,,, = U {Tm,ef e € Levy, (Tpi)}7 it follows that T, (e) < p;.. Therefore,
Ty(e) Fpey 2l = i, as required. Finally for (4), if i < j < w, e € Levy,(Ty), e* €
Levy, (1), and e C e, then T,(e*) < Ty(e), whence T,(e*) IFpy) ©[l; = 1; ., Whence
Nie = Njex [l

i+1

5. Destroying witnesses to Hindman’s theorem

This section continues the analysis of P(#). It will be shown that there is no stable
ordered-union ultrafilter extending H after forcing with P(#). Furthermore, this is true
after forcing with any w®-bounding partial order which contains P(#) as a complete
suborder.

Lemma 5.1. Suppose G C P(FIN) and that P is a forcing notion. Suppose ¢ is a P-
name such that IFp ¢é: FIN — 2. Assume that for each t € 2 and each P-name /01, if
IFp AcC FIN, then for every p € P, there are ¢ < p and B € G such that either:

(1) there exists k € w such that q IFp Vs € AN B[min(s) < k], or
(2) Vs € BYr < q3uIr’ <r|r' bpuc A andr' IFp é(s Uu) #£ t}.

Then IFp “there is no stable ordered-union ultrafilter H on FIN with G C H”.

Before starting the proof, it is worth noting that item (1) says that the interpretation
of A cannot belong to any stable ordered-union ultrafilter extending G and item (2)
means that the interpretation of A cannot be a homogeneous set for the partition named
by ¢.

Proof. For each t € 2 and each P-name A such that I-p A C FIN, let
D, 4= {q € P : there is B € G so that either (1) or (2) holds with ¢, 4, ¢, B} .

The hypothesis of the lemma is that D, j is dense. Let G be (V, P)-generic. Assume for
a contradiction that in V[G], there exists a stable ordered-union ultrafilter H on FIN
such that G C H. As ¢[G] : FIN — 2, there exists H € # such that ¢[G] is constantly ¢
on H, for some ¢ € 2. Fix Y € FIN® with [Y] € H and [Y] C H. Let A be a P-name
in V such that Ibp A C FIN and A[G] = [Y]. Fix ¢ € D, ;NG and B € G so that
either (1) or (2) holds for ¢, A, ¢, and B. Suppose first that (1) holds. Then since ¢ € G,
there exists k € w such that Vs € A [G] N B [min(s) < k]. However, A[G] N B € H, and
so {s € A[G]N B : min(s) > k} € H. In particular, there is some s € A[G] N B with
min(s) > k, a contradiction.
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Next suppose that (2) holds. Fix s € BN [Y]. In 'V, define
Epodion = {7“' <q:3Ju [r’ lbp u € A and ' IFp é(s Uu) # t} } .
By (2), Ew’A’é,t is dense below ¢. Since ¢ € G, there is some " € G N 5q787157é7t. Thus
in V[G], there exists u € [Y] such that ¢[G] (s U u) # t. However, since s € [Y] and

u € [Y], so sUu € [Y] C H, contradicting the fact that ¢[G] is constantly ¢t on H. This
contradiction concludes the proof. -

Lemma 5.2. Suppose k < k' < | < w and s € FIN with | = max(s). Suppose
A C 2PW s (K s)-big. Suppose t € 2. Then B = {r € A : Yu € Pk)Vv €
FIN [k < min(v) < max(v) < k' = 7(uUvUs")=1—1]} C AC 2P s (k,s)-big.

Proof. Let o : P(k) — 2 be given. Define ¢’ : P(k’) — 2 by stipulating that for any
w e P(K),

, o(w) fwCk
o'(w) =
1—t fwdk.
As Ais (K, s)-big, there exists 7 € A such that Vw € P(K') [0’ (w) = 7(w U s7)]. To see
T € B, suppose u € P(k) and v € FIN with £ < min(v) < max(v) < k’. Note that
v,u C k', whence w = uwUwv € P(K'). Further, min(v) € w \ k, showing that w Z k.
Therefore, 1 — ¢t = o/(w) = 7(w Uv U s~ ), showing that 7 € B. Finally, if u € P(k), then
u € P(K') and o(u) = o’(u) = 7(uUs™). As o was arbitrary, B is (k, s)-big. -

Lemma 5.3. Suppose G is (V,P(H))-generic. In V|G|, there exists a function F €
[T 2P™ such that {F} = N{[T}] : p € G}.

Proof. This is a standard density argument. -

Definition 5.4. Suppose G is (V,P(H))-generic. In V[G], let Fg € [],.,2F™* denote
the unique function such that {Fg} = ({[Tp] : p € G}. Define ¢ : FIN — 2 as follows.
For s € FIN, Fg(max(s)) : P(max(s)) — 2. Recalling that s~ € P(max(s)), define
ca(s) = Fa(max(s))(s™) € 2. In V, let Fg and ég be P(H)-names that are forced by
every condition to denote F and cg respectively.

Lemma 5.5. Suppose k < k' <l < w and s € FIN with | = max(s). Suppose p € P(H)
and t € 2. Assume that s € Hy, 1. Then there exists ¢ < p such that:

(1) Vi < Ve € Lev;(T,) [succr, (€) = sucer, ()] ;
(2) Vi > IVe € Lev;(Ty) [succr, (€) = succr, (€)] ;
(3) S € Hq,k;
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(4) for each w € P(k) and each v € FIN, if k < min(v) < max(v) < k', then
qlFp) ca(uUvUs) =1 —t.

Proof. Since s € H) s, for each f € Lev;(T},), Ay = succr, (f) C 2P0 is (k’, 5)-big. Thus,
by applying Lemma 5.2, it is seen that for each f € Lev)(T,), By = {17 € Ay : Yu €
P(k)¥Yv € FIN [k < min(v) < max(v) < k¥ = 7(uUvUs™)=1-—t]} is (k,s)-big. In
particular, each By is non-empty. Since Lev;(T},) is non-empty,

B={f"(r): feLlevi(T,) N7 € By}

is a non-empty subset of Lev;y1(7},). Therefore by defining

q=J{T,(f (7)) : f € Lewi(T,) A7 € By},

Lemma 3.11 insures that ¢ € P(H) and ¢ < p.

To see that (1) holds, suppose ¢ < ! and that e € Lev;(T,). Then e € Lev;(T},), and

if o € succr, (e), then e~ (o) € T}, and dom (e~ (o)) < I. Choose f € Lev;(T},) so that
(o) C f and choose 7 € By. Thus e (o) € T,(f (7)) C Ty, whence o € succr, (e).
So succr, (e) C sucer, (e) C sucer, (e), as needed.

Similarly for (2), suppose ¢ > [ and that e € Lev,;(Ty). Then e € T, and f™(7) Cee,
for some f € Levi(T,) and 7 € By. If 0 € succr, (e), then e (o) € T,(f (1)) C Ty,
whence o € succr, (e). So sucer, (e) C sucer, (e) C sucer, (), as needed.

For (3), consider f € Lev;(T},). It needs to be seen that succr, (f) C 270 is (k, s)-
big. Indeed f € Lev;(T},) and for any 7 € By, f~(r) € T,, whence 7 € succr,(f). So
By C sucer, (f), and so succr, (f) is (k, s)-big.

Finally for (4), fix u € P(k) and v € FIN such that ¥ < min(v) < max(v) < k.
Let w = wU v Us. Note that w € FIN, | = max(w), and w~ = v Uv U s . Now let
G be (V,P(H))-generic with ¢ € G. Since F¢ € [T], Fgll +1 € T,, and so Fg[l +
1 = f~(r), for some f € Lev;(T,) and 7 € By. Therefore, cc(u Uv U s) = cg(w) =
Fe(max(w))(w™) = Fe()(w™) =7(w™) = 7(uUvUs™) =1—t, by the definition of
By. A

Lemma 5.6. Suppose p € P(H) and 1p € w¥ is such that for all k € w, k < (k). Let
t € 2. Then there exist ¢ < p and X € FIN“! such that [X] € H and for each i € w, for
each u € P (max (X (i)) + 1) and each v € FIN, if max (X (i)) + 1 < min(v) < max(v) <
Y (max (X (i) + 1), then qlFp(y) ég (uUvU X(i+1)) =1 —1t.

Proof. For each n € w, let A, = Hy, y(n41) € H. By Lemma 2.4, there exists X € FINI
such that [X] € H and for each i € w, X(i + 1) € Apax(x(s))- For ease of notation, let
si = X (i), I; = max (X (7)), ki = max (X (4)) + 1, and k} = ¢ (max (X (¢)) + 1). Thus
Si+1 € prk;‘,’ and k; < k’; < li+1 < w.

Lemma 3.12 will be used to obtain ¢. For this, construct a sequence (p; : i € w) satis-
fying the following:
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1) Vi€ wlp; € P(H)], Vi € wpir1 < pil, po = p;
2) for each i € w, s;41 € Hp, | ks

(1)
(2)
(3) for each ¢ < j < w and for each e € Levy, (Tp].), sucer,, (e) C sucer,,. (e);
(4) for each j < j* <w, sj+41 € Hpjyk;*;

(5) for each ¢ € w, for each u € P (k;), and for each v € FIN, if

k; <min(v) < max(v) < ki,
then piy1 IFpey) ¢ (UUVUs;11) =1t

Suppose for a moment that such a sequence has been constructed. Then by Lemma 3.12,
q=Tq=NieoTp. € P(H), ¢ < po = p, and for each i € w, since ¢ < p;11, ¢ is as desired
because of (5).

The sequence (p; : i € w) is constructed by induction. Here are some details. Define
po = p and notice that (4) is satisfied because for each j* < w, sj+41 € prk;*. Fix
j € w and suppose that (p; : i < j) satisfying (1)—(5) is given. Applying (4) with j = j*
yields sj41 € Hpj,k;~ Hence by Lemma 5.5, there exists p;j 1 < p; satistying (1)—(4) of
Lemma 5.5. It is clear that (1), (2), and (5) are satisfied. Now for each ¢ < j and for
each e € Levy, (T}, ), e € Levy, (T},), and since l; < lj41, so sucer,, (e) C sucer, () =
sucer, (e) by the induction hypothesis and by (1) of Lemma 5.5. This verifies (3). Next,
suppose j + 1 < j* < w. It needs to be seen that s;-; € H,

Pji+1,
hypothesis, 5,41 € Hp].’k;*. Suppose that f € Lev, ., (ij+1). It needs to be seen that

SuCCij+1(f) is <k;*,sj*+1>—big. As f € Levl].*ﬂ(ij), it is known that sucer, (f) is
(K}, sj+41)-big. By (2) of Lemma 5.5, since Lj+ 11 > i1, sucer, | (f) = sucer, (f)-

“ 5j*+1>—big, as required for (4). This concludes the induction

k7. - By the induction

Hence sucer, (f)is <k§

and the proof. -

Theorem 5.7. Suppose Q is an w*-bounding forcing. If P(H) completely embeds into Q,
then

IFg “there is no stable ordered-union ultrafilter on FIN extending H”.

Proof. Let m : P(H) — Q be a complete embedding, and let 7* denote the associ-
ated map from P (H)-names to Q-names. Let ¢ denote 7* (¢g). Then kg é: FIN — 2.
Lemma 5.1 will be used to obtain the desired conclusion. To this end, suppose ¢ € 2 and
that A is a Q-name such that I-q A C FIN. Let p* € Q be given. Assume that there are
no ¢* < p* and B € H such that (1) of Lemma 5.1 holds.

Let G be any (V,Q)-generic filter with p* € G. Then A [G] C FIN. In V[G], it must
be the case that for every k € w, there exists s € A[G] with k < min(s), for otherwise
there would be a ¢* € G such that ¢* < p* and ¢* witnesses (1) of Lemma 5.1 with
B = FIN € H. Therefore there is a function ¢ : w — w such that for every k € w,
there exists v € A[G] with & < min(v) < max(v) < @(k). As this holds for every
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(V,Q)-generic G with p* € G, there is a Q-name ¢ in V such that lFg ¢ : w — w and
p* kg Vk € wIv € Ak < min(v) < max(v) < G(k)].

Since Q is w*-bounding, there exist pj < p* and ¢ : w — w in V such that
pi ko VE € wd(k) < (k)]. Let p € P(H) be a reduction of pj with respect to the
complete embedding 7. Applying Lemma 5.6 in V, find ¢ < p and X € FINK! sat-
isfying the conclusions of Lemma 5.6. Let B = {s € [X] : min(s) > max (X (0))} € H.
By the choice of p, 7(q) is compatible with p} in Q. Choose any ¢* < 7(q),p;. To see
that ¢* < p* and B € H satisfy (2) of Lemma 5.1, fix some s € B and r* < ¢*.
Then max(s) = max (X (i+ 1)), for some i € w. Let v = s N (max (X (4))+1) €
P (max (X(i))+ 1) and note s = u U X(i + 1). Since r* < pi < p*, there ex-
ist ¥ < r* and v such that max(X(i)) + 1 < min(v), 7 IFg ve A CFIN,
and 77 IFg max(v) < @ (max (X (7)) + 1) < ¢ (max (X (7)) +1). By the choice of ¢,
qlFp) ¢a(sUv) = ég(uUvUX(i+1)) =1—t, and so

7w(q) kg é¢(sUv) =" (ég) (sUv) =1—t.
Therefore, r] IFg ¢(sUv) =1 —¢, as needed.
6. Preservation of all selective ultrafilters

It will be proved that () preserves all selective ultrafilters from the ground model.
This is arguably the most intricate section of the paper. Given a selective ultrafilter i,
the proof breaks down into three cases depending on whether Y =gx Hmax, or U =gri V,
for some V ¢ 6o(H) and V Zpx Humax, ot U € €1(H). A bit of thought shows (and it
will be shown) that these cases are exhaustive.

Definition 6.1. Suppose U is an ultrafilter on w and that P is a forcing notion. P is said
to preserve U if Ikp “{A Cw:3B € U [B C A]} is an ultrafilter on w.” Unraveling the
definitions, P preserves U if and only if for every p € P and every P-name A such that
IFp flgw, there exist ¢ < p and B € U such that ¢ IFp Bgfiorqlhp ng\/i.

Lemma 6.2. Suppose T is a P(H)-name such that I-p 3y Z : w — 2. For any p € P(H),
there exists ¢ < p such that there are t € 2, A € H, M € Hmax, (A;:1 € M), and
({er, Sk) : k € fmax [A]) such that:

(1) ey € Levy(Ty), Sk C sucer, (ex);
(2) foranyle M, Ay € H, A; C A, and for any s € A; with max(s) =k, Sk is (I, s)-big;
(8) for anyl e M, for any k € fmax [4i], for any o € Sk,

Toler™ (o) IFp3) E(k) =t.

Proof. Apply Lemma 4.3 to find ¢, X, and <m,e:z'Ew/\eeLevmax(X(i))H(Tq»
satisfying (1)—(4) of that lemma. For any k € fuax[[X]], there exists a unique
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Jk € w with ¥ = max(X(jy)). Choose e € Levy(Ty,). For t € 2, let S} =
{o € sucer, (ex) : Mjy e~ (o) (k) = t}. Observe SY U S} = sucer, (ex).

Fix | € w. Define ¢; : [X] — 3 as follows. Given s € [X], let k = max(s) € fmax [[X]]-
If SY is (I, s)-big, then set ¢;(s) = 0. If SY is not (I, s)-big, but S} is (I, s)-big, then set
ci(s) = 1. If neither S? nor S} is (I, s)-big, then set ¢;(s) = 2. Find A; € H such that
A; C [X] and ¢ is constant on A;.

Claim 6.3. ¢; is not constantly 2 on A;.

Proof. Suppose for a contradiction that it is constantly 2. Applying Lemma 3.8 to ¢,
fix H € H satisfying the conclusion of that lemma. Fix ky € w such that | < k¢ and

2
for all k € fuax [H] with k > kg, (%) of Lemma 3.8 holds. Write I* = (221) . Choose

Y e FIN" 2 such that ko < min (Y(0)) and [Y] C A; N H. Let k = max (Y (I* + 1)) €
Smax [A1] O fmax [H] € fmax [[X]]- Note | < kg < k. For each ¢ < I* + 1, define s; =
Y@ UY({*+1) € A;n H. Observe that | < ko < min(s;) and max(s;) = k, and
so s; € Hl,k]. Since ¢;(s;) = 2, there exists (0;0,0:1) € 2P0 x 2P0 such that
Vt € 2vr € Sp3u € P(l) [o54(u) # T(uUs;)]. There must exist i < i’ < I* + 1 with
(0i0,0i1) = (0w 0,001) = {00,01). Let g : H[l,k] — 2P() be any function so that
g(s;) = oo and g(s;;) = 01. Applying (1) to ex € Levy(Ty) and g, find 7 € sucer, (ex)
so that

Yu € P(l) [T(u Us; ) =g(s; )(u) =oo(u) AT(uUs; ) = g(s; )(u) = Ul(u)] .

Either 7 € S,g or T € S,i. Ifre Sg, then this contradicts the choice of o;( because
Ju € P(l) [o0(u) # T(uUs;)]. If 7 € S, then this contradicts the choice of o1 because
Ju € P(I) [01(u) # 7(uU s;,)]. The contradiction proves the claim.

Therefore, there exists t; € 2 such that ¢; is constantly ¢; on A;. As this was for
every | € w, there exists t € 2 such that M = {l € w : t; = ¢t} € Hmax- Define
A=[X]€H. Foreachl € M, A; € H, A; C A, and for any s € A; with k = max(s),
St is (I, s)-big because ¢;(s) = t. For any | € M, any k € fuax [A1] € fmax [[X]], and
any o € S}, Ty(ex ™ (0)) IFp(a) Z(k) = 0j, .ep~ (o) (k) = t. Thus (1)—(3) are satisfied by
defining Sy, = Si, for every k € fmax [A].

The next lemma is true for any partial order. It has a simple proof, which is left to
the reader.

Lemma 6.4. Suppose D C P(H) is dense and D = Do U Dy. Then for any p* € P(H),
there exist p < p* and t € 2 such that Dy is dense below p.

Lemma 6.5. Suppose & is a P(H)-name such that lFpyyy ©: w — 2. Then for any p* €
P(H), there exists ¢ < p* such that there are t € 2 and X € FINY! such that [X] € H and
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for every i € w and every e € LevmaX(X(i))H(Tq), there exists e* € Levmax(x(i+1))(Tq)
s0 that e C e, there exists S C succr, (€*) such that S is (max (X (i) + 1, X (i + 1))-big,
and for each o € S,

Ty(e* (o)) IFpxy (max (X (i +1))) = t.

Proof. Fort € 2,let D, be the collection of all ¢ € P(H) for which there exist A € H, M €
Hmax, (A1 : 1 € M), and ({ex, SP, S}) : k € fmax [A]) such that (1)—(3) of Lemma 6.2 are
satisfied w.r.t. t. By Lemma 6.2, Dy U Dy is dense. Hence by Lemma 6.4, there exist
p < p* and t € 2 such that D, is dense below p.

Now define a strategy ¥ for Player I in 0°°®¢ (H) as follows. pg = p € P(H) and Ay =
FIN € H. Define X(0) = (po, Ao). Suppose that ¢ € w and that (((p;, A4;),s;) 7 <)
is a partial run of 0% (H) in which Player I has followed X. Let k = max(s;) + 1, for
ease of notation. For any e € Levy(T),), Tp,(e) < p; < pg = p. Since D, is dense below
p, there exists p; . < T)p,(e) such that there are Ac € H, Me € Humax, (Aey: 1 € M),
and ((he,, Set) i 1 € fmax [Ae]) satisfying (1)—(3) of Lemma 6.2. Choose k' € N{M, :
e € Levg(Ty,)} € Hmax with & < k’. Let A* = ({Aex : € € Levi(T),)} € H and let
A1 = {s € A* : min(s) > K’} € H. Define pip1 = Tp,,, = U{T}p,. : € € Levi(T},)}.
Note that p;1 € P(H) by Lemma 3.11. Define ¥ ({({({p;, 4;), s;) : 7 <)) = (pi+1, Ait1)-
This completes the definition of X.

Observe that if s € A;11, then for any e € Levg(T),), s € Aer C Ae. Letting
I = max(s) € fmax[Aer] € fmax [Ael, hey € Levy (Tpi,e), and since dom(e) = k <
k' < min(s) < max(s) = | = dom(h.,), e C he,. Further, S.; C succhie(he’l) and
Seq is (K, s)-big. For any o € Sey, Ty, (hei (o)) IFp) #(1) = t. Note that h.; €
Lev; (Tpi+1) and that sucer,,, | (hey) = sucer,, (he,1). Therefore, Se; C sucer,,, | (het)
and Se; is (K, s)-big. By Lemma 3.4, S.; is (k,s)-big. Also since for every o € S,
Tpiis(hey (o)) =Ty, (hey” (0)), Tpiy Chey (o)) @3y (1) = ¢

Since ¥ is not a winning strategy for Player I, there is a run ({{p;, 4;), s;) : i < w) of
DCnd (3) in which Player I has followed ¥ and lost. Then X = {s; : i < w} € FIN®
and [X] € H. Furthermore, X (i) = s;, for all i € w. Again, for ease of nota-
tion, denote max(s;) + 1 by k;. Let ¢ = Tq = (Ve Tp;- Then ¢ € P(H) and
g < po = p. Consider i € w and e € Levy, (T;). Then e € Levy,(T),). Since
Si+1 € Aiy1, then as noted above, letting | = max(s;41) = max (X (i + 1)), there ex-
ists e* € Lev, (Tle) such that e C e*, there exists S C succhHl(e*) such that S is
(ki, si41)-big, and for every o € S, Tp,,,(e* (o)) Fp) ©(l) =t. As e* € T, and
dom(e*) = [ < max(s;41) + 1, € € Levyax(x(i+1))(Ty) by Lemma 3.15. Similarly, if
o € sucer,  (€7), then e (o) € T}, and dom ("™ (0)) = I + 1 = max(si+1) + 1,
e (o) € Ty, whence o € succr, (7). Therefore, S C succr,,  (e*) C sucer, (e) and S
is (max (X (7)) + 1, X (i + 1))-big. Finally, for any o € S, To(e* ™ (o)) < Tp,,,(e*™ (o)),
and so Ty(e* " (o)) IFp(3)  (max (X (i +1))) = t. This is as required.



34 D. Raghavan, J. Steprans / Advances in Mathematics 459 (2024) 109999

Lemma 6.6. Suppose z is a P(H)-name such that IFpy) & :w — 2. Suppose there are
p,t, X, and N such that:

(1) pe P(H), t €2, X € FIN® with [X] € H, and N € [w]*;

(2) letting (n; : i € w) be the strictly increasing enumeration of N, for each i € w, for
each e € LeVpax(x(i))+1(Tp), there exists €* € LeVyax(x(i+1))(Tp) so that e C e*,
there exists S C succr, (e*) such that

S is (max (X (i)) + 1, X (i + 1)) -big,
and for each o € S, Ty{e* (o)) IFp(3) T(nig1) =t.
Then there exists ¢ < p such that V1 < i < w [q IFp(z) #(n;) =1t].

Proof. Lemma 3.12 will be used to get g. To this end, a sequence (p; : i € w) having the
following properties will be constructed:

(3) for each i € w, p; € P(H) and p;y1 < p;;
(4) for each i € w, X(i+1) € Hp,,, | max(x(i))+1;
(5) for each j € w, for each e € T}, if dom(e) > max (X (j)) + 1, then T}, (e) = Ty, (e);
(6) for each i < j < w and for each e € LeVyax(x (i) (ij), sucer,, (e) C sucer,, (e);
(7) po = p and for each 1 <i < w, p; IFpx) £(ns) = t.
Assume for a moment that such a sequence has been constructed. By Lemma 3.12
q=T4=icoTp; € P(H). And ¢ < T}, = po = p. For any 1 < i < w, ¢ < p;, whence by
(7), q IFp(3) 2(n;) = t, as required.

To construct (p; : i € w), proceed by induction. Define py = p and note that (3)—(7)
are satisfied. Suppose p; satisfying (3)—(7) is given. For each

e € Levmax(X(j))+1 (ij ) )

since Tp,(e) = Tp,(e), then by (2), there exist e* € Levmax(x(j+1))(ij) and § C
sucer, (e*) having the properties listed in (2). Let {¢; : 1 <1 < L} be a 1-1 enumeration
of LeViax(x(j))+1 (ij), where L = |LevmaX(X(j))+1 (ij)|. Choose {ef : 1 <1 < L} and
{S;:1 <1< L} such that each e} and S; satisfy the conditions of (2) with respect to e;.
The bigness of S; implies that it is non-empty, and so U = {ef (0} : 1 <[ < Land o €
51} C LeVimax(x(j+1))+1(Tp,) is non-empty. Define p;j 11 = Tp,,,, = U{Tp,(h) : h € U}.
By Lemma 3.11, pjy1 € P(H), and pj11 < p;. Note that if h € U, then h € T}, and
dom(h) = max (X(j +1)) + 1 > max (X (j)) + 1, and so T}, (h) = Ty, (h). Observe also
that if f € Levmax(x(j+1))(ij+l), then f = e, for some 1 <[ < L. To verify (4), first
note that max (X(j)) + 1 < max (X (j +1)). Consider any f € LeViax(x(j+1))(Tp;s1)-

Then f = ef, for some 1 < | < L, and so for any o € S;, f~(0) € Tp,,»
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big, so is succhHl(f). Therefore, X(j + 1) € Hp, .| max(x(j))+1- Next, consider any
e € 1T, with dom(e) > max(X(j+1)) + 1. Then h C e for some h € U.

Pj+1
Hence Tp,(e) C Tp,(h) = Tp;(h) C T, whence Ty, (e) C Tp,,,(e) C Tpyle). So

Pj+1>

Tpo(€) =Ty, . (€), as required for (5). For (6), fix i < j+ 1 and e € LeVyax(x (i) (Tp;41)-
If i = j + 1, then there is nothing to prove. So assume ¢ < j. Suppose o € succr, (e).

whence S; C sucer, (f) € 2Pmax(XG+D)  As S is (max (X(4)) +1,X(j +1))-

Since e € Levmax(x(i))(ij), the induction hypothesis says o € sucer, (e), whence
e (o) € Tp,. As max(X(i)) +1 < max (X(j)) + 1, there exists 1 < [ < L with
e (o) C e Cef, and as S; # 0, there is some 7 € S; with e~ (o) C ¢ (1) € U.
Thus for some h € U, e~ (o) € Ty, (h), whence e (o) € T}, ,, and so o € succr, . (e).
Therefore, succr, (e) C sucer,,. ., (e), as needed for (6). Finally for (7), suppose 7 < pj1.
Choose h € Levmax(X(jJrl))Jrl( 7). Then h € U and h = ef (o) for some 1 <[ < L
and o € S;. Since T;.(e; " (o)) < Tp(e; (o)), Tr(ef (o)) IFpen) ©(nj41) = t. Therefore,

Vr < pjpa3r’ <r 1 Ibpag &(nj1) = t], whence pjyq IFpyy &(njp1) =t A

Lemma 6.7. Suppose P is a forcing notion and V is an ultrafilter on w. The following
hold:

(1) Suppose for every P-name & such that IFp & : w — 2 and for every p € P, there exist
qg<pand A€V such that ¥Vl € A3t; € 2[qIFp &(I) = t;], then P preserves V.

(2) If P preserves V and U is an ultrafilter on w such that U <px V, then P preserves
U.

Proof. For (1): let A be a P-name such that IFp A C w. Let & be a P-name such that
bp “&:w—2and A= {l €w:&()=1}". Suppose p € P. Find ¢ < p and A € V such
that Vi € A3t; € 2[glFp (1) =t;]. As V is an ultrafilter, there are t € 2 and B € V
such that B C A and Vi € B[t; = t]. If t = 0, then ¢ IFp B C w\ A, while if ¢ = 1, then
qlFp B C fcl, which shows P preserves V.

For (2): suppose f : w — w witnesses U <gry V in the ground model. Let G be
(V,P)-generic. In V[G], suppose that A C w. Since V is preserved, there exists B € V
such that either B C f~1(A) or B Cw )\ f71(A) = f~(w\ A). Since B € V and f is
an RK-map in V, f[B] € U. Now either f[B] C A or f[B] C w\ A, showing that U is
preserved.

Corollary 6.8. Suppose U is an ultrafilter such that U =gk Hmax. Then P(H) preserves
u.

Proof. Suppose & is a P(H)-name such that IFpy Z:w — 2 and that p* € P(H).
Applying Lemma 6.5, find p < p*,t € 2, and X € FIN] satisfying the conclusions of that
lemma. As [X] € H, 30 N = fmax [X]] € Hmax. Let (n; : i € w) be the strictly increasing
enumeration of N. Then Vi € w[n; = max (X (¢))]. Thus the hypotheses of Lemma 6.6
are satisfied. So there exists ¢ < p < p* such that V1 < i < w [q IFp gy 2(ni) = t]. Let
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A={n;:1<i<w} Then A € Hyax and VI € A[qlrp(z) £() =t]. Now (1) of
Lemma 6.7 implies that P(H) preserves Hpax. Hence by (2) of Lemma 6.7 P(#) also
preserves every ultrafilter U such that U =gx Hmax-

Lemma 6.9. Suppose U is a selective ultrafilter on w withU ¢ €o(H). Then for any L € H
and E € U, there exist Y € FIN®! and D C E such that [Y] € H, [Y] C L, D € U, and
letting (n; : i € w) be the strictly increasing enumeration of D, Vi € wn; € I (Y (7))].

Proof. As U is selective, but U ¢ %,(#), there exists X € FIN) such that [X] € H and
for every Z € FIN®I if [Z] € #, [Z] C [X], then N(Z) € U. Let K = LN [X] € H.
Define ¢ : K — 2 by setting ¢(s) = 0 if and only if I(s) N E # . Fix Z € FIN“! such
that [Z] C K, [Z] € H, and c is constant on [Z]. This constant value cannot be 1. To
see this, suppose for a contradiction that ¢ is constantly 1 on [Z]. As F is an infinite
set, choose m € F with min (Z(0)) < m. Choose 0 < i < w such that m < max (Z(7)).
Let s = Z(0) U Z(i) € [Z]. Then min(s) = min (Z(0)) < m < max (Z(i)) = max(s),
whence m € I(s) N E, contradicting the supposition that ¢ is constantly 1 on [Z]. Thus
¢ is constantly 0 on [Z]. By the choice of X, N(Z) € U. Let C = ENN(Z) € U.
For any i € w, since ¢(Z(i)) = 0, there is m € I (Z(i)) N E. By the definition of N(Z),
m e I(Z({E)NENN(Z)=1(Z(1))NC,andsoVi € w([I(Z(i)) NC # 0]. Since C C N(Z),
U is a Q-point and Vi < i* < w[I(Z(i)) NI (Z(i*)) = 0], there exists D € U such that
DCCCN(Z)and Vi e w[|I(Z(i)) N D| =1]. Let (n; : i € w) be the strictly increasing
enumeration of D. As Z € FIN®! and as |I (Z(i)) N D| = 1, it follows that n; € I (Z(i)),
for all i € w. Hence Z and D are as required. -

Corollary 6.10. Suppose U is a selective ultrafilter on w with U ¢ 6o(H). Then for any
LeHand E€cU, {seL:I(s)NE#0} €H.

Proof. Fix Y € FIN and D C E as in Lemma 6.9. Let (n; : i € w) be the strictly
increasing enumeration of D. If s € [Y], then s € L and Y (i) C s, for some i € w. So
n, € I(Y(4)) CI(s). AsDCE,n; € ENI(s). Thus [Y]C{se L:I(s)NE # 0} C
LCFIN.As[Y|eH, {seL:I(s)NE#0eH. H

Lemma 6.11. Suppose U is a selective ultrafilter on w such that U ¢ Co(H) and
U Zri Hmax- Suppose T is a P(H)-name such that I-p ) & : w — 2. For any p € P(H),
there exists ¢ < p such that there aret € 2, A€ H,Y € FINM, Del, (A:lecw),
and (e : k € fmax [A]) such that:

(1) ek € Levy(Ty);

(2) for anyl € w, Ay € H, Ay C A, and for any s € A; with max(s) = k, succr, (ex) is
(1, s)-big;

(8) for any s € A, I(s) N D # 0, and letting k = max(s), for all n € I(s) N D,
Tq<ek> ||—]1>(7.¢) lc‘(n) =1t
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(4) A=Y] and for all Z € FIN®), if [Z] € H and [Z] C [Y], then N(Z) € U.

Proof. Since U ¢ %y(H), but U is a selective ultrafilter, there exists Y* € FIN®! such
that [Y*] € # and for all Z € FIN®!_if [Z] € # and [Z] C [Y*], then N(Z) € U. Apply
Lemma 4.3 to find ¢, X, and <ni,e iEwANe € Levmax(x(i))H(Tq» satisfying (1)—(4) of
that lemma. For any k € fmax [[X]], there exists a unique j € w with k& = max (X (ji)).
Choose an infinite branch F' through T, — that is, choose F' € [T;]. For each k € fax [[X]],
define e, = Flk € Levy(Ty). Define ¢ : w — w by ¥(n) = min {k € fmax [[X]] : kK > n},
for alln € w. For each n € w, N (my s Flip(n)+1 18 defined at n and its value at n is a member

of 2. Hence there are ¢t € 2 and B € U such that Vn € B [r]jw(n)’pw(n)ﬂ(n) =t|. Next,
since Huax Lpi U, there exists C' € U with 9 [C] ¢ Hmax. Thus E = BNC € U and
L = [Y*]n[X]n{s € FIN : max(s) € w\¢ [C]} € H. Apply Lemma 6.9 to find Y € FIN!
and D C F satisfying the conclusions of that lemma. Define A = [Y] € H. As g € P(H),
for each l € w, Hy; € H, and so Ay = AN H,,; € H. For each k € fiax [A] C fmax [X]]
e, € Levy(T,) by definition. For any [ € w and for any s € A; with max(s) = k, since
5 € Hyyand ep € LeVyax(s)(Ty), sucer, (ex) is (I, s)-big. Hence (1) and (2) hold. For (3),
let (n; : i € w) be the strictly increasing enumeration of D. Then Vi € wn; € I (Y (3))].
For any s € A, Y (i) C s, for some i € w, whence n; € I (Y (3)) C I(s), whence I(s)ND #
(). Now consider any s € A, let k = max(s), and fix n € I(s) N D. Then n € C and
¥(n) € Y [C]. On the other hand, k € w \ ¥ [C], whence k # (n). Asn € I(s), n <
max(s) = k. As s € [X]and k € fuax [[X]], the minimality of ¢»(n) implies that ¢ (n) < k.
Therefore 1(n) < k and ¥(n) +1 < k, whence F[y(n) +1 C Flk = ej. Therefore
Tylex) < Ty(Flp(n) + 1). Since Ty(F[¢(n) + 1) Ibpg) £(n) =),y From)+1(n) and
since n € B, Ty(ex) IFpe) Z(n) =t, as needed for (3). For (4), if Z € FINYI [Z] € A,
and [Z] C [Y] € L C [Y*], then N(Z) € U. -

Lemma 6.12. Suppose U is a selective ultrafilter on w such that U ¢ Go(H) and
U #ri Hmax. Suppose & is a P(H)-name such that \bpyy Z:w — 2. Then for every
p* € P(H), there are q,t, X, and N such that:

(1) ¢ <p*, te?2, X e FIN“ with [X] € H, and N € U;

(2) letting (n; : i € w) be the strictly increasing enumeration of N, for each i € w, for
each e € LeVpax(x(i))+1(Tq), there exists €* € LeVmax(x(i+1))(Tq) so that e C e*,
there exists S C succr, (e*) such that

S is (max (X (i) +1, X (¢ + 1)) -big,
and for each o € S, Ty(e*™ (o)) IFp(p) T(nit1) =t.
Proof. For each ¢ € 2, let D; be the collection of all ¢ € P(H) such that there are A € H,

Y e FINY D eu, (A;:l € w),and (e : k € fmax [4]) satisfying (1)—(4) of Lemma 6.11
for t. By Lemma 6.11, D = Dy U D is dense in P(H). Hence by Lemma 6.4, there are
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p < p* and t € 2 such that D; is dense below p. Since U ¢ 6o(H), but U is a selective
ultrafilter, there exists Y* € FIN“! such that [Y*] € H and for all Z € FIN®! if [Z] € H
and [Z] C [Y*], then N(Z) € U. Let 6 be a sufficiently large regular cardinal and let
M < H(0) be countable with M containing all the relevant parameters. In particular,
H,P(H),U,2,Ds,p,Y* € M. As U is a P-point, find D € U such that D C* C, for all
CeMnU.

Now define a strategy ¥ for Player I in 0 () as follows. The definition will
insure that whenever ¢ € w and ({(p;,A;),s;):j <1i) is a partial run of 0% (H)
in which Player I has followed X, then p; € M. pp = p € P(H) N M. Ay =
{se[Y*]:I(s)N D # 0}. By Corollary 6.10, Ag € H. Define X(0) = (po, Ao). Sup-
pose that i € w and that (((p;, A4;),s;):j <) is a partial run of 0" (H) in which
Player I has followed ¥. Assume that p; € M. Let k = max(s;) + 1, for ease of notation.
For any e € Levy(Ty,), Tp, (€) < pi < po = p. Also T}, (e) € M. Since D; is dense below
p and D; € M, there exists p; . < T, (e) such that p; . € M and there are A. € HN M,
Y, e FINWI N M, D, euUnN M, (Aepr - K €w) € M, and (hey : | € frax [Ae]) € M sat-
isfying (1)—(4) of Lemma 6.11 for ¢. Now C = ({D. : e € Levy(T,,)} € U N M because
it is the intersection of finitely many members of & N M, and so there is [* € w such
that {* > k and D\ {* C C. Let A* = [Y*]|N({Aek : € € Levi(Tp,)} € H and let
L ={se€ A* :min(s) > [*} € H. By Corollary 6.10, A;41 = {s€ L:I(s)ND # 0} € H.
Define piy1 = Tp,, = U {Tp.. : € € Levy(T},) }. Note that p; 11 € P(H) by Lemma 3.11,
and that p;11 € M because it is the union of finitely many members of M. Define
E((({pj, Aj) . 85) 1 5 <)) = (pi+1, Ait1). As pit1 € M, the inductive condition on ¥ is
insured at 7 + 1. This completes the definition of X.

Consider any s € A;y;. Observe that s € L and that I(s) N D # (). Hence
s € A* and min(s) > I*, which, in particular, means that s € [Y*]. Observe that
for any e € Levy(Tp,), s € Acr C Ae. Letting | = max(s) € fmax[Aer] C
fmax [Ael, hey € Levi(T),.), and since dom(e) = k < I* < min(s) < max(s) =
I = dom(hey), e C hey. Further, succr, (hes) is (k,s)-big. If n € I(s) N D,
then n € D and I* < min(s) < n, whence n € C. Thus n € D, N I(s),
and so Tp,  (hey) IFp(w) &(n) =t. In particular, since for every o € succr,, (heu),
Ty, . <he,ZA<U>> < Tpi,e <he,l>7 Tpiye<he,lf\<0'>> H_]P’(H) i(n) = t. Note that heJ € Lev; (Tpiﬂ)
and that succr, | (hey) = succhiYc(heJ). Therefore, sucer,,  (heu) is (k, s)-big. Also
since for each o € sucer,, | (he), Tpyy (het™ (0)) STy,  (hed™ (0)), Tpiiy (hea™ (0)) IFp(30)
Z(n) =t, for every n € I(s) N D.

Since ¥ is not a winning strategy for Player I, there is a run ({(p;, A;) ,s;) : i < w) of
Ofnd () in which Player I has followed ¥ and lost. Then X = {s; : i < w} € FIN¥
and [X] € H. Furthermore, X (i) = s;, for all i € w. For each i € w, X(i) = s; €
A; C [Y*]. Since X,Y* € FIN® it follows that [X] C [Y*], and so N(X) € U by the
choice of Y*. Furthermore, for each i € w, I (X(i))ND # (. Let R = N(X)ND €
U. Note that for any ¢ € w, if n € I(X({)) N D, then n € N(X)ND = R, and
son € I(X(4)) N R, meaning that I (X (7)) N R # (. Since R C N(X), U is a Q-
point, and Vi < j < w[I (X (1)) NI (X (5)) = 0], there exists N € U such that N C R,
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and Vi € w[|I(X(4)) N N| =1]. Let (n; :i € w) be the strictly increasing enumeration
of N. As N C R C N(X), it is clear that {n;} = I(X (7)) N N, for every i € w.
In particular, n; € I(X(:)) N D, for all ¢ € w. Again, for ease of notation, denote
max(s;) + 1 by k;. Let ¢ = T4 = (), Tp,- Then ¢ € P(H) and ¢ < po = p < p*.
Consider ¢ € w and e € Levy, (7). Then e € Levy,(T},). Since si11 € Ajt1, then as
noted above, letting | = max(s;41) = max (X (i + 1)), there exists e* € Lev;(T},,,)
such that e C e*, there exists § = succhHl(e*) such that S is (k;, s;41)-big, and
for every o € S, Tp,,,(e* (o)) IFp() T(nig1) =t because n;11 € I(X(i+1))ND =
I(s;y1)ND. Ase* €T,

pipr and dom(e*) =1 < max(s;11)+1, e* € LeViax(x(i+1))(Tq) by
Lemma 3.15. Similarly, if o € succr,,, (€*), then e*™ (o) € T}, , and dom ("™ (0)) = I+
1 =max(sit+1) +1, €*" (o) € Ty, whence o € succr, (e*). Therefore, S C sucer,  (e*) C
sucer, (€*) and S is (max (X (i)) + 1, X (i + 1))-big. Finally, for any o € S, Tg(e* ™ (o)) <

T

Pi+1

N
(
(e*" (o)), and so Ty(e* (o)) IFp(p) Z(niy1) = t. This is as required.

While the formulation as well as the basic structure of the proof of Lemmas 6.11 and
6.12 are similar to those of Lemmas 6.2 and 6.5 respectively, it is worth pointing out a
couple of important differences in their proofs. The proof of Lemma 6.2 relies crucially
on Claim 6.3 and the property (%)) from Lemma 3.8. On the other hand, the proof
of Lemma 6.11 crucially uses the condition that Hmax Lpx U, and would not work for
showing the preservation of Hax.

Corollary 6.13. Suppose V is a selective ultrafilter on w with V ¢ €1(H). Then P(H)
preserves V.

Proof. Tt will first be argued that if U is a selective ultrafilter on w with U ¢ €o(H),
then P(#H) preserves U. Let such a U be given. If U =g Humax, then P(H) preserves U
by Corollary 6.8. So assume that U Zpx Hmax. Suppose & is a P(H)-name such that
IFp(3) & : w — 2 and that p € P(H). By Lemma 6.12, there are ¢, ¢, X, and N such that
g <p,t€2 N €U, and the hypotheses of Lemma 6.6 are satisfied. Let (n; : i € w) be
the strictly increasing enumeration of N. By Lemma 6.6, there exists ¢’ < ¢ < p such
that V1 < i <w [¢' IFp(z) #(n;) =t]. Since N e U, A={n; : 1 <i <w} €U, and so (1)
of Lemma 6.7 says that P(H) preserves Y. Thus it has been proved that P(#) preserves
U whenever U is a selective ultrafilter on w with U ¢ %o(H).

Now suppose V is a selective ultrafilter on w with V ¢ %) (#). Then there exists U
such that U is a selective ultrafilter on w, U ¢ 6o(H), and V =gx U. By the previous
paragraph, P(H) preserves U. Since ¥V <grx U and V is an ultrafilter on w, P (H) preserves
V by (2) of Lemma 6.7. -

Lemma 6.14. Suppose U is a selective ultrafilter on w. Suppose U € €1(H). Then P(H)
preserves U.

Proof. Let Z be a P(#H)-name such that IFp(y) & : w — 2 and let p € P(H).



40 D. Raghavan, J. Steprans / Advances in Mathematics 459 (2024) 109999

Foreach g <plet B, ={necw:3r <gq [7“ IFp(3) Z(n) = 1]} Suppose first that there
exists ¢ < psuch that E; ¢ U. Then A = w\E,; € U, and for alln € A, q IFp3) £(n) = 0.
This is as required by (1) of Lemma 6.7.

It will henceforth be assumed that for all ¢ < p, E; € U. Define ¥ and ® such that:

(1) X is a strategy for Player I in 0552 (1 H);
(2) for each n € w, if ((Cy,0;) : i < 2n) is a partial run of O5¢15*2° (74, H) in which Player
I has followed X, then @ (((C;,0;) : i < 2n)) = (p; : @ < n) and

(a) Vi <np; € P(H)], Vi < nlpit1 < pi], po < p;
(b) for each i < j <n and for each e € LeViax(os,1) (), sucer,, () C sucer, (€);

(c) for each i < n, p; IFpy) Z(02:) = 1;

(3) for each n € w, if ((C;,0;) : i < 2n+ 3) is a partial run of O%¢15%® (I{ H) in which
Player I has followed X and if

O (((Ciy0) i <2n+2))={(p;:i<n+1),

then O2n+3 € Hpn+1,max(02n+1)+1;

(4) for each n € w, if ((C;,0;) : i < 2n + 2) is a partial run of 0%15%® (I{ H) in which
Player I has followed 3, then

D (((Ciy0:) 11 <2n)) =@ (((Ci,04) 11 < 2n+2)) In+ 1.

Suppose for a moment that ¥ and ® satisfying (1)—(4) can be defined. Since ¥ is not
a winning strategy for Player I by Lemma 2.14, there is a play ((C;,0;):i < w) of
DSe1stab (74 7() in which Player I follows X and loses. Then X = {0g;41 : i < w} € FIN®
and [X] € H. Moreover, X (i) = 02;41. Also, there is a sequence (p; : i < w) such that
for each n € w, ® ({{Cy,0;) : 1 < 2n)) = (p; : i <n). Then X and (p; : i < w) satisfy the
hypotheses of Lemma 3.12. To see this, first note that applying (3) with n = i gives
X(i+1) = o2n43 € Hy, ) max(oons)+1 = Hp,oy max(x(i))+1- Next, given i < j < w
and e € LevmaX(X(i))(ij) = Levmax(O%“)(ij), if i = j, then trivially sucer,, (e) C
sucer,, (e). If i < j, then applying (2)(b) with n = j gives sucer, (e) C sucer,,. (e).
Therefore Lemma 3.12 applies and implies that ¢ = T, = (., Tp, € P(H). Fur-
ther, ¢ < pyp < p, and for each i € w, since ¢ < p;, q IFpy) & (02;) = 1. Since
A = {oy : i < w} € U, ¢ and A satisfy the conditions of (1) of Lemma 6.7. Thus
in both this case and in the case considered in the previous paragraph, (1) of Lemma 6.7
applies and it implies that P(H) preserves U.

Y and ® are defined inductively. ¥ (0) = E, € U. If ((Co,00)) is a partial run
of O8e15%2 (7 H) in which Player I has followed X, then Cy = E, and oy € Cp =
E,. Define @ (({(Co,00))) = (po), where po < p and po IFpy) #(0p) =1. Such a
po exists by the definition of E,. Define X (((Cy,00))) = FIN € H. It is clear
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that (1)—(4) are satisfied by these definitions. Now, assume that for some n € w,
((Ci,0;) 1 <2n+1) is a partial run of 0%¢%*2 (1, 7{) in which Player I has followed
Y and that ® ({(Cy,0;) 11 <2n)) = (p;:i<n), and that these satisfy (1)—(4). Let
k = max (02n41) + 1. For any e € Levy(Tp,), Tp,(e) < pn < po < p. Therefore
Er, (&) €U. Define X (((Ci, 04) 1 i < 2n+ 1)) = Conyo = N {E7, (o) : € € Levi(Tp,)} €
U. Tf ((Cy,0;) : 1 < 2n +2) is a partial continuation of 0315t (14, ) in which Player I
has followed 3, then 02,19 € Capq2 and so there is a sequence (pn . : e € Levy (T}, ))
such that for each e € Levi(T},), pne < Tp,(e) and pne IFpy @ (02n42) = 1.
Define prny1 = Tp,py = U{T}p.. e €Levp(T},,)}. By Lemma 3.11, ppy1 € P(H)
and pp+1 < pn. Define @ (((Ci,0;) : i <2n+2)) = (p;:i <n+1). Finally, define
(((Ci,0i) i <2n+2)) = Copngsz = Hp, ., x € H, so that if 03,43 € Chpqs, then
02n13 € Hp ) max(osnsy)+1- 1t is clear that (1), (3), and (4) are satisfied. It is also
clear that (2)(a) holds. For (2)(b), suppose i < j < n+ 1. If i < j < n, then
the induction hypothesis gives what is needed. So assume that ¢ < j = n + 1. Sup-
pose that € € LeVimax(oz1)(Tp, ). Then e € LeViax(osi,1)(Tp, ). If @ = n, then trivially
sucer,, (e) C sucer, (e), while if 4 < n, then by the induction hypothesis, succr,, (e) C
succTP; (). Thus in either case, sucer, (e) C sucer, (e). Suppose o € succr, (e). Then
e (o) € Tp,, and dom(e™ (o)) = max (02i41) + 1 < max (02n,41) + 1 = k. Choose
some e* € Levy(T},,) with e~ (o) C e*. Then e (o) € T, .. € Tp,,,, whence
o € succr, . (e). Therefore, succr,, (e) € sucer, (e) C succT];nH(e) = sucer,, (e),
as required for (2)(b). For (2)(c), suppose r < ppi+1. Choose e € Levg(T,). Then
e € Levy(Tp,) and Ty(e) < T,

Pny1 IFp(a) € (02n42) = 1, as needed for (2)(c). This concludes the definition of ¥ and
® and the proof. -

(€) < pnye- So Tr{e) IFp() T (02n42) = 1. Therefore,

Theorem 6.15. P(H) preserves all selective ultrafilters on w.

Proof. Let U be a selective ultrafilter on w. Either U € €1 (H) or U ¢ €1(H). If U ¢
%1(H), then P(H) preserves U by Corollary 6.13. If U € €,(H), then P(H) preserves U
by Lemma 6.14.

7. A model with many selectives and no stable ordered-unions

The main result of the paper is proved in this section. It is shown that there is a
model of set theory where 280 = Ry, there are 2%° pairwise non-RK-isomorphic selective
ultrafilters, but no stable ordered-union ultrafilters. After all the work done in the previ-
ous sections, the proof is mostly a matter of combining the earlier lemmas with certain
well-known iteration theorems. Nevertheless, we provide a good amount of detail. The
first lemma is well-known. A proof is included for completeness.

Lemma 7.1. Suppose U is a selective ultrafilter on w. Suppose P is proper and w®-
bounding. If P preserves U, then
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IFp {ACw:3B eU[B C A]} is a selective ultrafilter on w”.

Proof. Let G be (V,P)-generic. In V[G], let Uy = {A C w : 3B € U[B C A]}. By
hypothesis, Uy is an ultrafilter on w. Suppose {A, : n € w} C Uy is given and choose
{B, :n € w} CU so that B, C A,. Since P is proper, there is a set X € V which is
countable in V and satisfies {B,, : n € w} C X C U. As U is a P-point in V, there is
B € U such that B C* A, for every A € X. Now B € Uy and B C* A,,, for every n € w.
So Uy is a P-point in V[G].

Next, let I = (I,, : n € w) be an interval partition in V[G]. Since P is w¥-bounding,
there is an interval partition J = (J, : n € w) in 'V such that Vn € w3l € wl[l; C J,].
As U is a Q-point in V, there is B € U so that ¥n € w][BNJ,| <1]. Now
in V[G], B € Uy and it is easily seen that ¥n € w[|BNI,| <2]. Define C =
{min(BN1I,):ne€wABNI, #0}and D = B\C. It is clear that Vn € w [[C N I,| < 1]
and that Vn € w[|DN1,| <1]. C € Uy or D € Uy because Uy is an ultrafilter in VI]G].
Therefore, Uy is a Q-point in V[G]. Finally, it is well-known (see [2]) that an ultrafilter
on w is selective if and only if it is both a P-point and a Q-point. -

Lemma 7.2. Let U and V be selective ultrafilters on w so that U #ry V. For any f 1w —
w, for any v : w — w, and for any Ay € U, there exists a sequence (n; : i < w) such that:

(1) n; €w, n; < Nig1;,
(2) {ngj:jewtel, {ny:jew}tC Ay, and {ngjq1:j€w}teV;
(3) f(’ﬂm) < N2it1 and w(n2i+1) < Nit2.

Proof. Define a strategy ¥ for Player I in 05151 (1/,V) as follows. ¥(0) = Ay € U.
Suppose i € w and that ((Cj,n;):j < 2i) is a partial run of 0! ({/,V) in which
Player I has followed ¥. Then define

Y (((Cj,nj) 15 <20)) ={n € w:n>max{ny, f(n)}} € V.

Next, suppose ((Cj,n;):j < 2i+1) is a partial run of 055! ({/,V) in which Player I
has followed X. Define

2 (((Cj,nj) 1 <20+1)) ={n € A : n > max{ngit1,¥(n2i+1)}} €U.

This concludes the definition of X. Since it is not a winning strategy for Player I (by
Lemma 2.16), there is a run ((Cj,n;) : i < w) of 051 (14,V) in which Player I has
followed ¥ and lost. Now (1)—(3) are satisfied because Player I won and because of the
way X is defined. -

Corollary 7.3. Let U and V be selective ultrafilters on w so that U gy V. Suppose P is
proper and w* -bounding. If P preserves U and V, then
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Fp {ACw:3BeU[BCA]} Zprxg {ACw:3IB e V[B C A]}.”

Proof. Let G be any (V,P)-generic filter. Work in V[G]. Let Uy = {A C w : 3B €
UBC A} and Vo = {A Cw: 3B € V[B C A]}. They are both selective ultrafilters
on w. Suppose for a contradiction that g : w — w witnesses Vy <px Up. Then for any
A € Uy, g[A] € Vo. As Uy is a P-point, there is A; € Uy such that g is either finite-to-one
or constant on A;. g cannot be constant on A; because g [A1] € Vy. Therefore, there is a
function ¢ : w — w such that for any k € w, for any n € Ay, if n > ¢(k), then g(n) > k.
Let Ag € U with Ag C Ay. As P is w¥-bounding, find f and ¢ in V such that f :w — w,
Y w = w, and g(n) < f(n) and p(n) < ¥(n), for every n € w. Applying Lemma 7.2
back in V, find a sequence (n; : i < w) satisfying (1)—(3) of Lemma 7.2. Let A = {ng; :
t€w}lelUyand B ={ngjy1:j €w} eV Note A C Ay C A;. It will be verified that
g[A]N B = 0. To this end, fix 7,j € w. If i < j, then g(ng;) < f(n2i) < n2it1 < N2jt1.
If j <, then @(ng;t1) < ¥(ngjr1) < nojro < ng;, whence g(ng;) > ngji1. This proves
g[A] N B =0, contradicting g [A] € Vy, and concluding the proof. -

Lemma 7.4 (Blass and Shelah [9]). Suppose U is a P-point. Let v be a limit ordinal and

let (Py; @a s <) be a CS iteration such that Va < v [H—a @a 18 proper} . Suppose that
for all o <y, P, preserves U. Then P, preserves U.

Theorem 7.5. There is a model of ZFC containing exactly Ny pairwise non-RK-
isomorphic selective ultrafilters on w and no stable ordered-union ultrafilters on FIN.

Proof. Put S = {a < ws : cf(a) = wi}. Let V be a model satisfying CH and
¢ (5%). By CH, fix a family {Uo : a < ws} of pairwise non-RK-isomorphic selec-
tive ultrafilters on w (for instance, see [27] and [25]). Fixing some diamond sequence
witnessing (S%), define a CS iteration <Pa;(@a o< w2> in V as follows. Assume
a < wg and that P, is proper, w“-bounding, satisfies the Ns-c.c., and that I, CH.
Observe that I, “stable ordered-union ultrafilters exist” because I+, CH. If the di-
amond sequence at « codes a pair <g, p> such that p € P, Gis a P,-name, and

plFq “QO is a stable ordered-union ultrafilter on FIN”, then choose a P,-name fla such
that I+, “7:la is a stable ordered-union ultrafilter on FIN” and p Ik, ’7’fla = g°, and de-
fine @a to be a full Py-name so that I+, Qa = ]P(?-Ola). Otherwise choose an arbitrary
P,-name 7—01,1 with I+, “’ﬁla is a stable ordered-union ultrafilter on FIN”, and define Qa
to be a full P,-name so that I+, (@a = ]P’(?-D[a). Note that in both cases I+, ‘Qa’ =N;
because I, CH. Standard arguments in the theory of proper forcing (see Shelah [28] or
Abraham [1]) together with lemmas proved earlier therefore imply that for each ¢ < wo,
Ps is proper, w*-bounding, and satisfies the Na-c.c. Furthermore, for each § < wo, IF5 CH.
Suppose for a contradiction that H is a P,,,-name such that

p ke, “H is a stable ordered-union ultrafilter on FIN”,
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for some p € P,,. Then by a standard argument, there exists a € S? such

that the diamond sequence at « codes a pair <g, p[a> such that G is a P,-name,

pla Ik, “QD is a stable ordered-union ultrafilter on FIN”, and p Ik, g - H. Let G,
be a (V,P,,)-generic filter with p € G,,. Let G, denote its projection, that is
Go = {qla : ¢ € Gu,}. In V[Gy], Ha[Ga] = G[G4] is a stable ordered-union ul-
trafilter on FIN. Moreover, P (Ha [Ga]) completely embeds into the completion of P,/
Gq, and P, /G, is w¥-bounding. Therefore Theorem 5.7 implies that

”

IFp,, /G, “there is no stable ordered-union ultrafilter on FIN extending He [Gal .

However G, is a (V[G,],P,,/Ga)-generic filter, V[G4][Gw,] = V[G,,], and in
V[G.,], H[G.,] is a stable ordered-union ultrafilter on FIN extending G [G.,] =
G [Ga] = Ha [Ga). This is a contradiction which shows that there are no stable ordered-
union ultrafilters on FIN after forcing with P,,,.

An easy inductive argument using Theorem 6.15, Corollary 4.2, Lemma 7.1, and
Lemma 7.4 shows that for every o < wo and every § < wq, Ps preserves U,. Let G, be
a (V,P,,)-generic filter. In V [G,,,], define U = {A Cw :3IB € U, [B C A]}, for every
a < wy. By Lemma 7.1, each U} is a selective ultrafilter on w, and by Corollary 7.3,
U, #ri Uj, for every § # a. Since Py, preserves Ny because of the No-c.c., there are at
least Ry pairwise non-RK-isomorphic selective ultrafilters in V [Gy,].

Finally, to see that there are no more than R, selective ultrafilters in V [G,,,], consider
any such U € V [G,,,]. Then there exists o < wy so that V =UNV [G,] € V [G,] and V
is a selective ultrafilter in V [G,]. Theorem 6.15 and Lemma 7.4 imply that V generates
an ultrafilter in V [G,,], whence U is the ultrafilter generated by V. Thus each selective
ultrafilter in V [G,,] has a base that is a member of V [G,], for some a < ws. Since each
V [G,] satisfies 2% = Ny, for @ < wy, there are at most Ny, selective ultrafilters in V. [Gy,]-
Therefore, a model gotten by forcing with P,,, has all of the required properties.

Question 7.6. Is it consistent to have more than 2%° many pairwise non-RK-isomorphic
selective ultrafilters on w and no stable ordered-union ultrafilters on FIN?

Further open problems on ordered-union and selective ultrafilters and their relatives
are discussed in the recent survey [17].

8. Models with an intermediate number of selectives

This section introduces another partial order which allows us to control the number of
selective ultrafilters in the final model. Given a selective ultrafilter U/, we introduce a new
partial order P (i) which is proper, w*-bounding, and destroys U while preserving all
selective ultrafilters that are not RK-isomorphic to U. By interleaving partial orders of
the form P (U) with ones of the form P (#), it will be possible to produce models with no
stable ordered-union ultrafilters and fewer than 2% RK-classes of selective ultrafilters.
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Any cardinal strictly smaller than Ny can be obtained in this way. Thus, for example,
there is a model with precisely RNy distinct RK-classes of selective ultrafilters, but no
stable ordered-union ultrafilters. Furthermore, we can control exactly which RK-classes
of selective ultrafilters from the ground model survive in the final forcing extension.
The definition of P (i) depends on the notion of a k-big set, which is similar to the
notion of a (k, s)-big set, except that the semigroup operation U plays no role here.

Definition 8.1. Let k,1 € w. A C 2! is k-big if for every o : k — 2, there exists 7 € A such
that o C 7.

Definition 8.2. Define T’ = |, [T).c;2%. (T’, C) is a tree. Let U be a selective ultrafilter
on w. p is called a U-condition if p =T, C T’ is a subtree such that the following hold:

(1) e Tp;
(2) VfeT,Vdom(f) <n<wdgeT,[f CgAn<dom(g)l;
(3) for each k € w, H, 1, € U, where H, j, =

{l € w:Vf € Levi(T}) [sucer, (f) is k-big] } .

Let P(U) = {p: p is a U-condition}. Define ¢ < p if and only if T, C T}, for all p,q €
P(U).

The forcing P(U) may be seen as a tree version of the one Shelah used in [29] to
produce a model with no nowhere dense ultrafilters.

For now until the end of the proof of Lemma 8.19, U is a fixed selective ultrafilter on
w. The properties of P(U) are quite similar to those of P(H), and since the proofs of
these properties are also similar, but easier, fewer details will be provided.

Lemma 8.3. T’ € P(U).

Proof. All of the requirements with the possible exception of (3) of Definition 8.2 are
clear. To verify this, given k € w, define H = {l € w : I > k}, and note that H € U.
Consider [ € H. Consider f € Lev;(T’). Then A = succr.(f) = 2%, It is clear that A is
k-big as k < I. Thus H C H/ , and so Hp»p, € U. -

Lemma 8.4. Suppose p € P(U). Then for any f € T,, ¢ = T,{f) € P(U) and q < p.

Proof. The argument for all the requirements, with the possible exception of Clause (3)
of Definition 8.2, is identical to the proof of Lemma 3.10. Fix k € w. Let H = {l € Hp,}; :
I > dom(f)} € U. Suppose | € H and e € Levi(T,(f)). Then | € Hpy, e € Levy(T}),
and dom(e) = [ > dom(f), whence f C e. Thus sucer, () (e) = succr, (e) is k-big. Thus
HCH,, and so Hy, € Y. Thus ¢ € P(U) and ¢ <p. -
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Lemma 8.5. Let p € P(U). Let | € w, 1 < m < w, and e1,...,e, € Levy(Tp). If
P1s--,Pm € P(U) are such that V1 < i < m[p; <Tple;)l, then ¢ =Ty = Uy<jcpnTp: €
P(U), for each 1 <i<m, p; <gq, and ¢ < p.

Proof. Once again, only Clause (3) of Definition 8.2 may require some argument. Fix
k € w and define H = H,, yN---NHp, 1 € U. Consider | € H. Consider f € Lev;(T}).
Then for some 1 <i < m, f € Levi(T),). Since succr, (f) is k-big and sucer, (f) C
succr, (f) C 2! succr, (f) is also k-big. Thus H C H,, and so Hy € U. Therefore
q € P(U). Finally, since T, C T}, ¢ < p, and for all 1 <i < m, since T, C Ty, p; < q. -

Lemma 8.6. Suppose (p; : i € w) and (l; : i € w) satisfy:

(1) Vi e wlp; € P(U)] and Vi € w[piy1 < pi];

(2) (l;;icw)yew’, Vicwll <lit1], and {l; : i € w} €U;

(3) for eachicw, liz1 € Hy, | 1,415

(4) for each i < j < w and for each e € Levy, (Tp,), sucer,, (€) € sucer,,. (e).

Then ¢ =Ty = e, Tp: € PU).

S
Proof. For ease of notation in this proof, the symbols T; will replace T}, , k; will denote
l; +1, and H;j will be used for H,, j, for all 7 € w and k € w. With the exception of
Clause (3) of Definition 8.2, the arguments for all the other conditions are identical to
the corresponding arguments in the proof of Lemma 3.12. To see that T, satisfies (3) of
Definition 8.2, fix k € w. Choose iy € w such that k < l;;. Let H = {l; : w > j > ig} € U.
Suppose I € H. Then [ = [;1, where i9p <i < w. Note that k < l;; <l; <l;+1=k;. By
hypothesis, l;11 € Hiy1,x,. Now, fix f € Lev;(T}). It needs to be seen that succr, (f) is k-
big. To this end, let o : k — 2 be fixed. Since f € Lev;,_, (Ti+1), succr,,, (f) is ki-big. Now
choose any 0* : k; — 2 with o C o*. Find 7 € succr,_, (f) such that o* C 7. Consider any
i+1<j <w. Then f € Lev;,,, (7)), and the hypothesis is that succr,,, (f) € sucer; (f).
Thus 7 € sucer; (f), and so f7(7) € Tj. Hence Vi + 1 < j < w[f™(7) € T}], whence
J (1) € Ty. Therefore 7 € succr, (f). Further, ¢ C ¢* C 7. This proves that succr, (f)
is k-big. Thus H C Hgj, and so Hg j, € U. This concludes the proof that ¢ € P(U).

Definition 8.7. Define the following two player game called the U-condition game and
denoted 0% (). Players I and II alternatively choose (p;, A;) and k; respectively, where

(1) p; € P(U) and A; € U;
(2) ki € A
(3) there exists (p;. : e € Levg,+1(Tp,)) such that
Ve € Levki+1(Tpi> [p’i,E < T, <€>}

and pip1 =Ty, = U{T},. 1 € € Levi,41(T},) }-
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Together they construct the sequence

(po, Ao) , ko, (p1, A1) k1, ..o,

where each (p;, A;) has been played by Player I and k; has been chosen by Player II in
response subject to Conditions (1)—(3). Player II wins if and only if Vi < j < w [k; < kj],
{kivi<w}el,and ¢ =T, =, Tp; € P(U).

Lemma 8.8. Player I does not have a winning strategy in 0% (U).

Proof. Suppose for a contradiction that Y is a winning strategy for Player I in 0¢°* (/).
Define IT and @ such that:

(1) I is a strategy for Player I in 03¢ (/f);
(2) for each n € w, if ((B;, k;) : i < n) is a partial run of 0% (i) in which Player I has
followed II, then @ (((B;, k;) : i < n)) = ({pi, A;) : i < n) and

(((pis Ai) ki) i <m)

is a partial play of D¢ (/) in which Player I has followed ¥ and it has the property
that Vi < n [Bi—i-l = Ai-l—l N Hpi+17ki+1 N {]f cw:k> kl}},
(3) for each n € w, if ((B;,k;) : i <mn + 1) is a partial run of 0% (i) in which Player I

has followed II, then
® (((Bi, ki) :i <m)) =@ (((Bi, ki) i <n+1)) In+ 1

IT and ® will be defined inductively. Let 3(0) = (po, Ao) and define II(}) = By = Ao.
As By € U, this is a valid move for Player I in 0% (U/). Note that every partial run
of 0% (U) of length 1 in which Player I has followed II will have the form (B, ko),
where ko € By = Ap. For any such (By, ko), define ®((Bg, ko)) = (po, Ao), and note that
{{po, Ao) , ko) is a partial run of 0¥ (/) in which Player I has followed . Now suppose
n € w, {(B;,k;) : i <n) is a partial run of D% (i) in which Player I has followed II,
@ (((Bi, ki) i <n)) = ({pi, Ai) =i <),

is a partial run of 0% (/) in which Player I has followed %, and

Vi<n[Bi+1:Ai+1ﬁHp ki+1ﬁ{k‘€w:k‘>ki}].

i41
Let % (<<<p1,Al> ,k1> 1 < n>) = <pn+17An+1>~ Then Pn+1 € P(U) and An+1 € U. Hence
Bui1=A,11NH k41 N{k €w:k>k,} €U. Note that B,4; is therefore a legiti-

Pn+1,

mate move for Player I in 05! (/). Define 1T ({((B;, k;) : i < n)) = B,41. Note that any
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continuation of ((B;, k;) : ¢ < n) to length n+2 in which Player I follows IT must have the
form ((B;, k;) : i < n+ 1), where k41 € Bp41. Given any such ((B;, k;) : 4 <n+ 1), de-
fine ® (((Bj, ki) i <n+1)) = {(p;, 4;) : i <n+1). Note that (((p;, A;) , ki) :i <n+1)
is a partial run of 0" (/) in which Player I has followed X because of the definition
of (pny1,Ant1) and kpy1 € Bpy1 C A,4q. Further, by definition and by the induction
hypothesis,

Vi S n [Bi+l = Ai+l N Hp ki+1 N {k cw:k> kl}] .

i+1,

Thus the inductive definition satisfies (1)—(3). This concludes the definition of IT and ®.

Since IT is not a winning strategy for Player I in 0% (i), there is a play
({(Bi, ki) :i <w) of 0% (U) in which Player I follows II and loses. There exists
{{piy A;) 1 i < w) such that for each n € w, @ (((B;,k;): i <n)) = {(pi, A;) : i < n).
Therefore, ({({pi, A;),k;):i <w) is a play of 0% ({{) in which Player I has followed
¥, and Vi < w [Bi—H =AiiNHy g1t N{k€w: k> kl}] Since Player II wins
the play ((B;,k;) i <w), {ki:i<w} € U. Lemma 8.6 will be used to verify that
q =T, = NieuTp, € P(U). Note that by (3) of Definition 8.7 and by Lemma 8.5,
pi+1 < p;, for all i € w. For each ¢ € w, ki1 € Biy1, and so ki1 € Hp, k41, and
ki1 > k;. Therefore Vi < j < w [k; < kj]. Next, fix some ¢ < w. It will be proved by in-
duction on j that for each i < j < w and for each e € Levy, (T, ), sucer,, (e) C sucer, (e).
This is clear when ¢ = j. Assume this is true for some i < j. Fix e € Levy, (T},,,,) and
consider o € succr, (e). Since Tp,,,, €T, e € Levy, (Ty,)- So by the induction hypoth-
esis, o € sucer,, (e). Therefore e (o) € T, and dom (¢~ (o)) = k; + 1 < k; 4 1. Choose
e* such that e () C e* and e* € Levg,11(7},). By (3) of Definition 8.7, there exists
pjer < Tp;(e*) such that T), . C T, . Since e (o) C €%, e (0) € T, ... Therefore
e (o) € Tp,,,, whence o € succhHl(e), as required. This concludes the induction.
Thus the hypotheses of Lemma 8.6 are all satisfied, and so ¢ = Ty = (¢, Tp, € P(U).
However, this means that Player II wins the play (({p;, A;), k;) : i < w) of 0% (U) even
though Player I has followed ¥ during this play, contradicting the hypothesis that ¥ is
a winning strategy for Player I in 014 ().

Lemma 8.9. Suppose ({({pi, A;), k;) : i € w) is a run of O (U) which is won by Player
I If g = T4 = ;o Tpi» then for each i € w,

VfeTy, [dom(f) <k;+1 = feT.

Proof. Recall that by Clause (3) of Definition 8.7 and by Lemma 8.5, p;1+1 < p;, for all
i € w. Fix i € wand f € Tp, with dom(f) < k; + 1. It will be proved by induction
on j that Vi < j < w [f € ij]. When j = 4, there is nothing to prove. Suppose the
statement holds for some ¢ < j <w. So f € T}, and dom(f) < k; +1 < k; + 1. Choose
e € Ty, such that f C e and dom(e) = k; + 1. By Clause (3) of Definition 8.7, there
exists pj . < T, (e) so that T,,, € Tp,,,,. As f Ce, f €Ty, ., and so f € Ty, . This
concludes the induction. Thus, Vi < j < w [f € Ty, |, whence f € (e, Tp, = Tg-
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Lemma 8.10. Suppose ({{pi, A;), ki) : i € w) is a run of O™ (U) which is won by Player
II. Leti cw and g =T, = ﬂjEWij. If kivh € Hy, .| k41, then kg1 € Hy 41

Proof. Assume that k;11 € H,

pii1.ki+1- Consider some e € Levy,, (7,). Then e €

Levy,,, (Tp,,,) and so sucer,, | (e) is k; + 1-big. If 0 € sucer,, (e), then e~ (o) €
Tp,., and dom (e~ (o)) = kijx1 + 1. Therefore, by Lemma 8.9, e (o) € Tj, whence

o € succr, (€). Thus sucer,,, | (e) € sucer, (e) € 2ki+1and so sucer, (e) is k; + 1-big. This
shows kiy1 € Hypy41.

Lemma 8.11. Let 6 be a sufficiently large regular cardinal. Assume M < H(0) is count-
able and that M contains all relevant parameters. Suppose f : w — M is such that
Vn € wf(n) e VEW andlrpyyy f(n) € V]. Let p € P(U) N M. Then there exist
q,{ki : i € w), and F such that:

(1) ¢ <p, (ki i €w) ew’, Vi <j<wlk; <kj], F is a function, dom(F) =
{(i,e) ri € wANhe€&Levyy1(Ty)};

(2) {kl 11 E LU} € Ll, Vi € w [ki+1 € Hq,k,;+1];'
(3) for each i < j < w and each e € Levy, +1(T}),

Tole) ke f(i) = F ((i; ek + 1));
(4) for any (i,€) € dom(F), F({i,e)) € M.

Proof. Define a strategy X for Player I in 0 (i) as follows. pg = p € P(U) and
Ay = w € U. Note that pog € M. Define X(0) = (py, Ao). Now suppose that ¢ € w and
that (((pj, A;), k;) : j < i) is a partial run of 0% (i) in which Player I has followed ¥
and that p; € M. Let I = k;+1, for ease of notation. For any e € Lev;(T},,), Ty, {e) € P(U)
and by hypothesis, IFp) f(i) € V. Since p; € M and f(i) € M, there exist sequences
(pie : € € Levi(Ty,)) € M and (z; . : e € Levy(T),,)) € M such that

Ve € Levi(T},) [pi,e < Ty {e) and p;c lFpyy f(i) = x@e] .

pivs = U{T,, . e €Levi(T},,)}. Note that p;41 € M and that p;, €
P(U) by Lemma 8.5. Hence A;y1 = Hy, 1 € U. Define

Define p;11 = T,

S (((ps Ag)  Fj) 2§ < 1)) = (pisr, Aiga) -

This completes the definition of ¥. Note that by definition, if ({((p;, A;), ki) : i < w) is a
run of 0% (I{) in which Player I has followed X, then p; € M, for all i < w.

Since ¥ is not a winning strategy for Player I, there is a run (({p;, 4;), k) : i < w)
of 04 () in which Player I has followed X and lost. Then (k; :i € w) € w*, Vi <
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J < wlk; <kj], and {k; : i € w} € U. Again, for ease of notation, denote k; + 1
by l;. Let ¢ = T, = (e, Tp;- Then ¢ € P(U) and ¢ < po = p. Moreover, for any
i €w, kiy1 € Aiyr = Hy, 1, and so by Lemma 8.10, k;11 € Hgyy,, as required for
(2). Next, by the definition of ¥, for each ¢ € w, p; € M and there exist sequences
(pie : € € Levy, (Tp,)) € M and (z; : e € Levy,(Tp,)) € M as described in the previous
paragraph. Given i € w and e € Levy,(T,), we have e € Levy,(T,,), and since e €
M, x;. € M follows. Define F((i,e)) = z; .. The argument for (3) is identical to the

corresponding argument in the proof of Lemma 4.1. -
Corollary 8.12. P(U) is proper and w®-bounding.

Proof. The proof is identical to the proof of Corollary 4.2, using Lemma 8.11 in place
of Lemma 4.1. A

Recall that a forcing notion P has the Sacks property if for every P-name f such that
IFp f € w® and for every g € w* such that lim,_,.g(n) = oo,

Vp e Pdq < pIF € H . [w]g(")Vn cw {q kp f(n) e F(n)} .

And P is said to have the weak Sacks property if for every P-name f such that [Fp f € wY
and for every g € w® such that lim,_,.g(n) = co,

vpePIg<pIAelw]IF e[  [w'"vne4 [q Fp f(n) € F(n)] .

The construction of Lemma 8.11 can be easily modified to show that P (/) has the weak
Sacks property. On the other hand, it is also easy to see that P (U/) does not have the
Sacks property. Taken in conjunction with Lemmas 8.13 and 8.19, this shows that P (i)
is a forcing with the weak Sacks property and yet not the Sacks property, which does
not add an independent real and yet does not preserve P-points. There are only a few
naturally occurring examples of forcing notions with the weak Sacks, but not the Sacks,
property. The forcing used in [29] is one such example. Another recent example can be
found in Section 3 of [21]. Zapletal proved in [32] that any nicely definable forcing with
the weak Sacks property that does not add an independent real must necessarily preserve
all P-points. Of course, P (U/) fails to be nicely definable as its definition depends on the
ultrafilter /. The proof of the next lemma is similar to that of Lemma 6.14.

Lemma 8.13. Suppose V is a selective ultrafilter on w. Suppose V Zpp U. Then P(U)
preserves V.

Proof. Let Z be a P(U)-name such that IFpq) & : w — 2 and let p € P(U).

Foreach g <plet E;={necw:3r <gq [r IFp @y Z(n) = 1] }. Suppose first that there
exists ¢ < p such that £, ¢ V. Then A = w\ E, € V, and for alln € A, ¢ lFpqy) £(n) = 0.
This is as required by (1) of Lemma 6.7.
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It will henceforth be assumed that for all ¢ < p, E, € V. Define ¥ and ® such that:

(1) ¥ is a strategy for Player I in 05¢15¢1 (V) {);
(2) for each n € w, if ((C;,0;) : i < 2n) is a partial run of ©5¢*%¢! (Y I{) in which Player
I has followed X, then @ (((C;,0;) : i < 2n)) = (p; : i < n) and

(a) Vi <nlp; € P(U)], Vi <nlpit1 < pi), po < p;
(b) for each i < j < n and for each e € Levo,,,, (T},), sucer,, (e) € sucer,,. (e);
(c) for each i < n, p; IFpy) £(02:) = 1;

(3) for each n € w, if ((Cy,0;) : i < 2n+ 3) is a partial run of 055! (V I{) in which
Player I has followed ¥ and if

D (((Ci,0i) i<2n+2))=(p;:i<n+1),

then 09,43 € Hpn+1102n+1+1 and 09,43 > 09p41;
(4) for each n € w, if ((Cy,0;) :i < 2n+2) is a partial run of 0515 (V I{) in which
Player I has followed ¥, then

D (((Ciy04) 11 <2n)) =@ (((Ci,04) 11 <2n+2)) [n+ 1.

Suppose for a moment that ¥ and & satisfying (1)—(4) can be defined. Since X is
not a winning strategy for Player I by Lemma 2.16, there is a play ((C;,0;) : i < w)
of 08151 (Y /) in which Player I follows ¥ and loses. Then (02;41 : i < w) € w¥
and {02;41 : @ < w} € U. Also, there is a sequence (p;:i < w) such that for each
n € w, ®({((Ci0:):1<2n)) = (p;i:i<n). Then (02i41 : 7 < w) and (p; :i < w)
satisfy the hypotheses of Lemma 8.6. To see this, first note that applying (3) with
n = i gives 02i43 = 02043 € Hp, 1 oonii41 = Hp 1000041 and 02543 > 02i41.
Hence Vi < j < w[o2i41 < 02j41]. Next, given i < j < w and e € Lev,,, (ij),
if i = j, then trivially succr, (e) C sucer, (e). If i < j, then applying (2)(b) with
n = j gives succr,, (e) C sucer, (e). Therefore Lemma 8.6 applies and implies that
q =Ty = NicowTp: € P(U). Further, ¢ < po < p, and for each i € w, since ¢ < p;,
qIFp@y @ (02;) = 1. Since A = {o0g; : i < w} € V, ¢ and A satisfy the conditions of (1) of
Lemma 6.7. Thus in both this case and in the case considered in the previous paragraph,
(1) of Lemma 6.7 applies and it implies that P (U) preserves V.

Y and ® are defined inductively. ¥ (0) = E, € V. If ((Co,00)) is a partial
run of 0%l (Y /) in which Player I has followed ¥, then Cy = E, and oy €
Co = E,. Define @ ({(Co,00))) = (po), where po < p and po IFpwry Z(00) = 1.
Such a po exists by the definition of E,. Define X (((Co,00))) = w € U. It is clear
that (1)—(4) are satisfied by these definitions. Now, assume that for some n € w,
((Ci,0i) 1 <2n+1) is a partial run of 0% (V f) in which Player I has followed
Y and that @ ({(Cy,0;) : 1 <2n)) = (p;:i<n), and that these satisfy (1)—(4). Let
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k = ogny1 + 1. For any e € Levy (T}, ), Tp,(€) < pn < po < p. Therefore Ep, (o) €
V. Define X (((Ci,05) : i <2n+1)) = Conya = N{Er, (o) e €Llevp(T},)} € V. If
((Ci,0;) 1 <2n+2) is a partial continuation of 0%*%¢1 (V. 1f) in which Player I has
followed X, then 09,42 € Copio and so there is a sequence (py.:e € Levg(T),))
such that for each e € Levi(T},,), pne < Tp,(e) and ppe IFpuy @ (02n42) = 1.
Define pyi1 = Ty, = U{Tp..: e €Levg(Ty,)}. By Lemma 85, pyp1 € PU)
and pp41 < pn. Define @ (((Ci,0;) 11 <2n+2)) = (p;:i <n+1). Finally, define
E(((Ci,0i) i <2n+2)) = Copyz = Hy, ., xN{0 € w: o> 0241} €U, so that if
02n 43 € Copys, then 02,43 € Hy, ) 05,0141 and 02,43 > 02n41. It is clear that (1), (3),
and (4) are satisfied. It is also clear that (2)(a) holds. For (2)(b), suppose i < j <n+ 1.
If i < j < n, then the induction hypothesis gives what is needed. So assume that
i < j = n+ 1. Suppose that e € Levo,, ,(T},). Then e € Levo,, ,(T,,). If i = n,
then trivially succr, (e) C sucer, (e), while if ¢ < n, then by the induction hypoth-
esis, sucer, (e) C succr, (e). Thus in either case, succr, (e) C sucer, (e). Suppose
o € succr, (e). Then e (o) € Tp,, and dom(e™ (o)) = 02i11 +1 < 0241 + 1 = k.
Choose some e* € Levy(T)p,) with e™ (o) C e*. Then e (o) € T}, .. €T}, .,
o € sucer, . (e). Therefore, succr, () C sucer, (e) € sucer,  (e) = sucer,, (e),
as required for (2)(b). For (2)(c), suppose r < ppi+1. Choose e € Levg(T,). Then

e € Levg(Ty,) and Tr(e) < T, (€) < pne. So Tr{e) IFpasy Z (02n42) = 1. Therefore,
Pn+1 Fp@) Z (02n42) = 1, as needed for (2)(c). This concludes the definition of ¥ and &

whence

and the proof. -

Lemma 8.14. Suppose G is (V,P(U))-generic. In V|G|, there exists a function F €
[Tye 2" such that {F} = N{[T,] : p € G}.

Proof. Similar to Lemma 5.3. -

Definition 8.15. Suppose G is (V, P (U))-generic. In V[G], let Fg € [];,,2" denote the
unique function such that {Fg} = N{[T}]: p € G}. Define cg : [w]* — 2 as follows.
For {k,1} € [w]® with k < I, define cq({k,1}) = Fg(I)(k) € 2. In V, let F and ég be
P (U)-names that are forced by every condition to denote F and ¢ respectively.

Lemma 8.16. Suppose k < k' < | < w. Suppose A C 2! is k'-big. Suppose t € 2. Then
B={reA:Vnewk<n<k = 7(n)=1-1t]} C AC2 is k-big.

Proof. Let o : k — 2 be given. Define ¢’ : k' — 2 by stipulating that for any n € ¥/,

;o Jom) ifnek
U(n>_{1—t if n ¢ k.

As A is k'-big, there exists 7 € A such that ¢/ C 7. 7 € B because for any n € w, if
kE <n <k, then 7(n) = 0'(n) = 1 —t. Further, 0 C ¢/ C 7. As o was arbitrary, B is
k-big. -
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Lemma 8.17. Suppose k < k' < I < w. Suppose p € P(U) and t € 2. Assume that
l e Hy, . Then there exists g < p such that:

(1) Vi € w\ {I}Ve € Lev,(T,) [succr, () = sucer, (e)];
(2) le Hq,k,'
(3) for eachn € w, if k <n <K', then qIFpyy ca({n,1}) =1 —t.

Proof. Since [ € Hy s, for each f € Lev(T},), Ay = sucer,(f) C 2! is k’-big. Thus,
by applying Lemma 8.16, it is seen that for each f € Levi(T,), By = {7 € Ay : Vn €
wlk <n<k' = 7(n) =1-—t]} is k-big. In particular, each By is non-empty. Since
Lev;(T},) is non-empty,

B={f"(r): feLlew(Ty) N7 € By}
is a non-empty subset of Lev;yq(7},). Therefore by defining

q= U{Tp<f/—\<7'>> : f €Levi(T,) AT € By},

Lemma 8.5 insures that ¢ € P(U) and g < p.

The argument for (1) is similar to the corresponding argument in the proof of
Lemma 5.5.

For (2), consider f € Lev;(Ty). It needs to be seen that succr, (f) C 2! is k-big. Indeed
[ € Levi(T},) and for any 7 € By, f~(r) € T,, whence 7 € succr, (f). So By C succr, (f),
and so succr, (f) is k-big.

Finally for (3), fix n € w such that kK <n < k’. Now let G be (V,P(U))-generic with
q € G. Since Fg € [T,], Fgll+1 € Ty, and so Fg|l+1 = f~(7), for some f € Lev;(T},)
and 7 € By. Therefore, cq({n,l}) = Fe(l)(n) = 7(n) = 1 —t, by the definition of By. -

Lemma 8.18. Suppose p € P(U) and ¢ € w* is such that for all k € w, k < ¥(k).
Let t € 2. Then there exist ¢ < p and (l; : i € w) € w* such that Vi < j < w(l; <],
{li i ewtel,Viewty(l+1) <lit1], and for each i € w, for each n € w, if
Li+1<n<v (ll + 1), then g H_]P’(Z/{) ] ({n,li+1}> =1-t.

Proof. For eachn € w, let A,, = H,, 41y N{l € w: 1> (n+1)} € U. AsU is selective,
there exists (l; : i € w) € w* such that Vi < j < wl[l; <], {l; : i € w} € U, and for
each i € w, l;41 € A;,. For ease of notation, let k; = I; + 1, and k[ = ¢ (I; + 1). Thus
li+1 € Hp,k;, and k; < k; < li+1 < w.

Lemma 8.6 will be used to obtain ¢. To this end, construct a sequence (p; : i € w)
satisfying the following:

(1) Yicw(p; € P(U)], Vi € wpir1 < pi], po = p;
(2) for each i € w, lix1 € Hp | ki

(3) for each i < j < w and for each e € Levy, (T}, ), sucer,, (e) € sucer,, (e);
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(4) for each j < j* <w, lj=41 € Hp, k.
(5) for each i € w, for each n € w, if k; < n < kf, then

piv1 Fpw éa ({n, lig1}) =1 -t

Suppose for a moment that such a sequence has been constructed. Then by Lemma 8.6,
q="Tq=NicoTp. € P(U), ¢ < po = p, and for each i € w, since ¢ < p;y1, ¢ is as desired
because of (5).

The sequence (p; : i € w) is constructed by induction. Define py = p and notice that
(4) is satisfied because for each j* < w, lj»41 € an;*. Fix 7 € w and suppose that
(pi : @ < j) satisfying (1)-(5) is given. Applying (4) with j = j* yields l;41 € Hpj’k;.
Hence by Lemma 8.17, there exists p; 11 < p; satisfying (1)-(3) of Lemma 8.17. Tt is
clear that (1), (2), and (5) are satisfied. And the verification of (3) and (4) is similar to
the corresponding part of the proof of Lemma 5.6. This concludes the induction and the
proof. -

The next lemma is similar to Theorem 5.7.

Lemma 8.19. Suppose Q is an w*-bounding forcing. If P(U) completely embeds into Q,
then

lFq “there is no selective ultrafilter on w extending U ”.

Proof. Let 7 : P(U) — Q be a complete embedding, and let 7* denote the associated
map from P (U)-names to Q-names. Let & denote 7* (é¢). Then IFg ¢é : [w]® — 2. Suppose
t € 2 and that A is a Q-name such that IFg A € [w]”. Let p* € Q be given. It will be
shown that there exist ¢* < p* and B € U such that

Vi e BYr* < ¢*3n < 13rt <r* |rf kg n e A and 7} kg é({n,1}) # t] . (%)

Let G be any (V,Q)-generic filter with p* € G. Then A[G] € [w]* in V[G]. So in
V[G], there is a function ¢ : w — w such that for every k € w, there exists n € A[G]
with & < n < ¢(k). As this holds for every (V,Q)-generic G with p* € G, there is a
Q-name ¢ in V such that IFg ¢ : w — w and p* IFg Vk € wIn € A[k < n < $(k)].

Since Q is w*-bounding, there exist p; < p* and ¢ : w — w in V such that
pi kg Yk e wlp(k) < ¢(k)]. Let p € P(U) be a reduction of pj with respect to the
complete embedding 7. Applying Lemma 8.18 in V, find ¢ < p and (I;:i € w) € w®
satisfying the conclusions of Lemma 8.18. Let B = {l; : j > 0} € U. By the choice of
p, m(q) is compatible with pf in Q. Choose any ¢* < m(q),pi. To see that ¢* < p*
and B € U satisfy (%), fix some [ € B and r* < ¢*. Then | = [l;;1, for some
i € w. Since r* < p7 < p*, there exist r7 < r* and n such that [; +1 < n,
rf kg ne ACw, and rf kg n<@(li+1) < (l; +1) <liy1 = L. By the choice of
¢, ¢ lFpuy ca({n,1}) = éa({n,liy1}) = 1 —t, and so
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m(q) IFq é({n,1}) = 7" (éc) ({n, 1}) = 1 — 1.

Therefore, r} IFg ¢({n,l}) =1 — ¢, as needed.

To conclude, suppose for a contradiction that G is some (V, Q)-generic filter and that
in V]G], there is a selective ultrafilter ¥ on w with ¥V D Y. Then there exist A € V and
t € 2 so that ¢[G] is constantly ¢ on [A]°. Let A be a Q-name in V so that IFq A € [w]*
and A=A [G]. By what has been proved above, there exist ¢* € G and B € U satisfying
(). Choose any | € BN A. By (%), there is n < [ such that n € A[G] = A and
¢[G] ({n,1}) # t, contradicting the fact that ¢[G] is constantly ¢ on [A]*. -

It is worth noting here that by iterating partial orders of the form P (i), it is possible
to get models with, for example, a unique selective ultrafilter. Models like this were first
produced by Shelah in [28, Chapter VI, Theorem 5.13]. However, the details seem to be
simpler for P(Uf).

Theorem 8.20. Put S7 = {a < wy : cf(a) = w1 }. Let V be a transitive model of a suffi-
ciently large fragment of ZFC which satisfies CH and (S%) Let k < Ny be a cardinal.
Suppose {Uy, : a < K} is a family of selective ultrafilters on w such that Uy Z g Us, for
a # B. Then there is a cardinal preserving forcing extension of 'V in which:

(1) there are no stable ordered-union ultrafilters on FIN;
(2) each U, generates a selective ultrafilter on w;
(3) the ultrafilter generated by Uy, is not RK-isomorphic to the ultrafilter generated by

Ug, for a # B;
(4) if V is any selective ultrafilter on w, then V is RK-isomorphic to the ultrafilter
generated by Uy, for some a < k.

Proof. Fixing some diamond sequence witnessing (Sf), define a CS iteration <]P’a; Q(, :

a < w2> in V as follows. Assume a < ws and that P, is proper, w*-bounding, satisfies

the Ny-c.c., that |-, CH, and that [P, preserves U, for all £ < k. Let {Z/{g‘ &<k} bea
family of P,-names so that for each ¢ < &, Ik, L{g‘ ={ACw:3B €U [B C A]}. Then
IFo “Zj{g is a selective ultrafilter on w”, for every ¢ < k, and I, Z/Ig ZnK L{g‘, for & # (.

Observe that IF, “stable ordered-union ultrafilters exist” because I+, CH. And
lFo “AV |V is a selective ultrafilter on w and V€ < k [Z/lg‘ ZnK VH ” due to the fact that
k < Ny and I, CH.

If the diamond sequence at o codes a pair <g°,p> such that p € P, Gisa P,-name,
and p Ik, “G is a stable ordered-union ultrafilter on FIN”, then choose a P,-name 7—0la
such that Ik, “7-Ola is a stable ordered-union ultrafilter on FIN” and p I, 7:ia = Q°, and
define Qa to be a full P,-name so that I, @a = P(?j[a).

If the diamond sequence at « codes a pair <§’;,p> such that p € P, Gis a P,

name, p Ik, “G is a selective ultrafilter on w”, and for each & < k, p Ik, G ZnK Ug, then
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choose a PP,-name 7—01,1 such that I, “?jla is a selective ultrafilter on w”, and for each
E< K, lFq He ZrK Z/lg‘, and define (@a to be a full P,-name so that I, @a = ]13’(7:[&).

If neither of these occurs, then choose an arbitrary P,-name 7:la such that
1% “"Fla is a stable ordered-union ultrafilter on FIN”, and define (@a to be a full P,-
name so that IF, Q, = IP’(?-Ola). Note that in all cases |-, ‘Qa‘ = N; because I, CH.
Standard arguments in the theory of proper forcing (see Shelah [28] or Abraham [1])
together with lemmas proved earlier therefore imply that for each § < ws, Ps is proper,
w“-bounding, and satisfies the Na-c.c. In particular, this implies that the extension by
P,,, preserves all cardinals. Furthermore, for each § < ws, IFs5 CH. An easy inductive
argument using the earlier lemmas shows that for each ¢ < x and for each § < wo,
Ps preserves Ue. Therefore, for each § < k&, IFy, “Z/Dlg 2 is a selective ultrafilter on w”,
and Ik, Z/lg’2 ZrK 2;{2’27 for { # &. An argument identical to the one in the proof of
Theorem 7.5 shows that I, “there are no stable ordered-union ultrafilters on FIN”.

Next, suppose for a contradiction that Visa P,,-name such that for some p € P,,,
p kg, “Y is a selective ultrafilter on w”, and for each & < K, p Ik, % ZnK Z/{g’2 Then by
a standard argument, there exists a € S? such that the diamond sequence at a codes a
pair <Q°,p[a> such that G is a P,-name,

plalk, “G is a selective ultrafilter on w”,

for each & < K, pla Ik G Zpy U, and p by, G C V. Let Gy, be a (V, Py, )-generic filter
with p € G, and let G, denote its projection to Py. In V [Gal, Ha [Gal = G [Gal is
a selective ultrafilter on w such that for every £ < x, Ho [Ga] Zrx Z/lg‘ [Go]. Moreover,

P (’Ha [Ga]> completely embeds into the completion of P,,/G,, and P, /G, is w*-
bounding. Therefore Lemma 8.19 implies that

IFp,, /G, “there is no selective ultrafilter on w extending He [Gal .

However Gy, is a (V[G,],P,,/Gq)-generic filter, V[G4][Gw,] = V[G,,], and in
V[Go,], V[Gu,] is a selective ultrafilter on w extending G [Go,,] = G [Ga] = Ha [Ga]. This
is a contradiction which shows that in the extension by P,,,, every selective ultrafilter
on w is RK-isomorphic to the ultrafilter generated by U, for some & < k. 4
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