BOREL ORDER DIMENSION

DILIP RAGHAVAN AND MING XIAO

ABSTRACT. We introduce and study a notion of Borel order dimension for
Borel quasi orders. It will be shown that this notion is closely related to the
notion of Borel dichromatic number for simple directed graphs. We prove
a dichotomy, which generalizes the Gp-dichotomy, for the Borel dichromatic
number of Borel simple directed graphs. By applying this dichotomy to Borel
quasi orders, another dichotomy that characterizes the Borel quasi orders of
uncountable Borel dimension is proved. We obtain further structural infor-
mation about the Borel quasi orders of countable Borel dimension by showing
that they are all Borel linearizable. We then investigate the locally countable
Borel quasi orders in more detail, paying special attention to the Turing de-
grees, and produce models of set theory where the continuum is arbitrarily
large and all locally countable Borel quasi orders are of Borel dimension less
than the continuum. Combining our results here with earlier work shows that
the Borel order dimension of the Turing degrees is usually strictly larger than
its classical order dimension.

1. INTRODUCTION

Order dimension is a measure of the complexity of a partial order. It was first
considered by Dushnik and Miller in [6] and it is now well-studied in combinatorics
(e.g. [22], [43], [2], [16]) and in computer science (e.g. [44], [9]). In this paper, we
will consider a Borel analog of this notion for Borel quasi orders and their quotients.
Our work falls into the general framework of Borel combinatorics, where one stud-
ies Borel analogs of classical combinatorial notions (see e.g. [11], [12], [20]). Like
other works in this genre, one of our main aims is to prove a dichotomy theorem
characterizing those Borel quasi orders whose Borel dimension is uncountable. In
such dichotomy theorems, one identifies a collection of canonical basic objects to-
gether with appropriate morphisms, and shows that any object with a sufficiently
complicated structure admits a morphism from one of the basic objects. A major
example is the theorem of Harrington, Kechris, and Louveau [12] characterizing the
non-smooth Borel equivalence relations in terms of the existence of a continuous
reduction from the basic object Ey. Another major example is the Gy-dichotomy
of Kechris, Solecki, and Todorcevic [20] characterizing the analytic graphs of un-
countable Borel chromatic number in terms of the existence of a continuous graph
homomorphism from the basic object Gg.

Our first task here will be to provide a robust definition of the Borel order di-
mension of a Borel quasi order. This concept requires careful definition because,
unlike the classical case, most interesting Borel quasi orders do not admit any
Borel linear extensions. We will first show that an appropriate definition of this
notion connects it to the Borel analog of the concept of dichromatic number of a
digraph. This concept was first defined by Neumann-Lara [33] in the late 1970s
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and has since become important in finite combinatorics, where it is often seen as
the appropriate generalization of the concept of chromatic number to digraphs.
With the relationship between Borel order dimension and Borel dichromatic num-
ber established in Section 2] we are naturally led to seek a dichotomy theorem that
characterizes Borel and analytic digraphs of uncountable Borel dichromatic num-
ber. Two such dichotomies are established in Section We consider two types
of morphisms: continuous digraph homomorphisms as well as those that preserve
certain non-edges, namely continuous digraph homomorphisms that map every in-
duced copy of the directed cycle of length n to another such induced copy. The
latter are known as minimal homomorphisms. The basic objects of our dichotomies
are digraphs generalizing the graph Gy of [20]. But instead of one basic object, we
require a family that is uniformly parametrized by a real, so there are continuum
many basic objects. Our dichotomies characterize the Borel digraphs of uncount-
able Borel dichromatic number in terms of the existence of a continuous minimal
homomorphism from one of the basic objects. In the case of analytic digraphs of
uncountable Borel dichromatic number, we can characterize them by a continuous
homomorphism from one of the basic objects, though we are unable to guarantee
minimality. Further, it is proved in Section |3| that the Gyp-dichotomy of [20] is a
special case of these dichotomies.

Having obtained a dichotomy for the Borel dichromatic number, we associate
a Borel quasi order with each of its basic objects to obtain another parametrized
family of continuum many basic Borel quasi orders for the third dichotomy of
Section Each basic object of the third dichotomy is a locally countable Borel
quasi order of height 2. We are able to characterize the Borel quasi orders of
uncountable Borel order dimension in terms of the existence of a continuous map
from one of these basic objects that is order preserving and also preserves the
incomparability of certain elements. Additionally, it is shown in Section 3| that
every Borel quasi order whose Borel order dimension is countable admits a Borel
linear extension.

The classical order dimension of locally countable orders, especially the Turing
degrees, was investigated in [I5] and [23]. Obtaining Borel analogs of some of
the results from those works was one of the original motivations for this paper.
Using the results in Section [3| and some ideas from the papers [I5, 23] 24], we
obtain several results about the Borel order dimension of locally finite and locally
countable Borel quasi orders in Section [4} It was proved in [I5] that the classical
order dimension of the Turing degrees is usually strictly smaller than the continuum.
Combining this result with the dichotomy theorems of Section [3| shows that the
classical order dimension of the Turing degrees is usually strictly smaller than its
Borel order dimension. In [23], the classical order dimension of the Turing degrees
was characterized in terms of families of partial orders on the reals that separate
countable sets of reals from points. By using a Borel analog of this notion, we obtain
upper bounds on the Borel order dimension of locally finite and locally countable
Borel quasi orders, in particular, it is shown that all locally finite Borel quasi orders
are of countable Borel order dimension. Finally, by combining a forcing notion from
[24] with Harrington’s generic G forcing, we show that the Borel order dimension of
all locally countable Borel quasi orders can consistently be strictly smaller than the
continuum. It is worth noting that non-trivial interactions between the definable
and non-definable aspects of a concept are also common in the study of Tukey
reducibility, which is another notion of complexity for ordered sets. Important
examples where the definable aspect of the theory informs the non-definable case
and vice versa can be found in [38], [35], [37], [4] among many others. A similar
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confluence of ideas can also be seen in the definable and non-definable cases of the
study of chain conditions in forcing notions, e.g. [42] and [I7].

2. PRELIMINARIES

Different authors use the terms “partial order” and “quasi order” differently. We
fix our terminology once and for all with the following definition.

Definition 2.1. We define the following:

(1) < is a quasi order on P if < is a reflexive and transitive relation on P.
P = (P, <) is said to be a quasi order if < is a quasi order on P.

(2) < is a partial order on P if < is an irreflexive and transitive relation on P.
P = (P, <) is a partial order if < is a partial order on P.

(3) A quasi order < on P is linear or total if for any z,y € P, (x <yVy < z).
P = (P, <) is a total quasi order or a linear quasi order if < is a total quasi
order on P.

(4) A partial order < on P is linear or total if for any x,y € P, (xt <yVy <
zVa=y). P=(P<)is called a linear order or a total order if < is a
linear order on P.

(5) For a quasi order < on P, E< is the equivalence relation on P defined by

pE<cq = (p<qNhqg<p).

(6) For a quasi order <, z < y means (z < y Ay £ z). It is easily checked that
< is a partial order. For a partial order <, < y means (z < yVz = y).
Then £ is a quasi order with F< being equality.

(7) For a quasi order < on P, the relation < induces a partial order on P/E<,
which will also be denoted <. Thus for any z,y € P,

[#]p. <Wlp. = =<y
When there is no risk of ambiguity, we will omit the subscript from [z] B

The main focus of this paper is on quasi orders and partial orders that are nicely
definable on some Polish space. The final section of the paper will study locally
finite and locally countable examples of such orders, like the Turing degrees.

Definition 2.2. A quasi order P = (P, <) is called a Borel (analytic) quasi order
if P is a Polish space and < is a Borel (analytic) subset of P x P.

Definition 2.3. A quasi order P = (P, <) is said to be locally countable (locally
finite) if for every @ € P, {y € P : y < x} is countable (finite).

The following notion was first considered by Dushnik and Miller in 1941. Roughly
speaking, it asks how many linear orders are necessary to resolve each incompara-
bility in a partial order in both directions.

Definition 2.4 (Dushnik-Miller [6], 1941). Let P = (P, <) be a partial order.
The order dimension (or simply dimension) of P, denoted odim(P), is the smallest
cardinality of a collection of linear orders on P whose intersection is <.

The use of the word “dimension” is justified by the following theorem proved by
Dushnik and Miller in the same paper where they introduced their concept.

Theorem 2.5 (Dushnik-Miller [6], 1941). For any partial order P, odim(P) is the
minimal cardinal k such that P embeds into a product of k many linear orders with
the coordinatewise ordering on the product.

Definition 2.6. Suppose < and < are both partial orders on P. We say < extends
<o if <9 C <. In other words, < extends < if and only if for any z,y € P,
<oy = x<y.
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The following equivalent characterization of the order dimension of a partial
order can be easily proved by appealing to the fact that Zorn’s lemma allows every
partial order to be extended to a linear order.

Lemma 2.7. For any partial order P, odim(P) is the minimal cardinal k such that
there exists a sequence (<; : i € k) of partial orders on P extending < such that

(1) Ve,ye Plickly<izVz<yVz=y.

As mentioned in the introduction, there has been much interest in the order
dimension of finite partial orders coming from finite combinatorics and computer
science. There has also been growing interest in the order dimension of infinite
partial orders. The order dimension of <[/€]<RO,§> was studied in [21I]. More
recently, the order dimension of locally countable orders, especially of the Turing
degrees, was investigated in [I5 23]. Although Dushnik and Miller defined their
notion only for partial orders, it is natural to extend their definition to quasi orders
as follows.

Definition 2.8. Let P = (P, <) be a quasi order. We define the order dimension
(or simply dimension) of P, denoted odim(P), to be odim ((P/E<, <)).

Definition 2.9. Suppose <; and < are both quasi orders on P. < is said to extend
<o if

(1) x<py = = <y and

(2) 2 E< y < z Ecy,
for all z,y € P.

It is easily verified that < extends < iff

(a) P/ESO :P/ES and

(b) [z] <o [y] = [z] < ly], for all z,y € P.
If < is a linear quasi order which extends <, then we say < linearizes <.

When P = (P, <) is a Borel quasi order, the quotient P/E<  is almost never
a nicely definable object. Furthermore, by the work of Harrington, Marker, and
Shelah [I1] and of Kanovei [I§], there is no Borel < that linearizes <g in most
cases. Hence it will be useful to have a characterization of odim(P) only in terms
of quasi orders on P that extend < in the sense of Definition[2.9] The next lemma
provides such a characterization. Although its proof is simple, we include it for
completeness.

Lemma 2.10. Let P = (P, <) be a quasi order. Then odim(P) is the minimal car-
dinal k such that there exists a sequence (<; : i € k) of quasi orders on P extending
< such that

(2) Ve,ye Plierly<;zVaz<y|.

Proof. Let A = odim(P). By Lemmal2.7] fix a sequence (<; : i € A) of partial orders
on P/E< extending < and satisfying (1)) of Lemma[2.7for P/E< and <. Define <;
on P by

vy = (v<yvilp <ills.)
for all z,y € P. Then <, is a quasi order on P which extends < and the partial
order induced by <; on P/E< = P/E<, is <;. Now given any z,y € P, there
exists ¢ € A such that ([y]E< <i[@lg. ViIrlg. <Wlp. VIrlg. = [y]E<> By the

definitions, this is easily seen to imply (y <; Vo < y). Thus (<, : i € \) satisfies
of this lemma.
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On the other hand suppose that (<; : i € k) is a sequence of quasi orders on P
extending < and satisfying of this lemma. Let <; be the partial order induced
by <; on P/E< = P/E<,. Then <; extends <. Further, suppose

(@], o). € P/Pe.
Let i € k be so that (y <; zVa <y). If (x <yAy <), then [z],_ = [y]p_. If
(x <yAy £ x), then [x}ES < [y]ES If (x £ yAy <; x), then [y]ES < [:E]ES Thus
of Lemma [2.7]is satisfied by (<; : i € ) for P/E< and <. B

We next provide a characterization of the order dimension of a quasi order in
terms of the dichromatic number of a certain associated digraph. This apparent
detour will ultimately payoff by guiding us to the correct definition of Borel order
dimension and allowing us to prove a dichotomy theorem that characterizes the
Borel quasi orders of uncountable Borel order dimension.

Definition 2.11. G = (X, R) is called a simple directed graph or a digraph for
short if R C X x X and (z,z) ¢ R, for every z € X.

Some authors use the term digraph to allow self edges, but we do not allow this
here.

Definition 2.12. A digraph (X, R) is called a graph if
Va,y € X [(z,y) € R+ (y,x) € R].

Definition 2.13. A digraph G = (X, R) is said to be Borel (analytic) if X is a
Polish space and R C X x X is Borel (analytic).

Definition 2.14. For a digraph G = (X, R) and a subset Y C X, an R-path in Y
is a finite non-empty sequence (yo, ..., yx) of elements of Y such that y; Ry;+1, for
all i < k. An R-path (yo,...,yr) in Y is an R-cycle in Y if ypRyo. The length of
an R-path is one less than the length of the sequence. In other words, the length of
an R-path (yo,...,yx) is k. Observe that for any y € Y, (y) is an R-path of length
0 in Y, but it is not an R-cycle because (y,y) ¢ R. We will write path and cycle
instead of R-path and R-cycle when R is clear from the context.

The next definition associates a digraph with every quasi order. It will be shown
that in all non-trivial cases, the order dimension of a quasi order coincides with the
dichromatic number of its associated digraph. This characterization will point us
to the correct definition of Borel order dimension.

Definition 2.15. Let P = (P, <) be a quasi order. Define
Ap = {(z,y) e Px P:y & x}.
For (zo,yo) , (z1,y1) € Ap, define
(zo,%0) Rp (z1,41) <= yo < z1.
Note that (Ap, Rp) is a digraph. Further, if P is a Borel quasi order, then (Ap, Rp)
is a Borel digraph.

Lemma 2.16. Suppose that P = (P,<) is a quasi order and X C Ap. LetY
be the transitive closure of X in P x P. For any (p,q) € Y, there is a path

({0, %0) s+ (Trsyx)) in X with p =19 and q = yi.

Proof. Let (p,q) € Y. Then there are l > 1 and a sequence (ry, . .., r;) of elements of
P such that p = rg, ¢ = 1, and {r;,r;41) € X, for all i < 1. The proof is by induction
on this l. If I = 1, then {(p, q)) is the required path in X. Assume the statement for
some [ > 1 and let (rq,...,r,74+1) be a sequence of elements of P such that p = ro,
q =741, and (r;,7;41) € X, for all i < [+1. By the induction hypothesis, there is a
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path ((xo,y0), .-, (Zk, yk)) in X with 2o = ro = p and yi, = r;. Since (r;,rj41) € X
and Yk S T, <$k)a yk> RP <Tla 7”l+1> holds. Thus <<x0a y0> P <xka yk> 5 <Tl, rl+1>> is
the required path in X, completing the induction. B

Lemma 2.17. Suppose that P = (P,<) is a quasi order and X C Ap. Let Z be
the transitive closure of < U X in P x P. For any {p,q) € Z \ <, there is a path
<<.’£0,y0> PR <xk7yk>> in X with p < Zo and Yk < q-

Proof. Let Y be the transitive closure of X in P x P. Then Z is the transitive
closure of < U Y in P x P. Let (p,q) € Z \ <. Then there are [ > 1 and
a sequence (rg,...,r;) of elements of P such that p = ro, ¢ = 7, and either
(ri,riy1) € < or (r;,riy1) € Y, for all ¢ <. The proof is by induction on this I.
First suppose [ = 1. Then since (p,q) ¢ <, (p,q) € Y. So by Lemma [2.16] there
is a path ((xo,v0),-- -, {(Tk,yr)) in X with p < p =1z and yp = ¢ < ¢. This is as
required. Now assume the statement for some ! > 1 and let (rg,...,7,741) be a
sequence of elements of P such that p = rg, ¢ = r;41, and either (r;,7;41) € < or
(ri,riy1) € Y, for all i <14 1. Then (ro,r) € Z. First suppose that (rg,r;) € <.
If (r,ri41) € <, then p = 19 < 1 < 141 = ¢, contradicting (p,q) ¢ <. So
(ri,7141) € Y. By Lemma there is a path ((xo,%0),- ., (Tk,Yr)) in X with
p=r1r9g <1 =uz9and yp = 141 = ¢ < q. This is as needed. Now suppose
that (rg,r;) ¢ <. Then the induction hypothesis applies and implies there is a
path ({(xo,y0), .-, {xk,yx)) in X with p = rg < xg and yr < r;. If {(ry,rp1) € <,
then yr < r; < r;41 = ¢, and this is as required. So suppose that (r;,r;41) € Y.
Then by Lemma there is a path ((wo,20),..., (Wm,2m)) in X with r, =

wo and 711 = zpy. Since yr < 1 = wy, (Tk,yr) Rp (wo, z0) holds. Therefore,
{0, Y0) 5> {Ths Y)Y {{wo,20) ;- -y (Wi, 2m)) is a path in X. Since p < 29 and
Zm = T141 = q < @, this is as required, completing the induction. -

Lemma 2.18. Suppose that P = (P, <) is a quasi order and X C Ap. Let < be
the transitive closure of <U X in P x P. If E< # E<, then X contains a cycle.

Proof. Note that < is a quasi order on P with < C <. Hence E< is an equivalence
relation with E< C E<. Suppose p,q € P and that p < ¢ < p. Assume first that
p £ qgand ¢ £ p. Then by Lemma there exist paths ((xo,yo), -, (Tk, Yk))
and ({(wo,20), ..., (w,2)) in X with p < a0, yr < ¢, ¢ < wp and z; < p. Thus
yr < wo and z; < xg, and so, (xg, yi) Rp (wo, 20) and (wy, z1) Rp (xg, yo) hold. Tt
follows that {({xg,y0),---, {(Tk,yx)) {{wo,20),---,{w,z)) is a cycle in X. Next,
suppose that p £ ¢, but ¢ < p. Then there exists a path ((zo, o), -, Tk, ys)) in
X with p < zp and yx < q. Thus yr < g < p < x9, and so {(xg, yx) Ry (Zo, Yo)
holds. It follows that ({xo,yo),--..,{Zk, yx)) is a cycle in X. Finally, suppose that
p < ¢, but ¢ £ p. Then there exists a path ((wo, z0) , - .., (wi, z)) in X with ¢ < wp
and z; < p. Thus z; < p < ¢ < wop, and so (wy, z;) Rp (wo, 20) holds. It follows
that ((wo, z0), ..., {ws, 2)) is a cycle in X. Therefore if X contains no cycles, then
necessarily, p < ¢ < p. This shows EF<x C FE«. B

The dichromatic number of a digraph was defined by Neumann-Lara [33] (see
also [7, pp. 17-20]). It has become a well-studied notion in finite combinatorics
(e.g. [34], [13], [32]) with important connections to various other notions in graph
theory. For instance, the well-known conjecture of Erdos and Hajnal about cliques
or anti-cliques in graphs with forbidden subgraphs is known, by [1], to be equivalent
to a statement about the dichromatic number of certain tournaments. Soukup [40]
has studied the dichromatic number of uncountable digraphs. In a recent work,
Higgins [14] has proved a Brooks type theorem for the measurable dichromatic
number of Borel digraphs.
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The next definition collects the various notions of chromatic number and dichro-
matic number that will be considered in this paper together. We define both a
weak notion and a strong notion of Borel dichromatic number. The weak notion
only requires a cover of the digraph by Borel cycle-free subsets, while the strong
notion asks for a Borel mapping into a Polish space such that the preimage of each
point is cycle-free. The difference between the two notions boils down to this: the
weak notion sees cardinals between Ry and 2% whereas the strong notion does not.
More precisely, the weak notion can consistently take values between Rg and 2%
(see Section, while the strong notion is equal to 28 as soon as it is uncountable.
Nevertheless, there is a very straightforward relationship between these two no-
tions. The weak notion is countable if and only if the strong one is, and in this case
the two notions coincide. The weak notion is uncountable if and only if the strong
one is equal to 2%°. We will formulate most of our results, including our dichotomy
theorems, in terms of the weaker notion, but given the simple relationship between
the two, the statements of our results would not change if the stronger notion were
substituted everywhere. In the classical case, there is no difference between the
strong notion and the weak one.

Definition 2.19. Let G = (X, R) be a digraph. The dichromatic number of G,
denoted X(G), is the minimal cardinal x such that there exists a collection {X, :
a < k} such that X = J,_,.Xa and for each a < , there are no R-cycles in X,.

For a graph G = (X, R), the chromatic number of G, denoted x(G), is the minimal
cardinal x such that there exists a collection { X, : @ < &} such that X = J, .. Xa
and Vo < kVz,y € X, [(z,y) ¢ R].

If G = (X, R) is an analytic digraph, then the weak Borel dichromatic number
of G, denoted X(G), is the minimal cardinal k such that there exists a collection
{X4 : @ < K} of Borel subsets of X such that X = .. X, and for each a < &,
there are no R-cycles in X,,.

If G = (X, R) is an analytic graph, then the weak Borel chromatic number of G,
denoted x#(G), is the minimal cardinal x such that there exists a collection {X,, :
a < k} of Borel subsets of X such that X =J,_.Xa, Vo < < k[XoNXg = 0],
and Vo < kVz,y € X, [(z,y) ¢ R].

For an analytic digraph G = (X, R), the Borel dichromatic number of G, denoted
X&(G), is the minimal x such that there exist a Polish space M and a Borel function
¢ : X — M such that |[M| = k and for every m € M, ¢~ 1({m}) does not contain
any R-cycles.

For an analytic graph G = (X, R), the Borel chromatic number of G, denoted
Xg(G), is the minimal k such that there exist a Polish space M and a Borel function
¢ : X — M such that |M| =k and Vz,y € X [p(z) = ¢(y) = (z,y) ¢ R].

Several remarks are in order. The definitions of ¥(G) and x(G) would not change
if we added the requirement that {X,, : @ < £} be a pairwise disjoint family. Clearly,
X(G) < X5'(9) < Xp(G), for any analytic digraph G and x(9) < x5'(9) < x3(G), for
any analytic graph G. For any graph G, x(G) = X(G) because not containing
cycles is the same as not containing edges. Clearly, any family of at most R; many
Borel sets can be refined to a pairwise disjoint family of Borel sets with the same
union. Therefore, for any analytic graph G, if ¥§(G) < RNy, then ¥Y(G) = x§(G).
In particular, for any analytic graph G, x¥§(G) > N¢ if and only if x¥'(G) > No.
Lastly, ¥5(G) and x5(G) can only take on these values: finite, No, or 2%, We will
see in Section M| that ¥¥(G) and x(G) have a much larger spectrum of possible
values. Observe, however, that Y¥(G) > Ng if and only if ¥p(G) = 2%, for an
analytic digraph G, and x¥(G) > Yo if and only if xz(G) = 2%, for an analytic
graph G. Furthermore, if Xy'(G) < Vo, then XP(G) = Xp(G), and if xF(G) < Ny,
then x¢'(9) = x5(9).

a<k

a<Kk
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Lemma 2.20. Let P = (P, <) be a quasi order. Let < be a quasi order on P that
extends <. Define

X(=,)={{z,y) e PxP:ytaxAz <y}
Then X (=,<) is a subset of Ap that does not contain any cycles.
Proof. Tt is clear from the definitions that X (=<, <) C Ap. Suppose for a contra-

diction that ({(xo,y0),. .-, (Tk,yk)) is a cycle in X(X,<). Then zp S yg < --- <
xr 2 yr < xo. It follows that zy E< yo. Since E< = E<, ¢ E< yo. However, this
is a contradiction because yo £ . -

Lemma 2.21. Let P = (P, <) be a quasi order such that |P/E<| > 1. Then
odin(P) = X ((Ap, Rp)).

Proof. Suppose (<; : i € k) is a sequence of quasi orders on P extending < such
that of Lemma is satisfied. For each i € k, define X; = X (<;,<). By
Lemma X; C Ap and it does not contain any cycles. Suppose (x,y) € Ap.
Then there is i € x so that  <; y, whence (z,y) € X;. Therefore Ap = |J;c,. X;.
It follows that X ((Ap,Rp)) < odim(P).

For the other direction, suppose Ap = |J;,. Xi, where each X; contains no cycles.
The hypothesis that |P/E<| > 1 implies that Ap # (. Therefore 0 < k. Define <;
to be the transitive closure of < U X; in P x P. By Lemma[2.18] each <; is a quasi
order on P that extends <. Let z,y € P. If x <y, then ¢ = 0 fulfills of Lemma
If © £ y, then (y,z) € Ap, whence (y,z) € X;, for some i € k. Then y <; x
and (2) of Lemma [2.10]is fulfilled by 4. It follows that odim(P) < ¥ ({(Ap, Rp)). -

Lemma suggests that the Borel order dimension of a Borel quasi order P
ought to be X¥({Ap, Rp)), or Xzg({Ap,Rp)) if a strong version is needed. In fact,
we will now prove that this is exactly what we get if we take the characterization
of odim(P) given by Lemma and add the requirement that the witnessing
sequence consist entirely of Borel quasi orders. The proof of this will use Corollary
which will also play a key role in the proofs of the dichotomies in Section
The proof of Corollary in turn, will use Theorem which can be found in
Kechris [19].

Definition 2.22. Let X be a Polish space and ® C P(X). We say that & is
IT} on X1 if for any Polish space Y and any A C Y x X which is 31, the set
A ={yeY:4,€®}isIIi. Here A, ={x € X : (y,z) € A}, for every y € Y.

Theorem 2.23 (First Reflection Theorem). Let X be a Polish space and let & C
P(X) be II} on Xi. Then for any X1 set A € ®, there is a Borel set B C X such
that AC B and B € ®.

Lemma 2.24. Let G = (X, R) be an analytic digraph. Let
® ={AC X : A does not contain a cycle}.
Then @ is II} on Xi.

Proof. Let Y be Polish and let A C Y x X be ¥i. Fix Polish spaces M and N
and continuous functions f: M - X x X and g: N =Y x X with f’M = R and
g'N = A. For k € w define

Ch :{<y,x0,...,xk,no,...,nk,mo,...,mk> €Y x XHHl x Nk i+t

(Acponi) = o)) A (A, Fmi) = (@i win) ) A Fme) = (o, z0) |

Clearly Cy is a closed subset of Y x X**1 x N*¥+1x M*+1 and so Dy = Projy (Cy)
is a 3} subset of Y. Therefore D = |J,o, Dy is a 3] subset of Y and E =Y \ D
is a IT} subset of Y. It is easily verified that E = {y € Y : A, € &} = Aq. .
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Corollary 2.25. Let G = (X, R) be an analytic digraph. If A C X is 1 and does
not contain cycles, then there exists a Borel set B C X such that A C B and B
does not contain cycles.

Lemma 2.26. Suppose P = (P, <) is a Borel quasi order. If <q is a X1 quasi
order on P that extends <, then there exists a Borel quasi order <; on P that
extends <g.

Proof. As noted in Definition (Ap,Rp) is a Borel digraph. Build sequences
(%p:n €w) and (X, : n € w) satisfying the following:

(1) =pis <p and =, is a X} quasi order on P extending <;

(2) =<,41 extends <,;

(3) X,, € Ap is Borel and does not contain cycles;

(4) X (Z%,,<) € X,, and =,,4 is the transitive closure of < U X,, in P x P.

To construct the sequences, let <y be <,. Given <,,, by Lemma X (=%,,5)C
Ap and it does not contain cycles. Since <,, is X} and < is Borel, X (=,,,<) is 3}.
By Corollary there exists a Borel set X,, C Ap such that X (%,,<) C X,,
and X,, does not contain cycles. Let =<,,,; be the transitive closure of < U X,, in
P x P. By Lemma 218 =<, is a quasi order on P extending <. Since < and
X, are Borel sets, <,,;; is 31. Note that E<  =E<=E< . Letz,y€ P and
suppose =, y. If y <z, then z E< 'y, whence z E< _ yand z =,y y. If
y £ x, then (z,y) € X (%,,<) C X, whence z <,,41 y. Therefore <,,,; extends
=, and (1)—(4) are satisfied, finishing the construction.

Define <; = J,,c,=%n- By (1) and (2), <, is a quasi order on P that extends
<p. Define X = UnEwX" and R = < U X. Then R is Borel. It will be verified
that R = <. If (z,y) € <, then (z,y) € <qg= =y C <. If (z,y) € X,,, for some
n € w, then (z,y) € <,41 C <;. This shows R C <;. For the other direction,
consider (z,y) € <,,, for some n € w. If y < x, then y <, =, whence z E<_ y, and
soz E<yand (z,y) € < C R. Ify £ z, then (z,y) € X (=%,,<) C X, CX CR.
Therefore, R = <; and <; is Borel. —

As our official definition of Borel order dimension, we will take the one derived
from Definition 2.8 and Lemma and we will show that it agrees with the one
we would expect from Lemma [2:21]

Definition 2.27. Let P = (P, <) be a Borel quasi order. A partial order < on
P/E< is said to be Borel if there is a Borel quasi order < on P such that F< = F<
and < is the partial order on P/E< = P/E< induced by <.

Definition 2.28. Let P = (P, <) be a Borel quasi order. The Borel order dimen-
sion (or simply Borel dimension) of P, denoted odimg (P), is the minimal cardinal
k such that there exists a sequence (<; :i € k) of Borel partial orders on P/E<
extending < such that

(3) Yo,y € PIicr(ly] <i [o]Viz] <[yl V2] = [y]].

Lemma 2.29. Let P = (P, <) be a Borel quasi order. Then odimp (P) is the
minimal cardinal Kk such that there exists a sequence (<;:i € k) of Borel quasi
orders on P extending < such that

(4) Ve,y e Pliekrly<;zVaz<y|.

Proof. Suppose (<; : i € k) is a sequence of Borel partial orders on P/E< extend-
ing < and satisfying of Definition m Then for every i € k, there is a
Borel quasi order <; on P so that F<, = F< and <; is the partial order on
P/E<, = P/E< induced by <;. Each <; extends <. Given z,y € P, let i € &
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be such that ([y] <; []V [z] <[y]V[z] =[y]). If [y] <; [z], then y <; z, while if
([x] < [y] V [x] = [y]), then < y. Thus holds.

Conversely, suppose (<; : i € k) is a sequence of Borel quasi orders on P ex-
tending < and satisfying . For each i € k, define <; to be the partial order on
P/E< = P/E<, induced by <;. Each <; is a Borel partial order on P/E<. Each
<; extends <. Given z,y € P, there exists ¢ € k with (y <; x Va <vy). If [z] # [y],
then ([y] <; [z] V [2] < [y]). Therefore, (B)) of Definition [2.28]is satisfied. -

Theorem 2.30. Let P = (P,<) be a Borel quasi order such that |P/E<| > 1.
Then odimpg (P) = Xg ({(Ap, Rp)).

Proof. Suppose (<, : i € k) is a sequence of Borel quasi orders on P extending <
such that of Lemma is satisfied. For each i € k, define X; = X (<;, <).
By the proof of Lemma X; C Ap, X; does not contain any cycles, and
Ap = U,¢,.Xi. Further, since both < and <; are Borel, X; is a Borel set. It follows
that g ((Ap,Rp)) < odimp (P).

For the other direction, suppose Ap = |J;c,.Xi, where each X; is Borel and
contains no cycles. The hypothesis that |P/E<| > 1 implies that Ap # (. Therefore
0 < k. Define <; to be the transitive closure of < U X; in P x P. By Lemma[2.18]
each =; is a quasi order on P that extends <. Since < and X; are both Borel, <;
is ¥1. By Lemma there is a Borel quasi order <; on P that extends =<;. Let
z,y € P. If x <y, then i = 0 fulfills (4) of Lemma[2.29} If z £ y, then (y,z) € Ap,
whence (y,x) € X;, for some i € k. Then y =; z and y <; x, and of Lemma
is fulfilled by 7. It follows that odimp (P) < X&' ((Ap, Rp)). 4

In view of Theorem we could think of odimp(P) as the weak Borel order
dimension of P. The strong notion would then be defined as x3({(Ap, Rp)) in the
case when |P/E<| > 1, and as 0 or 1 in the cases when P/E< is empty or a singleton
respectively. Replacing our weaker definition with the stronger notion will not make
any difference to the dichotomy theorems in Section [3]

Definition 2.31. A Borel quasi order P = (P, <) is said to be Borel linearizable
if there exists a Borel linear quasi order < on P extending <.

Our definition of Ap considers all pairs (z,y) where y £ z. If we considered
only the induced sub-digraph of (Ap, Rp) on the collection of pairs (x,y) where x
and y are incomparable, then we would be off from the Borel dichromatic number
of P by at most 1. We will conclude this section by proving this fact, which will be
useful in the proof of one of the dichotomies to be presented in the next section.

Definition 2.32. Let P = (P, <) be a Borel quasi order. Define

Bp ={(z,y) e Ap: x £ y};
Sp=RpN(Bp x Bp).

It is clear that (Bp,Sp) is a Borel digraph.

Lemma 2.33. For any Borel quasi order P = (P, <), X ({(Ap,Rp)) < 1+
Xz ((Bp,Sp)).

Proof. Let k = Xy’ ((Bp,Sp)) and let (Y, : o < k) witness this. Define Xy = Ap \
Bp. Suppose ((po,qo) ;- - -, {Pk,qx)) is an Rp-cycle in Xy. Then we have py < go <
<o < pr < qr < po, whence g < pg, contradicting (pg,qo) € Ap. Thus Xj is a
Borel subset of Ap without any Rp-cycles. For each a < &, define X1, , =Y,. It is
easy to check that each X7, is a Borel subset of Ap without any Rp-cycles. Since
Ap = XoUBp = U1, Xp, (Xp: B8 <1+ k) witnesses that X3’ ((Ap,Rp)) <
l+rk= 1+)Zéu(<873,573>) =
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Corollary 2.34. For a Borel quasi order P = (P,<), if odimg(P) > Ng, then
X&' ((Bp, Sp)) > No.

Proof. Since odimp(P) > o, |P/E<| > 1, and Xy ((Ap,Rp)) > Ng. Since by
Lemma X5 ((Ap, Rp)) < 14 X5 ((Bp,Sp)), Xz ((Bp, Sp)) > Ro. .

3. THREE DICHOTOMIES

This section contains the main results of this paper. These results take the form
of three dichotomy theorems that characterize the Borel and analytic digraphs of
uncountable weak Borel dichromatic number as well as the Borel quasi orders of
uncountable Borel order dimension in terms of a basis. The first two dichotomies
generalize the celebrated Gop-dichotomy of Kechris, Solecki, and Todorcevic [20].
Kechris, Solecki, and Todorcevic identified a particular Borel graph, called Gy, and
showed that an arbitrary analytic graph G has uncountable weak Borel chromatic
number if and only if there is a continuous graph homomorphism from Gy to G.
The Gp-dichotomy has found numerous applications in descriptive set theory (see
Miller [31]) and has inspired an impressive body of work in Borel combinatorics
(c.g. [301, [27], 5], [AT)).

The basic object Gy of [20] is an acyclic graph defined on 2¢. The basic objects in
the dichotomies about to be presented will be digraphs defined on finitely branching
trees, where the nodes of height n branch into f(n) successors, for some f € w* that
satisfies f(n) > 2. Thus instead of one basic object, we get a family of continuum
many basic objects parametrized by a real in a uniform way. In the Gy dichotomy,
the natural morphisms of interest are continuous graph homomorphisms, and it
is known that, in general, one cannot ask for an embedding. In the category of
digraphs, it is natural to consider homomorphisms that map every induced copy of
the directed cycle C,, to an induced copy of C,, (see, for example, [39] and [§]). In
particular, such digraph homomorphisms preserve specific non-edges as well. Our
first dichotomy will show that if G is a Borel digraph with x¥y(G) > N, then one can
always ask for a continuous digraph homomorphism from one of our basic objects
to G that preserves all induced copies of C,.

Definition 3.1. Define F = {f € w* : Vk € w[f(k) > 2]}. For | € w, define F; =
{s ew':Vkel[s(k) >2]}. Define Feo, = U, Fi-

Definition 3.2. Let X be any set. T C X <% is called a subtree if T is down-
wards closed. In other words, T' C X <% is a subtree if and only if Vt € TVI' <
dom(t) [t[l' € T). For a subtree T'C X <%, the nth level of T, denoted Lev, (T), is
{s € T : dom(s) =n}, for all n € w. For a subtree T'C X<¥ and s € T, define

T(s)y={teT:sCtVtCs};
sucer(s) ={x: s (x) € T}.

For a subtree T' C X <%, [T] denotes the collection of all infinite branches through
T. In other words,

[T={feX“: View[flleT]}.
Definition 3.3. For ¢ € F_,, define

Ty= I ok

kedom(o)

7,= |J ek

I1<dom(c) k€l

Note T, C w=dom(?) C y)<¥ is a subtree and Tio) € T
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Definition 3.4. For f € F, define

Ty = J [ r %)

lew kel

Note Ty C w<* is a subtree and that [Ty] = H (k).
kew

The definition of the graph Gy of [20] depends on a parameter D, which is a dense
subset of 2<“ that intersects every level exactly once. The choice of D does not
affect the properties of Gg, but in our case, the choice of a dense set will determine
the function f, which specifies the extent of the branching at each level. Hence, we
take a general approach and define the following.

Definition 3.5. A function F : F., — w<% is called a selector if for every o €
Few, E(0) € Tip). A selector E is dense if for every f € F, the set {E(f[l): 1 € w}
is dense in T. In other words, a selector E' is dense if and only if

Ve FVse Tl ewls C E(fI)].

It is an easy exercise to see that dense selectors exist. We will outline a con-
struction for completeness. Let {s; : | € w} be an enumeration of w<* such that
|si| <, for every | € w. Define F : Fo, — w<¥ as follows. Given o € F., let
| = |o|. If s; € Ty, then E(0) = 7, where 7 € T}, is such that 7[|s;[ = s; and
7(i) = 0, for all [s;] < i < |o|. If 5y ¢ T,,, then E(0) = 7, where 7 € Tj, is such
that 7(i) = 0, for all ¢ < |o|. To see that this works, suppose f € F and s € T}.
Then s = s;, for some | € w. Let o = f[l. Since |s| <l and s € Tf, s € T,. So, by
definition, s C E(o) = E(f[]).

We now define a Borel digraph Gy(E, f) for every selector E and every f € F,.
It will be shown that the family {Go(FE, f) : f € F and E is a dense selector} char-
acterizes the Borel and analytic digraphs of uncountable weak Borel dichromatic
number. In fact, we will show more. We will show that if G is any analytic digraph
whose weak Borel dichromatic number is uncountable, then for every E there ex-
ist f and a continuous homomorphism II from Gy(E, f) to G, with the additional
feature that II can be made to preserve copies of C,, when G is Borel. Moreover,
if there exists k so that G does not contain copies of C,, for any n > k, then f is
bounded by the constant function £ — 1. Thus, our dichotomy directly generalizes
the Gy dichotomy (see the proof of Corollary .

Definition 3.6. Let E be a selector and let o € F,. Define Rg , C Tio1 x T as
follows. Given (s,t) € Tj5 X T}4], (5,t) € Rp o if and only if there exist & < dom(o)
and z € w<¥ such that ¢(k) = s(k) + 1 mod o(k), s = E(alk) (s(k)) =z, and
t = E(olk)” (t(k))” 2. Define K(E,0) = (Tjs), Rg,o). Note that K(E,0) is a
digraph.

Let E be a selector let f € F. Define Rg s C [Tf] x [Ty] as follows. Given
(y,z) € [Tf] x [T¢], (y,2) € Rg s if and only if there exist | € w and x € w* such
that z(I) = y() +1 mod f(1), y = E(fI1)" (y(I)) =z, and z = E(f[l)" {(z(I))" =.
Define Go(E, f) = ([T¥] , RE,r). Note that Go(E, f) is a Borel digraph.

Note that when f(n) > 2, for every n, then (y, x) ¢ Rg, s whenever (z,y) € Rg ;.
Also, if f is constantly 2, then Go(E, f) is a copy of the graph Go.

Definition 3.7. Recall the following cardinal characteristic known as the covering
number of the meager ideal, or covering of meager for short.

M ={M C2¥: M is Borel and meager},
cov(M) :min{|f| L FCMA2Y :U]—"}_
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Lemma 3.8. For every dense selector E and every f € F, X (Go(E,[f)) >
cov(M).

Proof. For any f € F, [Ty] is a perfect Polish space and hence it cannot be covered
by fewer than cov(M) many Borel meager sets. Therefore it suffices to show that if
X C [Ty] is Borel and non-meager, then X contains a cycle. Indeed, we will argue
that if X C [T}] is Baire measurable and non-meager, then X contains a cycle.
By Baire measurability, there is a non-empty open subset U C [T| such that X
is comeager in U. By the hypothesis that E is a dense selector, we may assume
that there exists | € w so that, letting s = E(f[l), U = {z € [T] : s C «}. Define
v :U — U by
(s (1) y) =s"(+1 mod f(I))"y,

for each i and y satisfying ¢ € f(l), y € w¥, and s (i)" y € [Tf]. Then ¢ and
)~ are auto-homeomorphisms of U. For k € w, define the iterates ¥* : U — U
and 1~% : U — U by induction as usual. In other words, define ¥° as the identity
function on U, and given ¥* and 1%, define ¢**1 as ypoyp* and =%~ asyp~Loyp™F.
Then for each k, (U N X) is comeager in U. So Y = ﬂk<f(l)1/17k(UﬂX) is
comeager, in particular it is non-empty. Choose z € Y. Then ¢*(z) € U N X, for
every k < f(l), and by the definitions of ¢ and of Rp s, (z,%(z),...,» D=1 () is
a cycle in X. B

As remarked after Definition this implies that x5 (Go(E, f)) = 280, for every
dense selector E and f € F.

Definition 3.9. Let (X, R) be a digraph and Y C X. A cycle (zg,...,2,) in Y is
said to be minimal if

(zi,zj) €ER <= j=i+1 modn+1,

for all 4,5 < n+ 1. Observe that if (zo,...,x,) is a minimal cycle, then x; # x;,
for all ¢ # j.

Observe that a minimal cycle of length n is just an isomorphic copy of the
directed cycle C), of length n — in other words, the induced digraph on {zg,...,z,}
is isomorphic to C,. We will be interested in homomorphisms of digraphs that
preserve copies of C,,.

Definition 3.10. Let G = (X, R) and H = (Y, E) be digraphs. We will say
that II is a homomorphism from G to H if Il : X — Y is a function such that
V(z,y) € RI((z),T1(y)) € E.
We will say that II is a minimal homomorphism from G to HifIl: X = Y is a
function such that the following hold:
(1) V(z,y) € R[(I(x),(y)) € El;
(2) for every minimal R-cycle {zp,...,2zm,) in X and every i,j < m + 1 such
that (=i, %) ¢ R, (I1(), 11(2;)) ¢ E.

A minimal homomorphism is merely a homomorphism which maps every copy of
C, to a copy of C,,. Such homomorphisms are of interest in the theory of digraphs,
for example, see [39, []].

The proofs of our dichotomies are based on the same ideas as the proof of the
Go-dichotomy in Miller [31] and in Kechris, Solecki, and Todorcevic [20], but our
notation and presentation will follow Bernshteyn [3].

Notation 3.11. Fix the following notation from now until the end of the proof of
Lemma Let (X, R) be a fixed Borel digraph. Then both R and (X x X)\ R
are X1. Fix Polish spaces M and N as well as continuous functions p : M — X x X
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and ¢ : N — X x X with p”M = R and ¢"N = (X x X)\ R. Fix also a selector E.
These parameters will be suppressed for as long as they remain fixed. In particular,
we will write R, instead of Rg ., for 0 € F,,.

Definition 3.12. For any o € F.,, S, will denote the Polish space
X7l 5 M(Te1%Ti1) o N(Tte1%T1a1)

We will say that (7, ¢, %) € S, is a minimal S-homomorphism if the following hold:
(1) V(s,t) € R [p(e((s, 1)) = (m(s), 7(£))];
(2) for every minimal cycle (s, ...,sm) in Tjs) and for every i, j < m + 1 such
that i 7 j and (s;, ;) ¢ R, q(((si, 55))) = (w(si), 7(s;))-
Define Hom(o) = {{(m, p,¥) € S, : (m,¢,) is a minimal S-homomorphism}.
Note that Hom(c) is a closed subset of the Polish space S,,.

Definition 3.13. For 0 € F.,, H C Hom(c), and s € Tj,], H(s) denotes the set
{m(s) : JpI [(m,0,7) € H]} € X. For (s,t) € Tip) X Tjo), Hrs(s,t) denotes the
set {o((s, 1)) : InF [(m, 0, ¢) € H|} C M, and Hy(s,t) denotes the set {¢((s,?)) :
Indp[(m, ¢, 9) € H]} C N.

Observe that if H is a Borel subset of Hom(c), then H(s), Hps(s,t), and Hy(s,t)
are all 31.

Definition 3.14. For 0 € F.y, 2 < n < w, and ¢ < n, define ry, ;5 : Sy~ (n)y —
S, as follows. Given (m,0,v) € Sy~(ny, Tnio((T,0,¥)) = (7', ¢',9’), where for
each s € Tj), m'(s) = w(s7(i)), and for each (s,t) € Tjo) X T}y, ©'((5,1)) =
e((s™(i),t(i))), and ¢'({s,)) = ¥({s™ (i), 1™ (1))).

It is clear that each r, ; » is continuous.
Definition 3.15. Let 0 € F,, 2 < n < w, and H C Hom(o). Define
H®" = {{m,p,) € Hom(c ™ (n)) : Vi < n[rnq.((m, o, ) € H|}.
If H is Borel, then so is H®" because Trn.io iS continuous, for each i < n.

Definition 3.16. Let 0 € F.,. H C Hom(c) is called tiny if there exists s € T},
such that H(s) does not contain any cycles. H C Hom(o) is called small if H can
be covered by countably many tiny Borel subsets of Hom(c). H C Hom(c) is called
large if H is not small.

Note that a union of countably many small subsets of Hom(c) is small. Note also
that if H = (), then H is tiny.

Lemma 3.17. If X§¥ ({(X, R)) > N, then Hom(() is large.

Proof. The hypothesis implies that R # @. Fix some (z*,y*) € R as well as
m € M and n € N with p(m) = (z*,y*) and ¢(n) = (z*,2*). Note that Tig = {0}
and Tjg) x Tjgp = {(0,0)}. Thus, for any z € X, if we define (7, ¢,¢) € Sy by
7(0) =z, ¢((0,0)) = m, and ¥((D,0)) = n, then (m, ¢, ) € Hom()). Now assume
for a contradiction that there are Borel tiny subsets {H,, : n € w} of Hom((}) with
Hom(0) = U, o, Hn- As H,, is tiny, H,,(0) is a 3] subset of X that does not contain
any cycles. By Corollary find a Borel set H,(#) C B, € X such that B,
does not contain any cycles. For any x € X, there are n € w and (m, p,v¢) € H,
with 7(0) = z, whence z € Hy,(0) C B,,. Therefore X = J, o, Bn, contradicting
T2 (X, R) > Ro. 3

Lemma 3.18. Let 0 € F<, and write s = E(0) € Tjy). Suppose H C Hom(o) and
(20, -+ s Tm) is a minimal cycle in H(s). Then there exists (m,@,) € HZM+D
such that w(s™(i)) = x;, for each i <m + 1.
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Proof. Write n = m 4+ 1 and note that since there are no cycles of length 0, m > 1,
and so n > 2. For each i < n, choose (m;,p;,%;) € H with m;(s) = =z;. For
each 4,7 < n such that ¢ # j, if j = i + 1 mod n, then choose m; € M with
p(m;) = (x;,x;), while if j # ¢ +1 mod n, then choose n; ; € N with ¢(n, ;) =
(w4, 25). Define 7 : Ty~ (n)) — X by setting m(u™(i)) = m;(u), for each u € Ti,
and i < n. Define @ : T[D'/_\<’ﬂ>] X T[a’“(n)] — M and ’Lﬂ : T[O'/_\<7L>] X T[a’“(n)] — N
as follows. Suppose u,t € Tj,) and i, j < n are given. Unless u =t = s and i # j,
set p((u™ (@), t7(5))) = wi((u,t)) and P((u™ (@), 7)) = ¢i((u, 1)). fu=1t=s
and j = i+ 1 mod n, then set o({u™(1),t™(4))) = m; and Y({u™ @), t™(j))) =
vi((u,t)). Hu=t=s,1%#j, and j # i+ 1 mod n, then set Y({u™(i),t™(j))) =
n; ; and o({(u (1), t7(j))) = ¢i((u,t)). This concludes the definition of (7, ¢, ¥).
Note that by definition, r,, ; - ({7, ¥, ¥)) = (m;, pi, ;) € H, for each i < n. Also, for
each i <mn, w(s™(i)) = mi(s) = x;. Hence we only need to verify that (m,p, ) €
Hom(c ™ (n)). Suppose u,t € Tiy), i, < n, and (u™(i),t™(j)) € Ry~ (n). There are
2 cases to consider. The first possibility is that u = ¢ = s and j = ¢+ 1 mod n.
Then p(g((u™ (i), £~ (j)))) = plmi) = (21,5} = (w(u™(@)), 7(t~ (), as required.
The other possibility is that (u,t) € R, and ¢ = j. Then p(e({(u™(%),t™(j)))) =
p(ei((u, 1)) = (mi(u),mi(t)) = (mi(u),m;(t)) = (w(u™ (), 7t~ (5))), as needed.
Next consider some minimal cycle (ug, ..., ug) in Tio~ ()], and fix 4, j < k+1 such
that ¢ # j and (u;,u;) ¢ Ry~ Agaln there are 2 p0551b111tles to consider. The
first possibility is that there ex1st i',j' < m such that i’ # j', 7/ #4 +1 mod n,
and u; = s~ (i) and u; = s7(j'). Then q(¢((us,uy))) = q(¥((s™ ("), 57 (")) =
q(ny o) = (xo,xj) = (w(s™(@)),7(s™ (")) = (7w(w;),7(u;)), as required. The
other possibility is that for some minimal cycle (to,...,t;) in Tjs) and for some
i < m, w =t (), for every I < k+ 1. In this case, (t;,t;) ¢ R, and since
(mir, pirs i) € Hom(0), q(v((ui, uy))) = q(b((t: (i), ;7 (7)) = a(ir ((ti, 1)) =
(mir(t3), mar (t5)) = (m(t; (")), 7w(t; (")) = (w(w;), w(uj)), as required. This veri-
fies that (m, ¢, 1) € Hom(o ™ (n)) and concludes the proof. 4

Lemma 3.19. Let 0 € F.,, 2 <n <w, and H C Hom(c). The following hold:

(

(1) for each i < n, for each s € T, H®"(s™(i)) € H(s), and for each
(s,t) € Tioy x Tio), Hy" (s7 (i), 67 (i) C Har(s,t) and HY" (s™ (i), t7 (i) C
HN(S,t),'

(2) if H is tiny, then for every i < mn,

HEOM = {(7,,4) € Hom(0™(n)) : Pi0((m, 0,4)) € HY
18 tiny;
(3) if H is small, then so is H®W™) | for every i < n;
(4) if GC H, H\ G is small, and G®" is small, then so is H®™.

Proof. For (1): for (m,¢,¢) € H®™ and i < n, let (m;, i, i) = rn.io((T,0,0))
H. Then for all s € Tj,), m(s7 (i) = m;(s) € H(s). Similarly, for all (s,t) € Tj, x
Tiop, #((s™ (), t7(0))) = #i((s,1)) € Har(s,t) and (s (i), t7(i))) = 1i((s, 1))
Hy(s,t). (1) follows from this.

For (2): fix s € T, so that H(s) does not contain any cycles. Then s (i) €
T~ (ny)» and if z € H®) (s7(i)), then for some (7, ¢, 1) € HO™ g = 7(s7(i)).
Since (1',¢', ") = rni.((m,p,¢)) € H, then z = w(s™ (1)) = 7'(s) € H(s).
Therefore, H®™) (s7(i)) € H(s), and so H®™ (s7(i)) does not contain any
cycles. This shows H®®™ is tiny.

For (3): let {G; : [ € w} be Borel tiny subsets of Hom(c) so that H C J,c,Gi.
Fix i < n. By (2), G?“’n) C Hom(o ™ (n)) is tiny. Since 7, ; » is continuous and Gj is
Borel, Gl®<l’n> is also Borel. If (m, p, 1)) € H®{™ then (r, ¢, v) € Hom(c ™ (n)) and
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Tnio((T,0,1)) € H, whence for some | € w, 7, ;. ((7, ¢,9)) € Gy and (7, ¢, ) €
Gl®<i’n>. Therefore, H®{m) C Ulewaw’m, and so H®{") is small.

For (4): write S = H \ G. By (3), S®" is small for every i < n. Therefore
G®" U (U;-,,S®™) is a small subset of Hom(c™(n)). Suppose (r,¢,¥) € H®™.
Then (7, ¢, 1) € Hom(c™(n)) and for each ¢ < n, ry; ({7, p,¢)) € H. If for some
i <Ny Tnao((T,p,0)) € S, then (m,@,1) € S®EM . Otherwise (7, p, ) € G2™.
Therefore, H®" C G®" U ({J,,,5%™). So H®™, being a subset of a small set, is
small. 4

Lemma 3.20. Let 0 € F.., and write s = E(0) € Ti,. Suppose H C Hom(o) is
Borel. Let X C w\ 2 be so that for every n € X, H®™ is small. Then there exists
G C H such that G is Borel, H\ G is small, and for every n € X, G(s) does not
contain a minimal cycle of length n — 1.

Proof. For each n € X, we have that H®" C U1<wKn,l7 where each K, ; is a Borel
tiny subset of Hom(c™ (n)). For eachn € X and [ < w, choose s,,; € Tj,] and i, ; <7
so that K, ;(sn,17 (in,1)) does not contain any cycles. Recall that since K, ; is Borel,
Kni(8n1 " (iny)) is a X1 subset of X. So by Corollary there exists a Borel set
K i(Sn " {int)) C Bpy € X such that B,,; does not contain any cycles. Define
T = {{(n',¢',¢") € Hom(o) : 7'(sp,) € By, }. Since By, is Borel, T),; is Borel,
and since T, (Sn,1) € Bp,i, Tpy is tiny. Therefore, S = (J{T;:n € X Al < w}
is Borel and small. Define G = H\ S. Then G C H, G is Borel, and H\ G C S,
so H \ G is small. Suppose for a contradiction that for some n € X, G(s) contains
a minimal cycle of length n — 1. Using Lemma [3.18] find (7, ¢,v) € G®" C H®".
Fix | < w with (7, ¢,¢) € K,;, and note that (7',¢’,¢") = i, o ((7,0,1)) €
G. However, 7'(sn,1) = 7(Sn1 " (in1)) € Kni(Sni " {in1)) C Bp,. This implies
(', ¢' ')y € T,,; C S, contradicting (', ¢, ¢’) € G. -

Corollary 3.21. Let 0 € F<,, and let H C Hom(o) be Borel and large. Then there
exists 2 < n < w such that H®™ is large. Furthermore, if s = E(c) and 2 <n < w
is minimal such that H®™ is large, there exists G C H such that G is Borel, H \ G
is small, G®™ is large, and G(s) does not contain any cycles of length less than
n—1.

Proof. Let X = {2 <n < w: H®" is small}. Apply Lemma to find G C H
such that G is Borel, H \ G is small, and G(s) does not contain a minimal cycle of
length n—1, for any n € X. G cannot be tiny because H is large and H \ G is small.
So G(s) contains a cycle, and hence, a minimal cycle of some length 1 < m < w.
Hence 2 <n=m+1<w and n ¢ X, whence H®" is large.

Suppose 2 < n < w is minimal so that H®" is large. If G®" were small, then
by (4) of Lemma [3.19) H®" would also be small, contradicting the choice of n.
So G®" is large. Finally, suppose G(s) contains a cycle of some length less than
n — 1. Then it contains a minimal cycle of some length 1 < m < n — 1. Hence
2<l=m+1<nandl¢ X, whence H®! is large. But this is a contradiction as
l<n. -

Lemma 3.22. Suppose d, di, and do are compatible complete metrics on X, M,
and N respectively. Suppose o € F.,, and H C Hom(c) is Borel and large. Then
for every e > 0, there exists G C H so that G is Borel and large, for every t € Tjy),
diamy(G(t)) < €, and for every (u,t) € Ti,) x Tjy), diamg, (Gar(u,t)) < & and
diamg, (Gy(u,t)) < €.

Proof. This easily follows from the fact the Polish spaces X, M, and N can each be

covered by closed sets of diameter < ¢, the fact that the union of countably many
small sets is small, and the fact that the functions (m, ¢, ) — w(t), (7,0, ) —
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©((u,t)), and (7, p, 1) = 1 ((u,t)) are all continuous, for every ¢ € Tj,) and every
(u, t> € T[zr] X T[g]. -

Theorem 3.23. Let (X, R) be any Borel digraph. Exactly one of the following
alternatives holds:
(2) for every selector E, there exists f € F such that both of the following hold:
(a) Yn,m € w[E(fIm) C E(fIn) = f(m) < f(n)];
(b) there is a continuous minimal homomorphism IL from Go(FE, f) to
(X,R).

Proof. Suppose E is some dense selector and II : [T¢] — X is a continuous homo-
morphism. If X = J,c,,Xi, where each X; is Borel and contains no cycles, then
[Tf] = U T (X)), where each II71(X;) is Borel and contains no cycles because
IT is a homomorphism. Since this would contradict Lemma (3.8 and since dense
selectors are easily seen to exist, it follows that (1) and (2) are mutually exclusive.

Now assume that Y3'((X, R)) > Ro. Fix M, N, p, q as in Notation B.11] Fix also
a selector E. As before, these parameters will be suppressed for the remainder of
this proof. Also, fix compatible complete metrics d, dy, and dy on X, M, and N
respectively. By Lemma Hom() is large. Construct by induction f € F and
(Hy, : n € w) such that:

(3) H, C Hom(o,,) is Borel and large, where o, = f[n, and H,(s,) does not
contain any cycles of length less than f(n) — 1, where s,, = E(0y,);

(4) Hf?f(") is large and H,,1 C H?f(n);

(5) for each t € Tj,,], diamg(H,(t)) < 27" and for each (u,t) € Tjs,] X 1|5,
diamg, ((Hp),,(u,t)) < 27" and diamg, ((Hy) v (u,t)) <277

(6) for any m < n, s € Tj,,,) and x € w<* such that s~z € T, ,

H,(s"z) C Hp(s),

and for any (s,t) € Tj,,.1 X T}5,,] and 2 € w<* such that (s™xz,t"x) €
o) X Tlo)s

(Hn)p (872, 7 2)) © (Hpn ) pr((s,8)) and
(Hn)n ((s7 2, 87 2)) C (Hm) v ((5,1))-

It is easily seen that such f and (H,, : n € w) can be inductively constructed starting
from Hom(()) and applying Lemma [3.22] and Corollary [3.21] at every stage. Item (6)
is satisfied because of Item (1) of Lemma [3.19}

To see that (2)(a) holds, suppose s, C s,. If m = n, then there is nothing to
show, so assume m < n and let x € w<“ be such that s, = s, "x. As H, 1 # 0,
choose (m,¢,v¥) € Hypi1. Then (m(s,(0)),...,7(s, " (f(n) —1))) is a cycle and
each m(s, (1)) € Hpt1(sn (1)) C Hy(Sn) C Hyn(Sm). So there is a cycle of length
fn) —1in Hp,(sm), whence f(m) — 1< f(n) —1 and f(m) < f(n), as claimed.

For (2)(b), define IT : [Tf] — X as follows. For z € [T%], by (5), (6), and the

H,(z[n). Define
II(z) to be this unique element of (), . Hy(z[n). It is clear that IT is continuous.
To see that II is a homomorphism, suppose (y,z) € R;. Then for some m € w,
(u,t) € Tis,.] X Tig,,), and x € w®, we have that y = v~ z, z = t"x, and Vn €
w[(u"zIn,t"xIn) € R,,,,.]. By (5), (6), and the completeness of the metric dy,
there exists m € M with

{m} = ﬂnew (Hpin) y(u™zn, t-zn).

completeness of the metric d, there is a unique element in (.,
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For each n € w, choose m,, € (Hpmyn),y (v xln, t"xn) with di (m,m,) < 277"
and then choose (m, ¢, ) € Hp,4p such that o({u"xn,t"z[n)) = m,. Observe
that p(m,) = (r(u"z[n),7(t"x[n)). Observe also that d(w(u"xln),(y)) <
277" and d(w(t"xn),II(2)) < 27" because w(u"x[n) € Hpyyn(u"2n) and
m(t"xn) € Hyin(t™xn). By the continuity of p, p(m) = (II(y),II(z)). And
since p" M = R, (II(y),11(2)) € R as needed. The verification that IT is minimal is
similar. Let (2o, ..., zy,) be a minimal cycle in [T}] and suppose i,j < m + 1 such
that (z;, z;) ¢ Ry. We may assume i # j, for otherwise (II(z;),1I(2;)) ¢ R by our
definition of a digraph. Then for some [ € w, (uo, ..., un) in Tjy,), and © € W, we
have that VO < k < m[zp = ux " 2], and for each n € w, (ug"x[n,...,un"xn)
is a minimal cycle in i, j and (u;"z[n,u;"x[n) ¢ R By (5), (6), and the
completeness of the metric ds, there exists n € N with

{n} = ﬂnew(HHn)N(Ui'\iEfn,uj’\x[n).

OTl4n*

For each n € w, choose n, € (Hjin)y(u; " z[n,u; " xIn) with da(n,n,) < 27077
and choose (m, ¢, ¥) € Hiyp such that ¥((u; " zn,u; " x[n)) = n,. By (2) of Defi-
nition[3.12 ¢(n,) = (7(u; "z n), m(u; "z [n)). Observe that d(m(u; "z n),I(2;)) <
2717 and d(m(u; "z [n),Il(z;)) < 277" because 7(u; "z [n) € Hippn(w; " x|n) and
m(u;"x[n) € Hipn(u;"xn). By the continuity of ¢, g(n) = (II(2;),II(z;)). And
since ¢"N = (X x X)\ R, (I(z;),11(2;)) ¢ R as needed. This verifies all of (2) and
concludes the proof. B

Definition 3.24. A digraph (X, R) is said to be k-uniform if every minimal cycle
in X has length at most k.

Theorem 3.25. Let (X, R) be any analytic digraph. Ezactly one of the following
alternatives holds:

(1) Xg((X, R)) < No;

(2) for every selector E, there exists f € F such that both of the following hold:
(a) Vn,m € w[E(fIm) C E(fIn) = f(m) < f(n)];
(b) there is a continuous homomorphism II from Go(E, f) to (X, R).
Furthermore, if (X, R) is k-uniform, then f(n) < k41, for every n € w.

Proof. Just as in the proof of Theorem alternatives (1) and (2) are mutually
exclusive by an application of Lemma and by the existence of dense selectors.
Now assume that x5’ ((X, R)) > Ry. Fix a selector E. Repeat the proof of Theo-
rem [3:23] without any reference to N, g, dz, or the minimality of S-homomorphisms.
More explicitly, let M be a Polish space and let p : M — X x X be a continu-
ous function with p”M = R. For any ¢ € F.,, S, denotes the Polish space

XTo x M(TerxTe) | A pair (m,¢) € S, is an S-homomorphism if

(s, t) € R [p(e((s,1))) = (m(s), 7())] -

Define Hom(o) = {(m,¢) € S, : (7, ¢) is an S-homomorphism}, and as before,
Hom(c) is a closed subset of S,. For o € F.,,, H C Hom(c), and s € Tj,), define
H(s) = {m(s) : Jp[(m, ) € H]} € X. And for (s,t) € Tjs) x T}s), define Hps(s,t) =
{p((s,t)) : Im[(m, ) € H|} C M. If H is a Borel subset of Hom(c), then H(s) and
Hy(s,t) are both 1. For o0 € Fy,, 2 <n < w, and i < n, define r,,; , : So~(ny =
S, so that for every (m,) € So—(ny, Tnio({m, ) = (7',¢"), where for each s €
Tio1, 7' (s) = w(s7(i)), and for each (s,t) € Tj5 xTi0, ©'({5,1)) = @((s7(2),t7(3))).
Each 7, is continuous. For o € F,,, 2 <n < w, and H C Hom(c), define

H®" = {{m,p) € Hom(c ™ (n)) : Vi < n[ri.((7,¢)) € H|}.
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If H is Borel, then so is H®". Now, the notions of tiny, small, and large can be
defined verbatim as in Definition Using the same arguments as in the proofs
of Lemma [3.17) to Lemma [3.22] the following can be proved:

(3) if X¥((X, R)) > R, then Hom(0) is large;

(4) if 0 € Fey, s = E(o), H C Hom(o), and (xg,...,Zm) is any cycle in
H(s), then there exists (, p) € H®(™+1) such that 7(s™ (i) = x;, for each
1< m+1;

(5) if 0 € Fey, s = E(0), and H C Hom(o) is Borel and large, then there exist
2 <n <wand G C H such that G is Borel, H \ G is small, G®" is large,
and G(s) does not contain any cycles of length less than n — 1;

(6) if d and d; are compatible complete metrics on X and M respectively, o €
F<w, and H C Hom(o) is Borel and large, then for every € > 0, there exists
G C H so that G is Borel and large, for every t € Tj,], diamg(G(t)) < ¢,

and for every (u,t) € Tis) X Tjy), diamg, (Gar(u,t)) < e.

Fixing compatible complete metrics d and d; on X and M respectively, it is possible
to use (3)—(6) to construct f € F and (H,, : n € w) satisfying:
(7) H,, C Hom(oy,) is Borel and large, where o, = f[n, and H,(s,) does not
contain any cycles of length less than f(n) — 1, where s,, = E(0y,);
(8) Hf?f(n) is large and H, ;1 C H,?f(n);
(9) for each t € Tj,,|, diamg(H,(t)) < 27" and for each (u,t) € Tj,,] X T}5,],
diamg, ((HH)M(U7 t)) <27
(10) for any m <n, s € Tj,,) and & € w<* such that s~z € T,

H,(s"z) C Hp(s),

and for any (s,t) € Ti,, ] X Tis,,] and 2 € w<* such that (s7z,t7x) €
Tion) * Tl

(H,L)M(<3’\x,t’\x>) C (Hm)M(<57t>)
Now, the verification of (2)(a) is identical to the corresponding argument in the
proof of Theorem Also, the map IT : [T¢] — X can be defined exactly as in
the proof of Theor and the verification of (2)(b) is similar to the verification
of the first half of (2)(b) of Theorem To see the final sentence of (2), assume
that (X, R) is k-uniform. For each n € w, H,1 is a non-empty subset of H,?f(n),
so consider (m,¢) € Hpy1. Then (m(s,7(0)),...,7(sn " (f(n) —1))) is a cycle of
length f(n) — 1 in H,(s,). Since H,(s,) does not contain any cycle of length less
than f(n) —1, (m(s,7(0)), ..., (s, " (f(n) — 1))) must be a minimal cycle, and so
by k-uniformity, f(n) — 1 < k, as claimed. -

As noted after Definition|2.19} Item (1) of Theorems and is equivalent to
the condition that ¥z ((X, R)) < Ng. We do not know whether the homomorphism
IT can be chosen to be minimal in the case when (X, R) is analytic, but not Borel.

Question 3.26. Suppose (X, R) is an analytic digraph with X3 ((X,R)) > No.
Is it true that for every selector E, there exist f € F and a continuous minimal
homomorphism I from Go(E, f) to (X, R)?

Next, we will show that the Gy dichotomy of Kechris, Solecki, and Todorcevic is
a consequence of Theorem [3.25

Definition 3.27. D C 2<% is said to be dense if Vs € 2<“3t € D [s C t].
For D C 2<%, Gy(D) is the graph (X, R), where X = 2 and

R={(s"() 2, (i+1 mod2) z):s€e DAi€2Ax€2*}.
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Corollary 3.28 (Go-Dichotomy [20]). Let (X, R) be any analytic graph. Ezactly
one of the following alternatives holds:
(1) xg'((X, R)) < No;
(2) for every D C 2<% with the property that Vn € w[|D N2"| = 1], there is a
continuous homomorphism from Go(D) to (X, R).

Proof. The argument of Lemma shows that if D C 2<% is dense and has the
property that Vn € w[|D N 2" = 1], then x5 (Go(D)) > cov(M). It follows from
this and from the existence of a dense D C 2<% such that Vn € w[|DN2"| = 1]
that the alternatives (1) and (2) are mutually exclusive.

Assume that x§((X, R)) > Ro. This implies x5'((X, R)) > Rg. Fix any D C 2<%
so that Vn € w[|DN2" =1]. Define a selector E : Fo,, — w<¥ as follows. If
o € F<, is such that Vk € dom(o) [o(k) = 2], then define E(o) to be the unique
element of D N 29°™(@)  Otherwise, define E(c) to be an arbitrary element of
Tis1- By Theorem there exists f € F and a continuous homomorphism from
Go(E, f) to (X, R). Furthermore, since (X, R) is l-uniform, f(k) < 2 and since
feF, f(k)y =2 for all k € w. Therefore Go(F, f) = Go(D) and the conclusion
follows. -

Once again, as mentioned after Definition Item (1) of Corollary is
equivalent to the assertion that xg ((X, R)) < Xg. Next, we associate a Borel quasi
order with every Borel digraph as follows.

Definition 3.29. Let G = (X, R) be a digraph. Define P = 2 x X and <g =
({(i,2), (G,9)) € Po x P : ({i2) = (,9)) v (i = 0Aj = 1A {,y) € R)}. Define
P(G) = (Pg,<g). It is clear that P(G) is a quasi-order and that F<_ is equality.
Furthermore, if G is a Borel digraph, then P(G) is a Borel quasi order.

Lemma 3.30. Suppose G = (X, R) is a Borel digraph. Then there is a Borel homo-
morphism from G to (Ap(g), Rp(g)). In particular, if X # 0, then odimp(P(G)) >
Xg(9)-

Proof. Define f : X — Apgy by f(x) = ((1,2),(0,z)), for every z € X. Note
that f(z) € Ap(g) because (z,x) ¢ R and that f is a Borel map with respect to
any Polish topology on Apg) which extends the topology on Ap g inherited from
Pg x Pg. Further, for any z,y € X, (z,y) € R if and only if (0,2) <g (1,y) if and
only if f(z) Rp(g) f(y). It follows that X’ (<Ap(g),Rp(g)>) > x5 (G). Ifx € X,
then (0,z),(1,z) € Pg, and [(0,7)]5_  # [(1,x>]E<g. Therefore, if X # (), then

|Pg/E§g‘ > 1, and so by Theorem odimp (P(G)) = X& ((Ap@), Rpg))) =
Xz (9)- B

Corollary 3.31. For every dense selector E and for every f € F, we have
odimg (P (Go(E, f))) > cov(M).

We are now ready to state and prove our third and final dichotomy. The basic
objects of this dichotomy are the Borel quasi orders of the form P (Go(E, f)). The
morphisms will be continuous order preserving maps that also preserve the order
incomparability of certain elements. The dichotomy characterizes the Borel quasi
orders of uncountable Borel order dimension in terms of the existence of such a
morphism from one of the basic objects.

Theorem 3.32. For any Borel quasi order P = (P, <), exactly one of the following
holds:
(1) OdimB (P) S No;
(2) for every selector E, there exist f € F and a continuous ¢ : 2 x [Tf] = P
such that both of the following hold:
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(a) Yo,y € [T7] [0, 2) <gy(.s) (Ly) = ¢({0,)) < o((L,y))];
(b) for every x € [T}], ¢({0,z)) and ¢((1,z)) are <-incomparable.

Proof. Let us first see that (1) and (2) are mutually exclusive. Assume (2). Fix a
dense selector E. Let f € F and ¢ : 2 x [Ty] — P be a continuous map satisfying
(2)(a) and (2)(b). Define 4 : [Ty] = Ap by 9(x) = (p((1,2)),¢((0,2))), for all
x € [Ty]. Note that ¥(x) € Ap because of (2)(b) and that ¢ is a Borel map with
respect to any Polish topology on Ap which extends the topology on Ap inherited
from P x P. Further, if (x,y) € Rp y, then (0,2) <g, (g, (1,¥), which by (2)(a)
implies ¢((0,z)) < ¢((1,y)), which in turn implies (¢(x),¥(y)) € Rp. By (2)(b),
|P/E<| > 1. It follows that odimp(P) = X¥ ({(Ap, Rp)) > X&(Go(E, f)) > No.
Now assume that odimp(P) > Xy. By Corollary Xg ((Bp,Sp)) > Ng. Let
E be any selector. Using Theorem fix f € F and a continuous minimal
homomorphism II from Go(E, f) to (Bp,Sp). Define ¢ : 2 x [Ty] — P as follows.
Given z € [Ty], (z) = (ps,qs) € Bp. By the definition of Bp, p, £ ¢, and
¢s % ps. Define ©((0,2)) = ¢, and ¢((1,z)) = p,. It is easily verified that ¢ is
continuous and (2)(b) holds by definition. For (2)(a), assume (0, z) <g (g sy (1, ¥)-
Then (z,y) € Rg,f, whence (II(z),II(y)) € Sp, whence (II(z),II(y)) € Rp, whence
¢z < py, whence ¢((0,z)) < ¢((1,)), as needed. !

Corollary 3.33. For any Borel quasi order P, odimp(P) < Ny or odimg(P) >
cov(M).

Proof. If odimp(P) > N, then (2) of Theorem holds. If (2) of Theorem [3.32]
holds, then the argument in the first paragraph of the proof of Theorem [3.32| shows
that odimp(P) > ¥¥(Go(F, f)), for some dense selector F and f € F. By Lemma
X (Go(E, f)) > cov(M), whence odimp(P) > cov(M). =

Our next task is to obtain further structural information about Borel quasi orders
of countable Borel order dimension. We will show that every such order has a Borel
linearization. Kanovei [I8] proved a dichotomy that characterized the Borel quasi
orders that are Borel linearizable. The basic object of his dichotomy is the following
quasi order.

Definition 3.34. Recall that for z,y € 2¥, xEyy if and only if {n € w : z(n) #
y(n)} is finite. On 2¢, define the quasi ordering < by = <g y if and only if z = y,
or x # y and zFyy and for the maximal n € w such that z(n) # y(n), we have
x(n) < y(n). Clearly, (2, <() is a Borel quasi order. It is easily verified that E<
is equality and elements in distinct Ej classes are incomparable.

Kanovei proved that a Borel quasi order has a Borel linearization if and only if
there is no continuous injection from (2%, <g) that is order preserving and maps
Ep-inequivalent elements to incomparable ones (see Theorem below).

Lemma 3.35. Suppose < is a Borel quasi order on 2¥ extending <. Then = is a
meager subset of 2¢ x 2¢.

Proof. Suppose not. There exist s, € 2<% such that |s| = |¢| and < N(U x V)
is comeager in U x V, where U = {z € 2¢¥ : s7(1) C 2z} and V = {z €
29 : ¢7(0) C z}. Define ¢ : U XV — U xV by ¢ ({(s™(1) z,t7(0) y)) =
(s7(1) "y, t7(0)" x), for every x,y € 2¢. Then ¢ is an auto-homeomorphism of
U x V, and hence < N(U x V)N~ (XN (U x V)) is non-empty. Find z,y € 2
so that s™(1)"z X t7(0)"y and s~ (1)"y < ¢t(0) x. Since |s| = |t|, we
have s™(1) "y X t7(0) 2 <o s7(1) z X t7(0)"y <g s (1) y. This means
(s7(1) y,t7(0)" z) € E< = E<_, which is impossible as E<_ is equality. o

Lemma 3.36. odimp ((2¢, <q)) > Ny.
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Proof. Suppose (=X; :i < w) is a sequence of Borel quasi orders on 2¢ extending
<o. Write M = J,.,=; and N = {(y,z) : (x,y) € M}. By Lemma MUN
is a meager subset of 2 x 2¢. Choose any (y,z) € (2% x 2*)\ (M UN). Then
x £y vy, and yet y A; x, for any ¢ < w. Therefore (=; : 4 < w) cannot witness
odimp ((2¢, <p)) < No. -

Theorem 3.37 (Kanovei [18]). Suppose (P, <) is a Borel quasi order. Then ezactly
one of the following two conditions is satisfied:

(1) (P,<) is Borel linearizable;

(2) there is a continuous 1-1 map F : 2¥ — P satisfying both of the following:
(a) a<yb — Fla) < F(b);
(b) a Eyb = F(a) and F(b) are <-incomparable.

Theorem 3.38. Let P = (P, <) be a Borel quasi order. If odimp(P) < N, then
P is Borel linearizable.

Proof. Assume for a contradiction that P is not Borel linearizable. By Theorem [3.37]
fix a continuous 1-1 map F : 2% — P satisfying (2)(a) and (2)(b) of Theorem [3.37
Fix any selector E. By Lemma[3.36|and Theorem [3.32] find f € F and a continuous
¢ 2 x [Tf] = 2% such that (2)(a) and (2)(b) of Theorem are satisfied with
respect to <g. Write v = F o . Then ¢ : 2 x [Ty] — P is continuous. For
T,y € [Tf]v if <07$> SQO(E,f) <1’y>7 then ¢(<0’$>) <o 90(<]-a y>)7 whence ¢(<0,9€>) <
¥((1,y)). For any = € [T¥], ¢((0,z)) and ¢((1,x)) are <g-incomparable. Note that
if p((0, z)) Eop((1, z)), then, by the definition of <q, ¢((0, z)) and ¢((1, z)) would be
<o-comparable. Hence ¢((0,x))Eop((1,x)), whence 1({0,2)) and ({1, x)) are <-
incomparable. Thus (2) of Theorem 3.32]holds for P, which means that odimp(P) >
Ny, a contradiction. -

By a celebrated theorem of Harrington, Marker, and Shelah [I1], Borel lineariz-
ability provides a good deal of structural information about a Borel quasi order. In
fact, if P is Borel linearizable, then P can be embedded into 2 equipped with the
lexicographical ordering, where « is some countable ordinal. In Theorem and
Corollary below <., denotes the lexicographical ordering on 2. The result
of Harrington, Marker, and Shelah applies to all the so called thin quasi orders.

Definition 3.39 (Harrington, Marker, and Shelah [II]). P is thin if there is no
perfect set of pairwise incomparable elements.

Theorem 3.40 (Harrington, Marker, and Shelah [I1]). If P = (P, <) is a thin
Borel quasi order, then for some a < w1, there is a Borel f : P — 2% such that
(1) <y = [f(x) <iex f(y) and
(2) x E<y < f(z)= f(y), for all x,y € P.

Theorem [3.:40] has a number of important consequences for Borel quasi orders
and linear orders. Among other things, it implies that there are no Borel real-
izations of certain combinatorial counterexamples such as Suslin trees or Suslin
lattices. See [30] for further details. By combining Theorem with Theorem
[3:40] we get the following corollary which essentially says that every Borel quasi
order of countable Borel order dimension is Borel embeddable into (2%, <o), for
some countable a.

Corollary 3.41. Suppose P = (P, <) is a Borel quasi order with odimp(P) < Ny.
Then for some a < wy, there is a Borel f: P — 2% such that

(1) <y = f(z) <iex f(y);

(2) x E<y < f(z)=f(y),
forall x,y € P.
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We will end this section with the following, somewhat ambitious, problem.

Question 3.42. Is there a classification of all the Borel quasi orders of countable
Borel order dimension? How about those of finite or bounded Borel order dimen-
sion?

4. BOREL ORDER DIMENSION OF LOCALLY COUNTABLE BOREL QUASI ORDERS

In this section, we will use the dichotomies proved in Section [3[ to obtain more
information about locally countable Borel quasi orders. Recall this definition.

Definition 4.1. A quasi order P = (P, <) is said to be locally countable (locally
finite) if for every x € P, {y € P :y < x} is countable (finite).

Many important naturally occurring examples of Borel quasi orders are locally
countable, for instance, the Turing degrees.

Definition 4.2. For z,y € 2¢, x <¢ y will mean that z is Turing reducible to y.
Define D = (2¢, <r).

Observe that if E is a dense selector and f € F, then P(Go(FE, f)) is locally
countable. This is because for any z € [T], for each | € w, there are at most finitely
many y such that z[l = E(f[l) =yl andy Rg,f z. Therefore, {y € [T¢] : y Rg 5 2}
is countable, hence {(0,y) € Pg,(g,p) : (0,4) <g,(&,5 (1,2)} is countable. So
Theorem says that for any Borel quasi order P, if odimg(P) > Rq, then this
fact is witnessed by an order-preserving continuous map from some locally countable
Borel quasi order.

The classical order dimension of D was investigated in detail in [I5] and in [23].
Kumar and Raghavan [23] showed that D has the largest order dimension among
all locally countable orders of size at most continuum. Higuchi, Lempp, Raghavan,
and Stephan [I5] proved that if 2% = s+ where cf(k) > w, then odim(D) < k.
Hence we obtain the following corollary to the results of Section |3| that is worth
explicitly stating.

Corollary 4.3. If PFA holds, then odim(D) = R; < Ny = odimp(D) = 2.

Proof. Since PFA implies 2% = R, Proposition 4.3 and Theorem 3.11 of [I5]
imply that odim(D) = X;. Since odimp(D) > odim(D), Corollary 3.32 implies that
odimp(D) > cov(M). Under PFA, cov(M) = Ny = 280 s0 the result follows.

The following notions were crucial for the results in Kumar and Raghavan [23].
They were able to use the notion of separation defined below to provide a purely
combinatorial characterization of odim(D).

Definition 4.4. Let P be a set and A a cardinal. A family .# C P(P) separates
points from elements of [P]=" if for every A € [P]™* and p € P\ A, there exists
X € % such that pe X and ANX = 0.

A sequence (<; : i € I) of partial orders on P separates points from elements of
[P]=* if for every A € [P]=* and p € P\ A, there exists i € I so that Vg € A[q <; p).

We will now show that the notion of separation by Borel sets or by Borel partial
orders can be used to provide upper bounds on odimp(P), where P is any locally
countable Borel quasi order.

Definition 4.5. Let X be a Polish space and A, k cardinals. We say that {(X, A, k)

holds if there is a sequence (<; : ¢ < k) of Borel partial orders on X which separates

points from elements of [X]<*.
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Lemma 4.6. Let X be a Polish space and < a Borel quasi order on X with (X, <)
being locally countable. Let < be a Borel partial order on X. Then there ezists a
Borel quasi order < on X that extends < and has the property that for any x,y € X,
if Vu <z [u <vyl, then x <y.

Proof. Define R = {({y,z) € X x X : Ju < 2Vv < y [v < u]}. Define
d={({z,y) e X x X : (x,y) € XV (x,y) € R}.

It is an easy exercise to verify that < is a quasi order on X which is an extension
of < in the sense of Definition If z,y € X are such that Vu < z[u < y], then
(x,y) € R by definition, whence & < y. Therefore to complete the proof, it suffices
to verify that <l is a Borel subset of X x X, and since it is known that < is a Borel
subset of X x X, it suffices for this to check that R is Borel.

To this end, write Q@ = {{y,z) € X x X : x <X y}. Q is Borel and by the
hypothesis that (X, <) is locally countable, Q, = {z € X : (y,z) € Q} is countable
for every y € X. By the Luzin-Novikov theorem write @ = |J,,c,,@n, Where each
@y is Borel and is the graph of a function. Thus for each n € w, dom(Q,,) is a
Borel subset of X. We write @, (z) to denote the unique y € X with (z,y) € Qn,
for every n € w and x € dom(Q,,). For n,m € w, define

Bp,m = {(z,y) € dom(Qyn) x dom(Qm) : (Qn(2), @m(y)) € <}-

B, is Borel. For each n,m € w, define
Crom = Bpm U (X \ dom(Qy,)) x dom(Qr,)) ,

and note that C,, , is also Borel. Therefore, J,,c,,coCn,m is Borel, and it is
easily checked that R = J,,c,NnewCnm- —|

Lemma 4.7. Suppose X is a Polish space, k is a cardinal, A € {Xg, X1}, and that
1(X, A\, k) holds. If (X,=) is a Borel quasi order with the property that for every
zeX, {ye Xy =<z} <A, then odimp((X, <)) < k.

Proof. Note that the hypothesis on (X, <) implies that it is locally countable, hence
Lemma is applicable. By {(X, A, k), fix a sequence (<; : ¢ < k) of Borel partial
orders on X which separates points from elements of [X }<’\. By Lemma for
every ¢ < K, let J; be a Borel quasi order on X that extends < and has the property
that for any z,y € X, if Vu < 2 [u <; y|, then z <, y. Consider z,y € X withy £ .
Then A = {u € X : u <z} € [X]*" and y € X \ A. Hence there exists i < &
such that Vu € Afu <; y], whence x <; y. Therefore, (J; : i < k) is a witness that
odimp({X,=)) < k. =

Lemma 4.8. For any Polish space X, 1(X,Ro,Rg) holds.

Proof. Fix a closed F' C w® and a continuous bijection f : I — X. For s € w<¥,
let Fs = FN{r € w¥ :s Cr}. Since f is 1-1 and continuous, B, = f"Fj is a
Borel subset of X. Define <; = {(z,y) € X x X : © ¢ B; Ay € Bs}. Then <,
is Borel and it is easily seen to be a partial order on X. Now suppose A C X is
finite and y € X \ A. Then f~'(A) C F is finite and if u € F is unique so that
f(u) =y, then u ¢ f~1(A). Hence there exists s € w<* such that u € Fj, but
F YA N F, = 0. Tt follows that y € B, but AN B, = 0, whence Vo € Az <, y].
Therefore, (<, : s € w<*) witnesses T(X,Ro, Rg). 4

It was pointed out in [I5] that a theorem of Kierstead and Milner [2T] implies that
for every locally finite partial order (P, <) of size at most 22°°, odim ((P, <)) < No.

It turns out that the Borel analog of this true as well.

Theorem 4.9. If (X, <) is a locally finite Borel quasi order, then odimp ((X, <)) <
No.
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Proof. By combining Lemmas [£.7] and =
Corollary 4.10. Every locally finite Borel quasi order has a Borel linearization.

Next we use ideas from [24] to show that the Borel order dimension of every
locally countable Borel quasi order may consistently be any regular cardinal below
the continuum, with the continuum being arbitrarily large. Thus ZFC does not
prove that there is some locally countable Borel quasi order whose Borel order
dimension is equal to 2%°. In this model, we also get that for some fixed \ < 2%o,
XS(Go(E, f)) = A, for every f € F and dense selector E. Geschke [10] has obtained
consistency results on the weak Borel chromatic number of Borel graphs.

Harrington introduced a c.c.c. forcing for adding a generic G5 set. Miller [28] 29]
introduced a modification of Harrington’s forcing and used it to obtain consistency
results about Borel hierarchies. A new c.c.c. forcing notion, which is an amalgam of
a forcing from Kumar and Raghavan [24] and the one from Miller [29], is introduced
below. Our forcing generically adds a family of N; many Gy sets that separates
countable sets in the ground model from points.

Definition 4.11. For ordinals a, §, define /<% = {X C a: otp(X) < J}.

Definition 4.12. Let x be a cardinal and § < w; be an indecomposable ordinal.
Define

Grs= {g - g is a function A dom(g) € (<% Aran(g) C [w}<N°} ,

Yes ={9€9 ;:Vnew|{acdom(g):n e gla)} <No}.

For g1,92 € Y5, define go <g¢ g1 if and only if dom(ge2) 2 dom(g;) and Vo €
dom(g1) [g2(@@) 2 g1()]. Tt is clear that <y is a quasi order.

Definition 4.13. Define
F = {f : f is a function A dom(f) € [w<w]<N° Atan(f) C [w]<N°},

For f1,fo € % define fo <z f1 if and only if dom(f2) 2O dom(f;) and Vs €
dom(f1) [f2(s) 2 fi(s)]. Clearly, <z is a quasi order.

Definition 4.14. Let E : 2% — w® be a bijection. Let § < w; be indecomposable.
Define Rp s to be the collection of all (f,g,h) € F x Goxy 5 X [2“0]<N0 satisfying
the following conditions:

(1) hndom(g) = 0;

(2) Va € dom(g)VI € w[E(a)|l € dom(f) = g(a) N f(E(a)[l) = 0].
Given p = (fp, 9p, hp) € Res and ¢ = (fq, 9¢ hg) € RE,s, define ¢ <g p if and only
it f4 <& fos 99 <@ 9p, and hgy O hy. Then it is clear that (Rg 5, <g) is a forcing
notion, and when p = (f,g,h) € Rg 5, we will write f,, gp, and h, to denote f,g,
and h respectively.

Define Sg to be the finite support product of the Rg s as § ranges over the
countable indecomposable ordinals. In other words, Sg is the collection of all p such
that p is a function, dom(p) is a finite subset of {0 < w; : ¢ is indecomposable}, and
V6 € dom(p) [p(0) € Rg,s]. And for p,q € Sk, ¢ <s pif and only if dom(g) 2 dom(p)
and V4§ € dom(p) [¢(6) <g p(d)]. Then (Sg, <g) is a forcing notion.

Lemma 4.15. Let E : 2% — w® be a bijection. Let § < wy be indecomposable.
Then the following hold:
(1) for eachn € w, D, ={q € Rgs:3s € dom(fy) [n € f(s)]} is dense;
(2) for each p € Rgs, B € hy, and n € w,
Dyppn={r<gp:3ANecwEP)l € dom(f.) Ane f(E(B))]}

is dense below p;
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(3) for each p € Rgs and a € dom(gy), Dpo = {r <g p: gr(a) # 0} is dense
below p.

Proof. For (1): fix p € Rgs. Then X = {E(a) : @ € dom(g,) An € g,(a)} C w¥
is finite. Hence it is possible to find s € w<* \ dom(f,) such that s € =z, for all
x € X. Define f, = f, U {(s,{n})}, 94 = gp, and hy = h;,. To see that (2) of
Definition holds, suppose o € dom(g,), | € w, and that E(a)[l € dom(f,). If
E(a)]l € dom(fp), then gq(a) N fo(E(a)ll) = gp(a) N fr(E(a)ll) = 0. Otherwise,
E(a)|l = s, which means E(a) ¢ X, and so n ¢ gp(a). Hence gq(a) N fo(E(a)ll) =
gp(a) N {n} = 0. Therefore, ¢ <g p and ¢ € D,,, as required.

For (2): fix any ¢ <g p. Once again, X = {E(«) : @ € dom(g,) An € g4(v)} is a
finite set. Further, since 8 € h, C hy and hy Ndom(gy) = 0, E(B) ¢ X. Therefore,
there exists | € w such that E(f)[l € w<* \ dom(f,) and E(B)[l € z, for all
xz € X. Define f, = fyU{(E(B)Il,{n})}, gr = g4, and h, = hy. As before, suppose
a € dom(g,), m € w, and that E(a)|m € dom(f,). If E(a)lm € dom(f,), then
gr(@) N fr(E(a)Im) = gq(a) N fo(E(a)[m) = 0, while if not, then E(8)[l C E(«),
whence n ¢ gq(«) and g, (o) N fr-(E(a)[m) = gq4(e) N {n} = 0. Thus r <g g and
r € Dy gn, as needed.

For (3): fix any ¢ <g p. Then Jran(f,) is a finite subset of w. Choose n €
w\ (Uran(f,)). Define g, to be the function such that dom(g,) = dom(g,), g-(a) =
gq(a) U {n}, and g,(8) = g4(B), for all § € dom(gq) \ {a}. Note g, € %, 5 and
gr <g gq. Define f, = f, and h, = hy. Note h, N dom(g,) = hy N dom(gq) = 0.
Suppose § € dom(gr), | € w, and that E(8)[l € dom(f,). Then g.(8)Nf-(E(B)[) C
(90(3) U {n}) 1 £, (E(B)11) = 9,(8) 1 £ (E(B)11) = 0 because n ¢ f,(E(3)11). Thus

r <g g and r € D, ,, as needed. B

Definition 4.16. Suppose V is a transitive model of a sufficiently large fragment
of ZFC. In V, suppose that E : 2% — w“ is a bijection and that § < w; is inde-
composable. Suppose G is a (V,R}EI, s)-generic filter. In V[G], define the following
sets. For each n € w, Ug, = U{[s] : 3Ip € G[s € dom(f,) An € f,(s)]}, where
[s] = {z € w : s C z}, for every s € w<. Define #5 = (), c,Uan. Define
Ya ={E(e): Ip € Ga € dom(g,)|} and A5 = {E(a) : Ip € G a € hyl}.

Lemma 4.17. ¢ is a Gs set such that #5 C g and Yo N Fa = 0.

Proof. 1t is clear from the definition that #¢ is a G5 set. Suppose p € G, o € hy,
and n € w. By (2) of Lemma Dy o,n is dense below p, and so, there exist
q € Gandl € w with E(a)|l € dom(f,) and n € f,(E(a)ll), whence E(«) € Ug,p,.
As this is for every n € w, E(a) € %#g. This shows #; C Fg. Next, suppose for
a contradiction that p € G, a € dom(g,), and that E(a) € Z¢. By (3) of Lemma
there exist ¢ € G and n € w with ¢ <g p and n € g,(a). Since we have
assumed E(a) € Fq, there exist r € G and | € w so that F(a)[l € dom(f,) and
n € fr(E(a)]l). Find r* € G with r* <g ¢,r. Then we have o € dom(g,+), | € w,
E(a)ll € dom(f,+), and n € gp(a) N frx(E(a)]l) = () because r* satisfies (2) of
Definition This contradiction shows ¥ N F¢ = 0. .

Definition 4.18. Suppose § < w; is indecomposable and that 8y < « is a cardinal.
Define Q,; s to be the collection of all p such that p is a function, dom(p) € k<o
ran(p) C 2, and {¢ € dom(p) : p(§) = 1} is finite. For p,q € Qy 5, define ¢ <g p if
and only if ¢ O p.

Define P, to be the finite support product of the Qs as d ranges over the
indecomposable countable ordinals. In other words, P,; is the collection of all p such
that p is a function, dom(p) is a finite subset of {0 < wy : ¢ is indecomposable}, and
V§ € dom(p) [p(0) € Qus]. For p,q € Py, g <p p if and only if dom(q) 2 dom(p)
and Vé € dom(p) [¢(0) <g p(9)].
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For an indecomposable § < w; and a bijection E : 2% — w* define js : Rgs —
Qa0 5 as follows. Given p € Rps, js(p) = ¢, where g is the function such that
dom(q) = dom(g,) U hy, ¢~ ({1}) = hy, and ¢~ 1({0}) = dom(g,). Define j :
Sg — Pyx, as follows. Given p € Sg, j(p) = ¢, where ¢ is the function such that
dom(g) = dom(p) and V§ € dom(q) [¢(d) = js(p(9))].

The forcings Qs and P, were first defined by Kumar and Raghavan [24]. They
proved that P, is c.c.c. for all infinite x. We will now use this fact to prove that
Sg is c.c.c.

Lemma 4.19. Suppose E : 280 — w® is a bijection and 6 < wy is indecomposable.
For any p,q € R, if fp = fq and js(p) Lo js(a), then p L q.

Proof. Define g, to be the function such that dom(g,) = dom(g,) U dom(g,), Va €
dom(gp) \ dom(gy) [9r(c) = gp(e)], Yo € dom(gy) \ dom(gy) [gr(c) = gq(a)], and
Vo € dom(g,) N dom(gy) [g-(a) = gp(a) U gg(a)]. Note that g, € %ox, 5 and that
9r <@ Gp,gq- Define f,. = f, = f, and h,. = h, Uh,. Since js(p) Lq js(q), it follows
that dom(g,) N hy, = 0 = dom(g,) N hy. Therefore, dom(g,) N h, = 0. Next, fix
a € dom(g,), | € w, and assume that E(a)ll € dom(f,) = dom(f,) = dom(fy).
Then if a € dom(g,), then g,(a) N f(E(a)]l) = 0 and if o € dom(g,), then
gq(a) N fo(E(a)[l) = 0. It follows that g,(a) N fr(E(a)ll) = (. Thus we have
verified that » € Rg 5. Since r <g p,q, p L ¢, as claimed. —

Lemma 4.20. Sg is c.c.c.

Proof. For a contradiction, assume that (p., : v < wi) is an antichain in Sg. Write
I ={§ <ws : 46 is indecomposable} and D, = dom(p,) € [1]<°. Also, for each y <
wq and each § € D, write p () = (f.5, 9.5, Rvy,5) instead of <fpw(5)’gpw(5)’ hpw(5)>
for ease of notation. Find A € [w1]™ and D € [I]="° such that (Dy:v€eA)isa
A-system with root D. Since .#P is a countable set, find (fs:d € D) € .#P and
Be [A]Nl such that Vy € BYo € D [f., s = fs]. For each v € B, define ¢, = j(py) €
Pyxo and note that dom(g,) = dom(p,) = D~ and that Vo € D [g,() = js(p(9))].
Now consider any 7,v* € B with v # v*. By hypothesis, p, Ls py~. So there
exists 6 € D where py(d) Lgr py+(6). Since fy 5 = fs = fy+ s, Lemma implies
that js(p4(6)) Lo Js(py+(0)), in other words that ¢,(d) Lg gy+(6). Therefore,
¢y Lp gy+. Thus we have shown that (g, : v € B) is an uncountable antichain in
Pyx,. However, it is proved in [24][Lemma 4.2. (1), pp. 8-9] that P is c.c.c. for all
Kk > w. This contradiction concludes the proof. —

Theorem 4.21. Let V be a transitive model of a sufficiently large fragment of
ZFC. In V, suppose that E : 280 — w® is a bijection. Let G be a (V,SY.)-generic
filter. Then in V[G] there exists a family D of at most X1 many Gs subsets of w*
such that for any A € VN [w*]"" and any z € (V Nw*)\ A, there exists D € D
with x € D and AND = .

Proof. Note that since Sg is c.c.c. in V all cardinals are preserved. For p € Sg and

§ € dom(p), write p(d) = (fp.6: Gp.s, Pp,s) instead of <fp(5),gp(5),hp(5)>. For each
indecomposable § < w1, define G(6) = {p(d) : p € G}. Then G(9) is a (V, R}, 5)-
generic filter, and let ﬁg([g(é)], Ya(5), and Hg(s) be as in definition @ By
Lemma ﬁc‘;([g(é)] is a G5 subset of (w‘”)v[G(‘s)] such that g5 C yg([&c);(s)]
and Yg(5) N ﬁgf([g(a)] = (. Define Ds = ﬁgf([g]. Then Ds is a G5 subset of

(w‘*’)v[G] and we claim that the family D = {Ds : § < w; A J is indecomposable}
has the required properties. Working in V, fix A € [w“]<N1 and z € w¥ \ A. Let
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B = E*l(A) c [2N0]<N1
a ¢ B. Define

Dy, ={p€Sg:36ecdom(p)a € hyps ABC dom(gps)}-

and let o € 2% be unique such that E(a) = z. Note that

We will verify that D4, is dense in Sg. To see this consider p* € Sg and find
d < wy such that ¢ is indecomposable, 6 ¢ dom(p*), and otp(B) < . Define
fp.s = 0. Define g, to be the function such that dom(g,s) = B, and V3 €
Bgps(8) =0]. Define h,s = {a}. Then (f,s,9p.6,hps) € Rps. Define p =
p* U0, (fp.5,9p,6:hps))} Then p € Da, and p <g p*, showing that Dy, is
dense. Since G is (V,Sg)-generic, there exists p € GN Dy . Let 6 € dom(p) be

so that a € hy ;s and B C dom(gy, 5). Then by definition 2 € Az 5) and A C Y5,

whence x € ﬁg([g(&)] and AN ﬂg([g(é)] = (). Since this is absolute, z € D;s and

AN Dgs =0, as required. -

Theorem 4.22. Suppose Vg is any transitive model of a sufficiently large fragment
of ZFC. In Vg, suppose that Xy < A < k are cardinals so that X\ is reqular and
kR0 = k. Then there is a c.c.c. forcing extension in which all of the following hold:

(1) 280 = k;
(2) for every locally countable Borel quasi order P, either odimg(P) < Vg or
odimp(P) = A;

(8) for every dense selector E and every f € F, X¥(Go(E, f)) = .

Proof. First, produce a c.c.c. forcing extension V. O V| so that 2% = k holds in
V (e.g. force with Fn(k x w,2) over Vy, see [25][Lemma 5.14]). Now work in V

and define a finite support iteration (Py; @a :a < \) of c.c.c. forcings such that

for each a < A, @a is a full P,-name such that
lFp, 3E {E 2% 5 ¥ is a bijection and @a = SE}.

By Lemma Il—pu(@a is c.c.c., for every a < A, so Py is c.c.c. and all cofinali-

ties and cardinals are preserved. Further, for each a < A, IFp, (@a = 2% 50 by

standard arguments, |Fp, 2% = k. Therefore, (1) holds.

Suppose G is a (V,Py)-generic filter. For a < A, define G(a) = {pla : p €
G}. By Theorem there is a family D, of at most N; many Gs subsets of
(w‘”)v[G(aH)] with the property that for every A € V[G(a)] N [w*]<™* and z €
(V[G(a)]Nw®) \ A, there exists D € D, such that x € DVIG@+Dl and AN
DVIG(e+D] = ). Define D = {DVI¢l : 3a < A[D € D,]}. Then D is a family of at
most A many Gy subsets of (w“)V[G]. If A € V[G]N[w*]"™ and z € (V[G] Nw*)\A4,
then since Py is c.c.c. and cf(\) > w, there exists o < A such that A,z € V [G(«)],
whence for some D € D,, & € DVIG(@+D]l and AN DVIG+D] — ¢, Since this is
absolute, z € DVIGl and AN DVIC] = ¢.

Now, working in V[G], let X be an arbitrary Polish space. Fix a closed F C w¥
and a continuous bijection ¢ : F' — X. For each L € D, By, = ¢"” (FN L) is a Borel
subset of X because ¢ is 1-1 and continuous. Define

<r={{z,y) e X xX:2¢ B, ANy € Br}.

Then <, is a Borel partial order on X. If A € [X]"" and u € X\ A, then ¢! (A) C
F and ‘90_1(14)‘ < Ny. If 7 € F is unique with ¢(z) = u, then z € w*\ ¢~ (A), and
so, for some L € D, z € L, but LN~ 1(A) = 0. It follows that u € By, and that
AN By =0, whence Vv € Av <p u]. Thus {<r : L € D} witnesses 1(X,R1, ) in
VI[G].
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Now suppose in V[G] that P is a locally countable Borel quasi order with
odimp(P) > No. By Lemma 4.7 odimp(P) < A. On the other hand, by Corollary
3.33} odimp(P) > cov(M). Since P, is a finite support iteration of non-trivial forc-
ing notions, a well-known argument (see [25][Chapter VIII, Exercise J3, pp. 299])
shows that Cohen reals are added at each stage o < A with cf(a) = w. Since A
is regular and Py is c.c.c., it follows that cov(M) > X holds in V[G]. Therefore,
odimpg(P) = A, as required for (2).

Finally, suppose in V[G] that E is a dense selector and that f € F. It is clear
that P(Go(E, f)) is a locally countable Borel quasi order. By (2) and by Lemma

Y(Go(E, f)) < odimp(P(Go(E, f))) < A. On the other hand, by Lemma [3.8
A < cov(M) < X¥(Go(E, f)). Therefore, Xg(Go(E, f)) = A. This concludes the
proof of the theorem. -

It was mentioned earlier that Kumar and Raghavan [23] showed that D has the
largest order dimension among the locally countable quasi orders of size continuum.
We do not know if the Borel analog of this result is provable in ZFC.

Question 4.23. Is it provable in ZFC that for every locally countable Borel quasi
order P, odimp(P) < odimp(D)?

It is worth pointing out that Lutz [26] has proved that not all Borel quasi orders
are Borel embeddable in D.
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