A COMBINATORIAL PROPERTY OF RHO-FUNCTIONS

DILIP RAGHAVAN AND STEVO TODORCEVIC

ABSTRACT. We show that if 7 is any Hausdorff topology on wi, then any
subset of wi which is homeomorphic to the rationals under 7 can be refined
to a homeomorphic copy of the rationals on which p is shift-increasing.

1. INTRODUCTION

Todorcevic [Tod87] introduced walks on ordinals and analyzed their characteris-
tics through various functions, which are collectively known as rho-functions. The
study of the properties of these rho-functions has been critical to constructing and
understanding combinatorial structures on uncountable cardinals, especially the
first uncountable cardinal wi. The monograph [Tod07] presents numerous applica-
tions of rho-functions to diverse areas of mathematics.

An important and useful class of rho-functions are those that satisfy certain
ultrametric triangle inequalities. In [Tod07], Todorcevic showed the existence of
such a function p : [Ii+]2 — k for every regular k. Chapter 3 of [Tod(07] develops a
detailed theory of such rho-functions in the case of the first uncountable cardinal —
i.e. kT = w; — and presents several applications, including the construction of gaps
in P(w)/FIN. We recall the following definitions.

Definition 1. A sequence C' = (C,, : a < wy) is called a C-sequence if the following
hold:

(1) Cq C oy

(2) Cotr={a};

(3) if « is a limit ordinal, then otp(Cy) = w and sup(C,) = a.

Given a fixed C-sequence C, p : [w1]2 — w is defined by recursion as follows:
pla, B) = max {|Cs Nal,p(e,min (Cs \ ), p(&,a) : £ € CgNal,

for & < f < w; with the boundary condition that p(a,a) = 0. p: [w1]2 — w is
defined by

pla,B) =27 (2. [{€ < a: p(€, @) < pla, B} + 1)
The following was proved in Lemma 3.2.2 of [Tod07].

Lemma 2. For any a < 8 <y < wi,

(1) ple,) # p(B,7);
(2) pla,y) <max{p(a, B), p(B,7)};
(3) pla, B) < max{p(a,7), p(8,7)}-
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Lopez-Abad and Todorcevic [LAT13] introduced a sequence of higher-dimensional
functions having analogous properties. For each ¢ < n < w, they defined a function
f,i(n) : [wn}lﬂ — wp—q, and used these functions to construct normalized weakly-
null sequences of length w, without any unconditional subsequences. Key to their
construction was the fact that the fi(n) could be made shift-increasing on some
infinite subset of every infinite set.

Definition 3. Suppose n > 1 is a natural number. Suppose v and § are ordinals.
For a function f : [§]" — 7, a subset B C § is said to be f-shift-increasing if for any
ap < -+ < ay < apy all belonging to B, f({ay,...,an}) < f({ag,...;ant1}).

Lopez-Abad and Todorcevic showed in [LATT3| that for every ¢ < n and every
A € [wn]™, there exists B € [A]"° such that B is fi(n)—shift—increasing. In particular,
for every A € [w1]™, there exists B € [A]Y such that B is shift-increasing for
1(1) = p. In this paper we generalize this result to topologically large sets. We are
interested in the situation where 7 is a Hausdorff topology on w;. The main result of
this paper shows that if A € [wy]"
exists B € [A]™ such that B is homeomorphic to Q and B is p-shift-increasing. An
important difference between our situation and the one in [LATI3] is that infinite
sets of ordinals satisfy Ramsey’s theorem for pairs, but as Baumgartner [Baug0]
showed, the topological space Q badly fails Ramsey’s theorem. For this reason, the
proof of Theorem [§] below is considerably trickier than the corresponding result in
[LAT13|, which relies on Ramsey’s theorem for infinite sets. We expect our result
will have further applications to topology and functional analysis.

% is a homeomorphic copy of Q under 7, then there

2. NOTATION

Our set-theoretic notation is standard. For any A, P(A) denotes the powerset
of A. When & is a cardinal, [X]" is {A C X : |A| = &}, and [X]=" denotes
{AC X :|A| <k}

Given a set a, Z is said to be an ideal on a if 7 is a subset of P(a) such that
the following conditions hold: if b C a is finite, then b € Z; if b € Z and ¢ C b,
then c € Z; if b€ Z and ¢ € Z, then bU c € Z; and a ¢ Z. The first condition is
sometimes expressed by saying that 7 is non-principal, and the last condition by
saying that Z is proper.

For sets A and B, AP is the collection of all functions from B to A. If § is an
ordinal, then A<? = U7<5A7. If f is a function, then dom(f) is the domain of f,
and if X C dom(f), then f”X is the image of X under f — that is, "X = {f(z) :
x e X}

For 0 € w<* and n € w, 0~ (n) is the concatenation of o with the one element
sequence (n). Formally, 0™ (n) = o U {(dom(c),n)}. T C w<¥ is a subtree if it is
closed under initial segments, that is if Vo € TVk < dom(o) [o[k € T).

If d is a metric on X, then By(y,e) denotes {z € X : d(y,z) < e}, forall y € X
and € € R. A topological space (X, T) is dense-in-itself if for each x € X and each
open neighborhood U of x, there exists y € U with y # z. A theorem of Sierpinski
(see [Eng89)]) says that (X, T) is homeomorphic to Q with its usual topology if and
only if it is non-empty, countable, metrizable, and dense-in-itself.

3. GETTING p TO BE SHIFT INCREASING ON A COPY OF QQ

Even though our main result is about functions on wy, its proof reduces to an
analysis of functions on countable sets satisfying certain properties. We will begin
with the proof of this countable Ramsey theoretic statement, which could be useful
in other contexts.
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Assume r: [w]2 — w is a function with the following three properties:
(1) Vi,iimewlk<l<m = r(k,m)#x(l,m);
(2) VE,Iimewlk <l <m = r(k,]) <max{r(k,m),r(l,m)}];
(3) Vk,I,mewlk <l<m = r(k,m)<max{r(k,1),x(l,m)}].
It is easy to see that these properties of r imply that for any k,l,m € w with
kE<l<m,if r(k,m) > r(l,m), then r(k,1) = r(k, m), and that if r(k,1) > r(l,m),
then r(k,m) = r(k,1).

Definition 4. B C w is r-shift-increasing if
Vk,I,m e Blk<l<m = r(k,1) <z(l,m)].

Assume that X is a topological space and that (z, :n € w) is a sequence of
distinct points of X (i.e. x,, = x,, if and only if n = m) with the property that the
subspace {z,, : n € w} is homeomorphic to Q. Fix a metric d on {z,, : n € w} that
is compatible with the subspace topology. Observe that for each ¢ > 0 and each
n € w, By(xy,,€) is also homeomorphic to Q.

Definition 5. A C w is said to be scattered if there is no B C A so that
{zy, : n € B} is homeomorphic to Q.

It is clear that T = {A C w : A is scattered} is a proper non-principal ideal on
w. Define Tt = P(w) \ Z.

Definition 6. For ¢,j € w, define A; ; = {n Ew:xy € By (a:z-, Jﬁ) }

Lemma 7. The following hold:
(1) for all A C w, A € T if and only if there exists B C A such that B # ()
and Vi € BYj € win € BN A; j [n # il;
(2) VA€ T+IBC A[B € I+ and Vi € BYj € w[B N A;; € T*]).

Proof. For (1): fix A C w. By definition, A € Z% if and only if
3B C A[{z, : n € B} is homeomorphic to Q] .

Consider any B C A. By a theorem of Sierpinski, {x,, : n € B} is homeomorphic
to Q if and only if {z, : n € B} is countable, metrizable, non-empty, and dense-
in-itself. Since {z, : n € w} is metrizable and countable, it suffices to show that
{z, : n € B} is dense-in-itself if and only if Vi € BVj € w3in € BN A, ; [n #i].
First assume that {x, : n € B} is dense-in-itself. Fix i € B and j € w. Then
By (mi, ]ﬁ) is an open set in {x, : n € w}, and so By (xi, Jﬁ) N{z, :n € B}
is an open neighborhood of z; in {z, : n € B}. As {z,, : n € B} is dense-in-itself,
there exists y € By (;vi, ﬁ) N{z, : n € B} with y # z;. Thus y = z,,, for some
m € B with ¢ # m. By definition of A; ;, m € A; ;. This proves one direction. For
the converse, assume Vi € BYj € win € BNA, ; [n # i|. Consider z; for some ¢ € B
and some open subset V of {z,, : n € B} with z; € V. Then V =UnN{z, : n € B}
1
J+1
the assumption there isn € BNA; ; withn #1i. Asn,i cwandn # 1,y = z, # ;.

for some open set U in {x, : n € w}. Thus By (xi, ) C U for some j € w. By

By definition of A4; ;, y = x, € By (aci, ]%)7 Yy = pn € {&m : m € B}, whence
yeUN{z,:me B}=V. Asy € V and y # z;, this shows {z,, : m € B} is
dense-in-itself, proving (1).

For (2): fix A € ZT. Applying (1) to A, there exists B C A so that B # ()
and Vi € BYj € win € BN A, ; [n#i]. Applying (1) to B, we see that B € Z+.
Fix i € Band j € w. To see BNA;; € I%, we apply (1) again. We have
BN A,;; C BNA;; and by the choice of B, 3n € BN A, ; [n # i], which implies
BNA;; #0. Fix k € BNA;; and | € w. It suffices to find m € BN A, ; N A, with
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m # k. By the definition of A; ;, d(zk, ;) < j% Choose g € w so that qJ%l < ZJ%I
and d(zg, z;) + ﬁ% < J% By the choice of B, there exists m € B N Ay, with
m # k. Thus m € w and d(xn,,xE) < ﬁ < H—%?
d(Xm, i) < d(@m,xk) + d(zk, ;) < q_}_—l + d(zg, ;) < j%, whence m € A; ;.
Therefore m € BN A; jN Ay, as required. This concludes the proof that BN A, ; €
t. B

Theorem 8. For every A € I, there ewists B C A such that B is r-shift-
increasing, B # 0, and Vi € BYj € wdn € BN A, ; [n # 1.

whence m € Ag;. Also

Proof. We will ensure B has the following property:
Vk,I,meBlk<l<m = r(k,m)<zx(,m)].

To see that this implies that B is r-shift-increasing, assume for a contradiction that
for some k,l,m € B with k <1 <m, r(k,l) > r(l,m). Then by the properties of r
discussed earlier, r(k,m) = r(k,l) > r(l,m), contradicting the property of B.

Fix a 1 — 1 enumeration {0 : s < w) of w<¥ such that Vs < ¢ < wloy € o4
Note that 0y = @ and that for each s > 0, there exist unique r < s and j € w
so that o5 = 0.7 (j). Applying (2) of Lemma [7} fix D C A so that D € Z* and
Vi € DVj € w[DNA;; € Zt]. Construct (ks :s <w) and (Us : s < w) with the
following properties:

(1) ks € D, Vr < slk, <ks),¥Yg,rjg<r<s = r(ky,ks) <r(kr, ks)l;

(2) if s > 0 and o5 = 0, (j) for some r < s, then ks € Ay, j;

(3) Us C I is an ultrafilter on w such that Vj € w[D N Ay, ; € Us];

(4) Vp,q,r <s[p<q = {m € D:m>kqand r(k,,m) < r(kqy,m)} € Uy].
Suppose for a moment that this construction can be carried out. Put B = {k; :
s < w}. Then clearly B is non-empty, and (1) ensures that B C D C A and that B
satisfies the property claimed in the first paragraph of the proof. Consider ¢ € B
and j € w. Then i = k, for some r < w, and o, (j) = o, for some r < s < w. By
(2) n=ks € BNAy, ; =BNA,; and by (1) n = ks > k, = ¢. Thus B has the
required properties.

To construct (ks : s < w) and (Us : s < w), proceed by induction. When s = 0,
let ks € D be arbitrary. By the choice of D, Vj € w[DNAg,; € ZT]. Since
Vj < j <wlAk, ;v C A ], {DNAg, ;:j€w} forms a descending collection of
elements of ZT. Therefore, it is possible to find an ultrafilter /s on w such that
{DNAy,;:j€ew} CUs CTT. This fulfils (1)—(4) for s = 0.

Now assume that s € w and that (k. : r < s) and (U, : r < s) satisfying (1)—(4)
for all » < s are given. For some unique r < s and j € w, o541 = o0, (j). By (3)
U, CI7 is an ultrafilter on w with DN Ay, ; € U,. The following simple but useful
claim is a corollary to Lemma

Claim 9. VC € U,3I € TVi € C\ IVw € w [(C\ I) N A; ., € TH].

Proof. Put I ={i € C: 3w € w[C'N A ¢ IT]}. To see that I € Z, suppose for a
contradiction that I € Z*. Applying (2) of Lemma@ find J C I such that J € Z+
and Vi € JVw € w[JNA;, €ZT]. As J is non-empty, fix some i € J. Then
i € C Cw and for some w € w, CNA;, ¢ IT. Also, JNA;,, € IT. However
this is a contradiction because J N A; € INA;w CCNAjw €C Cw. Thus
I € Z. To see that I has the required properties, fix i € C'\ I and w € w. Then
CN A, €I by definition of I. Therefore, (C\I)NA;w=(CNA L) \IELT,
as required. =

For each p,q < s with p < ¢, define
E,,={meD:m>k,and r(ky,m) < x(k,,m)} €U,.
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Define E =N ({D N Ay, ;} U{Epq:p,q <sandp<q})€U,. Foreachp <sand
i € E with k, < i, define F,,; = {m € D : i < m and r(k,, m) < r(i,m)}. Define

Gp:{iGE:kp<iande€w[EﬂFp,iﬂAi7w€I+]}.
Claim 10. Vp < s[G, € U,].

Proof. Suppose not and fix a counterexample p < s. Since {i € E : i > k,} € U,,
it follows that G, = {i € E:i >k, and 3w € w[ENF,; N A;,, € I]} € U,. Using
Claim [9]fix Iy € T so that Vi € HYw € w[H N A, € 7], where H = G,,\ Io. Since
(_;p €U, and Iy € Z, H € U,. Consider some i € H. Then ¢ € E, k, < ¢, and for
somew € w, I = ENF, ;NA;., € Z, while HNA; ,, € Zt. As (HN A; )\ €I,
we may select ¢/ € (HNA,; )\ 1 withi <. Then ¢ € ENA, ,, whence i’ ¢ F, ;.
Since E C D, ¢ € D and i < ¢, whence r(k,,7') > r(i,7'). As k, < i < ¢, the
properties of r imply that r(i,7') < r(kp,i') = r(kp,i). We have thus proved that

Vie H3' € H[i < and r(i,i") < r(kp,i') = 1(kp,1)].

Now H being non-empty, we may fix ig € H and put v = r(kp,ip). Construct
o <11 < -+ < iys1 so that for each v <u+1, 4, € H and u = r(k,,i,) as follows.
Suppose v < w + 1 and that i, € H with r(kp,i,) = u. Applying the property
proved above we can find i,11 € H with 4, < i,11 and r(iy, ty41) < r(kp, lpt1) =
r(kp,iy) = u. By construction for each v < w+ 1, r(iy,%y4+1) < u. By property (3)
of r, this implies that Vo < w4 1[r(éy,tut1) < u]. As {ig,...,0y} is a set of size
u + 1, the pigeonhole principle implies that for some 0 < v < v’ < w, T(iy, tyt1) =
T(iyr, iy+1), contradicting property (1) of r. This contradiction concludes the proof
of the claim. B

For each r',p < s, define Hy» , ={i € E:i >k, and F,; € Uy }.
Claim 11. For each v',p <s, Hy., € U,.

Proof. Suppose not and fix some counterexample r’,p < s. Since {i € E : i > kp} €
Uy, it follows that H, , = {i € E:i >k, and F,,; ¢ U} € U.. Consider some
i € E with ¢ > ky and F,; ¢ Uy. By (3) of the induction hypothesis ap-
plied to " < s, DN Ag,0 € Uy, and so {m € D : m > i} € Uy.. There-
fore, F,; = {m € D:m > i and r(k,,m) > r(i,m)} € U. Now H, , is an in-
finite subset of w. Fix any i € H, , and put a = r(kp,ip). Observe that
for any m € Fp;,, kp < iop < m and r(igp,m) < r(kp,m), whence r(k,,m) =
r(kp,ip) = a. Choose {i1,...,iq41} C Hr/m such that i < i1 < -+ < ig41. Let
F=N{Fi,:0<b<a+1} €Uy, and fix m € F. As m € Fp;,, v(kp,m) = a.
Foreach1<b<a+1 asme Fpﬂvb, iy < m and r(iy,m) < r(ky,m) = a. Hence
by the pigeonhole principle, for some 1 < b < b < a+ 1, r(ip,m) = r(ipy, m),
contradicting property (1) of r. This contradiction proves the claim. B

Let
H= (ﬂ {Gp:p< s}) N (ﬂ {Hyp,:r',p< 5}) € U,.
Choose ksy1 € H. Then ksq € E and Vp < sk, < kst1]. Put
@ = max {x(ky, bos1) : p < 57,
and suppose ¢ < s is such that a = r(ky, ks+1). As ksp1 € Gy,
VwGw[EﬂFq,k N Ak, oy w EIﬂ .

s4+1

Since Vw < w' < w Ak, 1w C Akyprw]s {EN Fypy N Ak 0w €w} forms
a descending sequence of members of ZT. Therefore, there exists an ultrafil-

ter Us41 on w such that {EﬁFq,;@S+1 NAg, i w Ew} C Uy € IT. We
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have E N Fyg,,, N Aks+1,0 CECwand ENF ., N A’CS+1,0 C Fykon S
D C w, whence E € U1 and Fyp, ., € Uspr. Similarly for each w € w,
ENFyp, i NAg 1w CSDNAL 0w €D Cw,and soVw € w [D NAg, 1w € Z/ISH}.
For every p < s,if m € F .., thenm € D, kg1 <m, and r(kq, m) < r(ksy1,m).
Then k, < kst1 < m, and by properties (2) and (3) of r and by the choice
of q, r(kpvm) < max{r(kpaks+1)7r(k5+17m)} < max{r(k%k's+1)ar(k8+1vm)} <
max {max {r(kq,m), r(ksy1,m)},r(ksy1,m)} = r(key1,m). By property (1) of r,
we conclude that r(k,,m) < r(ksy1,m), and hence that m € Fj,_,,. Therefore,
for every p < s, Fyr, ., € Fpr,,, €D Cw. Therefore, Vp < s [prk's-}—l S Z/IS_H].
Unfix ¢ from the last paragraph. Let us verify that (1)—(4) are satisfied by
(kpr i1 < s4+1) and U : ' < s+ 1). We have noted above that ksy; € E C D
and that Vr' < s[k,» < ksy1]. Consider p,q < s with p < ¢. Then E, , is defined
and ks41 € E, 4, whence r(k,, ksy1) < r(kq, ks41). This verifies (1). (2) holds be-
cause 0441 = 0, (j), where r < s and j € w are unique, and k11 € E C DN Ay, ;.
For (3), by definition, U1 is an ultrafilter on w with Us; 1 € ZT, and we have noted
above that Vw € w [D N Ay, w € Us41]. Finally, we turn to (4). Fix p,q,7’ < s+1
with p < ¢ and define L,, = {m € D:m >k, and r(k,,m) <r(ky,,m)}. We
must show L,, € U,». Note that since p < s, there are four cases to consider.
Suppose first that ¢,7" < s. Then by the induction hypothesis (4) applied to
s, Ly 4 € Uy. Suppose next that ¢ < s and 7" = s+ 1. Then E,, is defined
and Ep,,; = Lpq4. Since E C E,, C D C w, and since E € Usy1, Epq € Usta
as well. Thirdly, suppose ¢ = s + 1 and v < s. Then H,., is defined, and
since ksy1 € Hprp, ksy1 € B, ksy1 > kp and Fp i, , € U, Since by definition,
Ly, = {meD:m>key and r(ky,m) <r(ksy1,m)} = Fop.py, Lpgq € Uy as
well. Finally suppose that ¢ = s +1 = /. Then since ks11 € E and kp < ksy1,
Lyq, = {m € D:m> ke and r(ky,m) < r(ksy1,m)} = Fpi, .., and since we
have showed in the previous paragraph that F, . ., € Usy1, Lpq € Usp1 = Uy
as well. This concludes the verification of (1)—(4). Therefore the induction can
proceed. -

Corollary 12. Let (X, T) be a topological space. Suppose that (Tq : o < wi) s a
1-1 enumeration of all the points of X. Let P C [w1]<N1 be a family such that:
(1) P is hereditary, that is, VA € PYB C A[B € PJ;
(2) there exists A € P such that the subspace {x, : a € A} is homeomorphic
to Q.
Then there exists A € P such that otp(A) = w, A is p-shift-increasing, and the
subspace {zq : o € A} is homeomorphic to Q.

Proof. It is not hard to show that there is an M € P such that otp(M) = w
and the subspace {z, : @ € M} is homeomorphic to Q. Indeed this is proved
in Lemma 6 of [RT22]. Let {a, : n € w} be the strictly increasing enumeration
of M. Define y, = z,, € X, for all n € w. Then (y, : n € w) is a sequence of
distinct points of X and the subspace {y, : n € w} is homeomorphic to Q. Let
d be a metric on {y, : n € w} that is compatible with the subspace topology.
Define r : [w]® = w by setting r(k,1) = p(ak, ), for all k < [ < w. Let the ideal
7 and the sets A;; be as in Definitions [5] and [6} Then Theorem [§] applies and
implies that there exists a set B C w such that B is r-shift-increasing, B # (), and
Vi € BYj € win € BNA, ;[n #i]. Applying (1) of Lemmato B we conclude that
B € I*. By definition of Z, there exists A C B so that the subspace {y, : n € A}
is homeomorphic to Q. Let N = {a,, : n € A} C M. As P is hereditary, N € P.
Clearly, A is an infinite subset of w, and so otp(N) = w. By definition N is p-shift-
increasing. Finally, the subspace {xo : a € N} = {z,, :n € A} = {y, :n € A} is
homeomorphic to Q. So N is as needed. —
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